Journal of Mathematical Research with Applications
Mar., 2017, Vol. 37, No. 2, pp. 169-182
DOI:10.3770/j.issn:2095-2651.2017.02.005
Http://jmre.dlut.edu.cn

On the Fourth Power Mean of Generalized Three-Term
Exponential Sums
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Abstract The computational problem of fourth power mean of generalized three-term expo-
nential sums is studied by using the trigonometric identity and the properties of the reduced
residue system. Some explicit formulas for the fourth power mean of generalized three-term
exponential sums under different conditions are given.
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1. Introduction

Let p be an odd prime, k,t be positive integers, and let x denote any Dirichlet character
mod p. For any integers m, s, n, the generalized three-term exponential sum C(m, s, n, k,t, x;p)

is defined as follows:

p—1 k t
ma” + sa” + na
C(m, s,n,k,t,x;p) = » X(a)e(—p ),
a=1

where e(y) = e2™.
Many researchers have studied the various properties of this exponential sums and related
sums, and obtained a series of results. For example, Yu and Zhang [1] studied the sixth power

mean with the condition (k,p — 1) = 1, and obtained the result

P P
DX 1, s mk,2,x:p)[¢ = p(p — 1)%(6p” — 21p + 19).
s=1n=1yxmodp

Du and Li [2] have given the following identities about the fourth power mean:

p r
SN 1, s,mk, 2, x5 p)[* = 2p* — 5p® + 3p?,

s=1n=1

Ep:f: C(1, 5,3, x:p)|* = 3p*(p—1)(p—2), x is a real character mod p,
e p*(p—1)(2p —5), x is not a real character mod p.

s=1n=1
In this paper we further study the fourth power mean of generalized three-term exponential

sums |C(m, s,n, k,t,x;p)|*, and give some explicit formulas. Our main results are the following.
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Theorem 1.1 Let p > 3 be an odd prime. Then for any integers m,s with (m,p) = 1 and
(s,p) = 1, we have the identity

P
>N 1COm, s,n kot xsp)|* = 2p* — Tp* + 8p” — 3p.
n=1 ymod p
Theorem 1.2 Let p > 3 be an odd prime, and let m,n be integers with (m,p) = 1 and
(n,p) =1. Fort | k, we have

P
S 3 (Clmsnkotoxip)| = 25" — 55 + 307 — 20(p — 12(t.p— 1)+ p(p — 1)(tp — 1)*.
s=1 xymod p

Theorem 1.3 Let p be an odd prime, and let x denote a Dirichlet character modulo p. Let

Xo be the principal character modulo p. Write

xX\a) = minda .
e(pifli)7 if (a,p) = 1.

Then for any integer n with (n,p) = 1, we have

) 2pt — 11p3 +16p2, if x = X0,
YD IC(m,s,n4,2,x:p)[f = 2pt = Tp +12p%,  if x # X0 and 2 | m,
m=1s=1 2pt — 3p3, if x # xo and 2{ m,

and

p
> [C(m,s,n,6,2,x:p)[!

m=1 s=1

2p* — 15p3 4 36p2, if x = xo and p = 1 (mod 4),

2pt — 11p3 + 16p2, if x = xo and p = 3 (mod 4),

2p* — Tp® + 28p?,  if x # Xo0,p = 1 (mod 4) and 4 | m,

2p* — Tp® +12p2,  if x # x0,p = 1 (mod 4),2 | m and 4 { m,
2pt — Tp3 +12p2,  if x # X0,p = 3 (mod 4) and 2 | m,

2t — 3p3, if x # xo0 and 21 m.

Moreover, we have the identities

p
> 1C(m,s,n,6,3,x:p)["

m=1 s=1

2p* — 17p3 + 45p%,  if x = x0 and p = 1 (mod 3),

2p* — 5p3 + 3p?, if x = xo and p = 2 (mod 3),

2pt — 8p? + 36p2,  if x # X0, X> = X0 and p = 1 (mod 6),
=< 2p* —4p? + 2p?, if X # X0, X> = X0 and p = 2 (mod 3),
2p* — 8p® + 36p2,  if x% # x0,p = 1 (mod 3) and 3 | m,
2p* — 5p3, if X? # xo0,p = 1 (mod 3) and 3 { m,
2p* — 4p3 + 2p?, if X2 # xo and p = 2 (mod 3),
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and

p
> > 1C(m,s,n,9,3,x:p)*

m=1s=1

3p* — 33p3 + 108p2?,
3p* — 9p® + 6p?,
3p* — 15p3 + 90p?,
3p4 — 15p3 + 36p2,
3pt — Tp® + 4p?,
=4 3p* =T +2p?
2p4 — 14p> + 90p?,
2p* — 14p® + 36p2,
2p* — 5p?,

2p* — 6p° + 4p?,
2p* — 6p° + 2p?,

if x = xo and p =1 (mod 3),

if x = xo and p = 2 (mod 3),

if X # x0,x* = X0 and p = 1 (mod 12),
if X # X0, X* = xo0 and p = 7 (mod 12),
if X # X0, x> = X0 and p =5 (mod 12),
if X # X0, x> = X0 and p = 11 (mod 12),
if X* # x0,p = 1 (mod 3) and 6 | m,

if x* # xo0,p = 1 (mod 3),3 | m and 6 { m,
if X2 # X0,p = 1 (mod 3) and 3 {m,
if X? # Xo0,p = 2 (mod 3) and 2 | m,
if X? # xo0,p = 2 (mod 3) and 2 { m.

2. Proof of Theorems 1.1 and 1.2

First we prove Theorem 1.1. By the properties of characters we have

L 4 P p1 ma® + sat + na
Z Z |C(m7s’n7katax;p)| :Z Z ’ZX(G’)G(#)

n=1xmodp a=1

n=1 xymod p
p—1lp—1

‘ 4

P m(a® — bF) + s(at — bt) + n(a —
:Z Z ’ZZX(GB)G( ( b*) + (p b') + n( b))

n=1xmodp a=1b=1
p—1lp—1

‘ 2

P mbF(a* — sbt(al — nb(a —

n=1xmodp a=1b=1
p p—lp—lp—1p—1

’ 2

[b*(a* — 1) — d*(ck —1)]

=233 Y aaee( ; )

n=1a=1 b=1 c=1 d=1 ymod p

sbt(at — 1) —di(ct = 1)] + n[b(a — 1) — d(c — 1)])

e

p

=1 xmodp

mdF bk (ak — 1) — (cF —1)]

2.2 > > xlade(

1d
sdt[bt(at — 1) — (¢t = 1)] + nd[b(a — 1) — (c — 1)]

) x

p

p
p—1lp—1p—1p-—1

)

mdb bR (aF — 1) — (b — sdtlbt(at — 1) — (¢t —
1) YT ¢ d"[b"(a” = 1) = (" = )] 4+ sd'[b(a’ — 1) — (' = 1)]

a=1b=1 c=1d=1
a=c (mod p)
b(a—1)=c—1 (mod p)

p

)

171



172 Huaning LIU and Wanmei LI

p—1lp—1p—1 md®(bF — 1) (aF — sdt at —
_p(p— 1) ZZ e( d (b 1)( 1) +sd (b )( 1))
b

- p

a=1b=1d=1
(b—1)(a—1)=0 (mod p)
p—1lp—1p-—1 p—1p—1
=plp-1 > 3> 1=pp-1p >, 1
a=1b=1d=1 a=1b=1
(b—1)(a—1)=0 (mod p) (a—1)(b—1)=0 (mod p)

=2p* — 7p® + 8p* — 3p.

This completes the proof of Theorem 1.1. (I
Then we prove Theorem 1.2. Suppose that ¢ | k, we get

iZ| C(m,s,n, k,t,x;p)|* ZZ

s=1 xmod p s=1 xymodp a=1

ma® + sat + na)“1
p

B kg ks (a* — 1) + sbt(a® — 1) + nb(a — 1) ‘2
;Xnglp ;; p )

p—1lp—1p—1p—1 kak_l —dF(ck -1
_ZZ Y Y« b" ( )p ( )])X

s=1a=1b=1 c=1d=1 ymodp
slbt(at — 1) —di(ct — )] +nf[b(a — 1) — d(c — 1)])
p

P m kipnk ak‘* _ Ck‘*
:ZZ Z Z X(aE)e( d”[b*( pl) ( 1)])><

— (" =D]+ndbla—1)— (c— 1)])
p
LS mdE b (aR —1) — (8 = 1)] + ndlbla— 1) — (¢ — 1)])

=plp—1) e )

)

p—1p—1

-1 Y Q(M)fp(pfl) ZZ 1

p
od p) (a—1)(b'—1) =0 (ot )

)
= =
o
Il
—
<8
E)—‘

(at—1) (bt -
p—1p—1

=p*p—1) 1—p(p—1)(2(p — 1)(t,p—1) = (t,p — 1)?)
a=1b=1
(a—1)(b—1)=0 (mod p)

=2p* —5p® +3p> — 2p(p — 1)*(t,p — 1) + p(p — 1) (t,p — 1)°.

1)=0 (
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This completes the proof of Theorem 1.2. [J

3. Express the fourth power mean as two congruence equations

Now we consider Theorem 1.3. By the properties of congruence system we get

P p k + t + 4
> 3|3 wape ()|
m=1s=1 a=1
LA Nk maF + sat + nra. |4
- Y SN | e
m=1s=1r=1 a=1
L R Y maF + sat + nra. |4
= T X I o ape(M Y
m=1s=1r=1 a=1
1 p p p-1 k4 osat |4
— 3> | Yonape(——)
p m=1s=1 a=1 p
RN R ot & mbk(ak — 1) + sbt(al — 1) + nrb(a — 1), 2
- LS TYIES e )| -
p m=1s=1r=1 a=1b=1 p
1 p p p-1lp-1 mbk(ak _ 1) + sbt(at _ 1) 2
=YY x(@e( g )|
m=1s=1 a=1b=1
=5, -5

p p—lp—1 mb*(ak — sbt(al — nrbla —
S :LZZZ‘ X(a)e( b( 1)+ b( 1)+ b( 1))

’ [

A mlb¥(a® — 1) — d*(cF —
:LZZZ X(aE)e( L l)p d™( 1)])><

)

b
p—1lp—1p—1p—1

3
= XXX X
a=1b=1 c=1d=1
bk (ak—1)=dF (ck—1) (mod p)
bt(at—1)=dt(ct—1) (mod p)
b(a—1)=d(c—1) (mod p)

p—1lp—1p—1p-—1

3
=p*(p—1) + % 333D xlae)
p a=2 b=1 c=2d=1
bk (ak—1)=dk(ck—1) (mod p)
bt(at—1)=d*(ct—1) (mod p)
b(a—1)=d(c—1) (mod p)

)=
)=
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p3 p—1lp—1p—1p-—1
==+ - 2.0 0.0, x(a@)
p
a=2b=1 c=2d=1
bk (c—1)k(a*—1)=d*(a—1)k(ck—1) (mod p)
bt(c—1)t(at—1)=dt(a—1)*(ct—1) (mod p)
b(c—1)(a—1)=d(a—1)(c—1) (mod p)

p—1p—1

=p*(p—1) +p° D x(a@).

a=2 c=2
(e=1)k(a*—1)=(a—1)F(ck—1) (mod p)
(c—1)t(at—1)=(a—1)*(ct—1) (mod p)

Similarly, we also get

1 < (kg ks mbF(a* — 1) + sbt(at — 1), 2
Sp =7 D0 D2 | 20 Do xtae )
p m=1s=1 a=10b=1 p
1 p p p—lp-lp-1p-1
S 5035 55 9 S
m=1s=1a=1b=1 c=1d=1
m[b*(a* — 1) — d*(cF — 1)] + s[bt(a — 1) — d'(ct — 1)]
o )
p
p2 p—1lp—1p—1p—1 p—lp—1p—1
=1 222, x@=pr ) > @
a=1b=1 c=1d=1 a=1b=1 c=1
bk (ak —1)=dF (ck—1) (mod p) bk (ak—1)=ck—1 (mod p)
bt(at—1)=dt(ct—1) (mod p) bt(at—1)=ct—1 (mod p)
p—1lp—1p—1 p—1p—1p—1
=" 3.2, xa@=p Y>> @)
a=1b=1c=1 a=1b=1 c=1
bkak —bk=ck —1 (mod p) ak+1=bk+cF (mod p)
btat—bt=ct—1 (mod p) at+1=bt+ct (mod p)
Therefore
p
> oIC(m, s,n,k,tx )
m=1 s=1
p—1p—1 p—1p—1p—1
=p’(p—1) +p° > X)) —p* Y 3% x(ae)
a=2c=2 a=1b=1 c=1
(ec=1)F(ak—1)=(a—1)*(ck—1) (mod p) ak+1=bk+ck (mod p)
(e=1)t(at—1)=(a—1)t(ct—1) (mod p) at+1=bt+ct (mod p)
=p°(p—1) + P’ Ni(k, t, x;p) — P*No(k, t, x; p). (3.1)

To prove Theorem 1.3 we need to compute the congruence equations Ni(k,t,x;p) and
NQ("%LX%P)

4. The computation of Ny(k,t, x;p)
We study Ni(k,t,x;p) in certain cases.

Theorem 4.1 Let p be an odd prime, k be a positive integer, and let x denote any Dirichlet
character mod p. Then Ni(k,2,x;p) =p — 2.
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Proof From (¢ —1)%(a? — 1) = (a — 1)?(c® — 1) (mod p) we know that (a —c)(a —1)(c—1) =
0 (mod p). Therefore

p—1lp—1

Ni(k,2,x;p) = > x(ac)

a=2 c=2
(e—=1)k(a*—1)=(a—1)*(ck—1) (mod p)
(e—1)2(a?—1)=(a—1)2(c?>—1) (mod p)
p—1p—1

p—1p—1
B S SRS 5 o
a=2 c=2 a=2 c=2
(e—=1)k(a*—1)=(a—1)*(ck—1) (mod p) a=c (mod p)
a=c (mod p)

=p— 2.

This completes the proof of Theorem 4.1. [J

Theorem 4.2 Let p be an odd prime, k be a positive integer, and let x denote any Dirichlet
character mod p. Then we have

p—1
x(a®)+p—3 if k is an odd number;
a=2
Ni(k,3,x;p) = -1
x(a?)4+p—3, ifk is an even number.
a=2
ak=1 (mod p)

Proof It is obvious that Theorem 4.2 holds for p = 3. Now we suppose p > 3, then

(c—1)3a®—=1) = (a—1)3(c* — 1) (mod p)
— (2 —2c+1)(a®>+a+1) = (a®—2a+1)(c* + c+ 1) (mod p)

<= 3ac® — 3a%c — 3¢+ 3a = 0 (mod p)

(
< (ac—1)(c — a) = 0 (mod p).

So we can write

p—1p—1 p—1p—1
2.0 x(a?) = >0 x(a@)
a=2 c=2 a=2 c=2
(e—1)k(a*—1)=(a—1)*(ck—1) (mod p) (e—1)k(a*—1)=(a—1)k(ck—1) (mod p)
(e—1)3(a®—1)=(a—1)3(c3—1) (mod p) (ac—1)(c—a)=0 (mod p)
—1p—1 —1p—1
- )3 x(a@) + )3 x(a?) -
a=2c=2 a=2c=2
(c=1)k(a*—1)=(a—1)*(ck—1) (mod p) (e—=1)k(a*—1)=(a—1)k(ck—1) (mod p)
ac=1 (mod p) c=a (mod p)
—1p—1
)3 x(@?)

a=2 c=2
(e—1)*(ak—1)=(a—1)*(ck—1) (mod p)
ac=1 (mod p)
c=a (mod p)
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p—1
= Z x(a*)+p—3
a=2
(1—a)*(a*—1)=(a—1)*k(1—a*) (mod p)
p—1
= Z x(a®) +p—3
a=2

ak'flz(—l)k'(lfﬂ.k) (mod p)

Z x(a?)+p—3, if k is an odd number,

= p 1
Z x(a?) +p —3, if kis an even number.

a=2

a*=1 (mod p)

This completes the proof of Theorem 4.2. [J

Corollary 4.3 Let p be an odd prime, and let x denote a Dirichlet character modulo p. Let
Xo be the principal character modulo p. For 21k, we have

2p—5, if x* = xo;

Ni(k,3,x;p) = .
p—4, ifx*# xo.

Write

(@) 0, if (a,p) > 1;
x\a) = ; .
e(™29e), if (a,p) = 1.

We further get

6,p—1)+p—4, if x* = xo;

p+ 2, if x2 # xo0,p = 1 (mod 3) and 3 | m;
N1(673aX7p): . 2 _

p—4, if X* # x0,p = 1 (mod 3) and 3 1m;

p—2, if X2 # xo and p = 2 (mod 3).

Proof It is easy to show that Corollary 4.1 holds for x> = yo. Note that the characters
modulo 3 satisfy x? = Yo, thus we can suppose that p > 3 and x? # xo.
For 21 k, by Theorem 4.2 we have

2p—5, if x* = xo;
Ni(k,3,x;p) = > X*(a)+p—4= .
Z p—4, ifx*# xo.

For k = 6, from Theorem 4.2 we get

M(6,3,x:p)= > xl(@®)+p- 4—ﬁZX D d(a®)+p—4

Ymod p
a%=1 (mod p)

_1ZZ>< a)+p—4.

Ymod p a=1
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Write
0, if (a,p) > 1; 0, if (a,p) > 1;
X(a) = mind a : and w(a) = ninda :
e(ﬁ), if (a,p) =1 e(pT), if (a,p) = 1.
We have
p—2p—1
(2m + 6n)ind a
M6 ) = g 3 eI
n=0a=1
p—2 p—2
= > l+p—4= > 1+p—4
n=0 n=0
2m+6n=0 (mod p—1) 3n=—m (mod prl)

p+2, if p=1(mod 3) and 3 |m;
=4 p—4, if p=1(mod 3) and 3 { m;
p—2, if p=2(mod 3).
This completes the proof of Corollary 4.3. [J

5. The computation of Ny(k,t, x;p)
We study Nao(k,t, x;p) in special cases.

Theorem 5.1 Let p be an odd prime, and let x denote a Dirichlet character modulo p. Let t
be a positive integer. Then we have

2(p—1)(t,p—1)* = (t,p— 1)°, if X = Xo;
p—1

No(2t,8,5:P) = § ((p—1)(t,p—1) — (t,p — 1)?) Z x(a), if x # xo.

a=1
at=1 (mod p)

Proof It is not hard to show that

a? +1 = b + ¢ (mod p) — (at +b)(at —bt) = (¢t +1)(c! — 1) (mod p)

at +1="bt + ¢t (mod p) at —b' =t — 1 (mod p)
(@' + 0" (ct — 1) = (" + 1)(¢! — 1) (mod p)
at — bt = ¢t — 1 (mod p)
(at + bt —ct —1)(ct — 1) = 0 (mod p)
at — bt =t — 1 (mod p)
bt —1)(ct-1)=0 d

[ e - =0gmeay

at +1 ="+ ¢t (mod p)

By the principle of inclusion and exclusion we can get

p—lp—1p—1 p—lp—1p—1
Nao(2t,t,x:p) = Y X(ae)= x(ae)
a=1b=1 c=1 a=1b=1 c=1
a2t4+1=b2t4c2t (mod p) at+1=bt+ct(mod p)

at+1=bt+ct (mod p) (bt—1)(ct—1)=0 (mod p)
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p—1p—1p—1 p—1lp—1p—1 p—1p—1p—1
= 220 xa@+ Y 3> x@- Y>> x@
a=1b=1c=1 a=1b=1c=1 a=1b=1c=1
at+1=bt+ct(mod p) at+1=bt+ct (mod p) at4+1=bt+ct (mod p)
bt=1 (mod p) c¢t=1 (mod p) bt=1 (mod p)
ct=1 (mod p)
p—lp—1p-1 p—lp—1p—1 p—lp—1p-1
=22 > x@+) > > x@=-3 > > xla?)
a=1b=1c=1 a=1b=1 c=1 a=1b=1 c=1
at=ct (mod p) at=bt (mod p) at=1 (mod p)
bt=1 (mod p) c¢t=1 (mod p) bt=1 (mod p)
ct=1 (mod p)
p—1 p—1 p—1 p—1 p—1 p—1
= x(a) + x(a)x(b)x () —
b=1 c=1 a=1 a=1 b=1 c=1
bt=1 (mod p) at=1 (mod p) at=1 (mod p) ct=1 (mod p)

I
-

p—1 p—1 p

> > x(a)

b=1 c=1 a
bt=1 (mod p) ct=1 (mod p) a*=1 (mod p)

Il
-

20— 1)(t,p - 1) = (t,p—1)°, if X = X0,
p—1
- ((p_ 1)(t,p— 1) - (t7p_ 1)2) Z X(a)7 le#XO
atzla(:mlodp)

This completes the proof of Theorem 5.1. [J

Theorem 5.2 Let p be an odd prime, and let x denote a Dirichlet character modulo p. Let t
be a positive integer. Then we have

(p—1=2(t,p—1))((2Lp—1) = (t,p — 1))*+
(2(p - ]-) - (tap - 1))(tap - 1)27 1fX = X0,
Natst ey = | P D=1 X x)-
at=1 (mod p) .
tp-1Ep-D-Ep-)( X x@). ifx#xe.
a=1
a?t=1 (mod p)

Proof It is obvious that Theorem 5.2 holds for p = 3. Now we suppose that p > 3. Note that
a®t +1 = b3 + 3 (mod p) — a®t — b3 = 3 — 1 (mod p)
at +1=0b"+ ¢t (modp) at — bt =ct — 1 (mod p)
— (a' —b')(a® + a'b! + b2*) = (¢! — 1)(c® + ¢t + 1) (mod p)
at — bt =ct — 1 (mod p)
— (ct —1)(a® + ab’ + b%) = (¢t — 1)(c® + ¢t + 1) (mod p)
at —b' = ¢t — 1 (mod p)
(@t + atbt + % — ' — ¢t — 1)(c — 1) = 0 (mod p)
at — bt =ct — 1 (mod p)
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(btct + b2 — bt — ) (ct — 1) = 0 (mod p)
at —b' = ¢t — 1 (mod p)

— { (bt + (Bt —1)(c! — 1) = 0 (mod p)
at +1=0b"+ ¢ (mod p)

From the principle of inclusion and exclusion we have

p—lp—1p-—1 p—1p—1p—1
No(3t,t,x:p) = Y x(ae) = > X(ae)
a=1b=1c=1 a=1b=1 c=1
a’t+1=b3t+c3t (mod p) at4+1=bt+ct (mod p)
at+1=bt+ct (mod p) (bt4ct)(bt—1)(ct—1)=0 (mod p)
p—1p—1p—1 p—1lp—1p—1 p—1p—1p—1
= 2 x@+ > > > x@+ Y3
a=1b=1 c=1 a=1b=1 c=1

a=1b=1 c=1
at+1=bt+ct (mod p)
bt+ct=0 (mod p)

at+1=bt+ct (mod p)
bt —1=0 (mod p)

at+1=bt+ct (mod p)
c¢t—1=0 (mod p)

p—1lp—1p—1 p—1p—1p—1
202, M@= 3> > xl@)-
a=1b=1 c=1 a=1b=1 c=1

at+1=bt+ct (mod p) at+1=bt+ct (mod p)

bt4ct=0 (mod p) bt+ct=0 (mod p)

bt —1=0 (mod p) ¢t —1=0 (mod p)
p—lp—1p-1 p—lp—1p—1
220 @+ Y 3> x(a)
a=1b=1 c=1 a=1b=1 c=1

at+1=bt+ct (mod p)
bt+ct=0 (mod p)
bt—1=0 (mod p)
¢t —1=0 (mod p)

at+1=bt+ct (mod p)
bt—1=0 (mod p)
c¢t—1=0 (mod p)

p—1lp—1p—1 p—1lp—1p—1 p—lp—1lp—1
2.0 2 @@+ > > xla@)+ ) > > xlad)-
a=1b=1 c=1 a=1b=1 c=1 a=1b=1c=1
at=—1 (mod p) at=ct (mod p) at=bt (mod p)
bt+ct=0 (mod p) bt*=1 (mod p) ct=1 (mod p)

p—1p—1p—1 p—1p—1p—1 p—1p—1p—1
2.2 x@= 3 > > x@=3 > > xla@).

a=1b=1c=1 a=1b=1 c=1 a=1b=1c=1

at=—1 (mod p) at=—1 (mod p) at=1 (mod p)

bt=1 (mod p) bt=—1 (mod p) bt=1 (mod p)

ct=—1 (mod p) ct=1 (mod p) ct=1 (mod p)

It is not hard to show that
p—1lp—1p—1 p—1lp—1p—1 p—1lp—1p—1
22> xa@= 3 > > x@=) > > xl

=1b=1c=1 a=1b=1 c=1

a=1b=1c=1
at=—1 (mod p)
bt4ct=0 (mod p)

at=—1 (mod p)
btct4ct=0 (mod p)

-1 (@tp—1) -

at=—1 (mod p)
bt=—1 (mod p)

ifX:XO7
if x # xo,

(t,p—1))%,

x(ac)—

179
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p—1lp—1p—1

SD e = YD e =YD xlar)

a=1b=1 c=1
at=bt (mod p)
ct=1 (mod p)

p—1lp—1p—1

a=1b=1c=1

at=atb? (mod p)

ct=1 (mod p)

a=1b=1c=1
bt=1 (mod p)
ct=1 (mod p)

:{ (p—1)(tp—1)*, if x = xo,

0,

p—1lp—1p—1

le 7é X0,

T
I

SN @ =33 x@) = (- Ditp - 1) x(@)),

a=1b=1c=1 a=1b=1 c=1 a=1
at=ct (mod p) at=1 (mod p) at=1 (mod p)
bt=1 (mod p) bt=1 (mod p)
p—lp-1p-1 p—1p—1p—1
2.2 x@@) =3 > > xla)
a=1b=1c=1 a=1b=1c=1
at=—1 (mod p) at=1 (mod p)
bt=1 (mod p) bt=1 (mod p)
ct=—1 (mod p) ct=—1 (mod p)
p—1
=(t.p—1)(2tp—1) — (t,p— D) ( x(@)),
a=1
at=1 (mod p)
p—lp—1p-1 p—lp—1p—1
2.2 x@@) =3 > > x@
a=1b=1c=1 a=1b=1c=1
at=—1 (mod p) at=—1 (mod p)
bt=—1 (mod p) bt=—1 (mod p)
ct=1 (mod p) ct=1 (mod p)
p—1
=(t.p—1)(2tp—1) — (t.p— D) ( x(@)),
a=1
at=—1 (mod p)
and
p—1p—1p-1 p—lp—1p-1 p—1
SN @) =330 x(@) = (ko - 1 x(@))-
a=1b=1 c=1 a=1b=1c=1 a=1
at=1 (mod p) at=1 (mod p) at=1 (mod p)
bt=1 (mod p) bt=1 (mod p)
ct=1 (mod p) ct=1 (mod p)

Combining the above formulas, we have

N2(3t7t7X0;p) :(p - 1)((2t7p - 1) - (tap - 1))2 - (tvp - 1)((2t7p - 1) - (tvp - 1))27
(t,p—1*(2t,p—1) = (t,p— 1)) +2(p - D(t,p — 1)* = (t,p — 1)°.

NOting that (t7p - 1)((2t7p - 1) - (t,p - 1))2 = (t,p - 1)2((2t,p - 1) - (t,p - 1))3 thus we get

Nao(3t,t,x03p) =(p — 1 —2(t,p — 1))((2t,p — 1) — (t,p — 1))+
2p-1)—(t,p—1)(t,p—1)
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For x # xo, we also have

p—1
Na(3t,,x:p) = (p = 1)(t,p = 1)( x(a)) -
a”Ela(:mlodp)
p—1
(tp—1)((2t,p—1) = (t,p—1)) ( > x(a))—

at=1 (mod p)
p—1

(tp-1(Cp-1)-tp-1)( > xa)-
at E:i:(rlnod p)
p—1
(t.p—1?( \(@))
at=1 (mod )
=(tp-1)(p-1-(tp-1)( pl x(@))-

at=1 (mod p)
p—1

>

a=1
a2t=1 (mod p)

(b= 1) (2~ 1) = (L= 1) (

This completes the proof of Theorem 5.2. [J

Corollary 5.3 Let p be an odd prime, and let x denote a Dirichlet character modulo p. Write

(@ 0, if (a,p) > 1;
x\a) = minda
e(mi2de) if (a,p) = 1
We have
8p — 16, if x = Xo;
No(4,2,x;p) =< 4p—12, if x # xo and 2 | m;
0, if x # xo and 2t m,
(p—5)((4,p— 1) —2)2 +8p— 16, if x = Xo;
4p — 28, if x # x0,p = 1 (mod4) and 4 | m;
N2(6,2,x;p) = 4p — 12, if x # x0,p = 1(mod4),2 | m and 41 m;
4p — 12, if X # xo0,p = 3 (mod4) and 2 | m;
0, if x # xo and 21 m,
2(37p_1)2(p_1)_(37p_1)37 IfX:XOa
9p — 36, if ,p=1(mod3) and 3 | m;
No (6,3, x:p) = Tx# x0,p=1(mod3) and 3|
0, if X # Xo,p = 1(mod 3) and 3t m;
p—2, if x # xo and p = 2 (mod 3),
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3p—1-3,p—1)3,p—1)% if x = Xo;
9p — 90, if X # xo0,p = 1 (mod 3) and 6 | m;

N (9.3, x:p) — 9p — 36, if X # x0,p =1 (mod 3),3 | m and 6 { m;
0, if X # x0,p = 1 (mod 3) and 31 m;
p—4, if x # x0,p = 2 (mod 3) and 2 | m;
p—2, if x # x0,p = 2 (mod 3) and 2 m.

Proof By the properties of character sums we get

p—1 p—1 p—1
1 1
x(a) = — ZX(G) Z P(a*) = — Z ZX(Q)wk(a)-
a=1 p a=1 Ymod p p Ymod p a=1
ak=1 (mod p)
Write
0, if (a,p) > 1; 0, if (a,p) > 1;
X(a) = minda : and w(a) = ninda :
e(#2%), if (a,p) =1, e(%25%), if (a,p) = 1.
We have
p—1 p—2p—1 . p—2
1 (m + kn)ind a
x(@)=——=> > e(-———7 )= > 1
a=1 p n=0a=1 p n=0
ak=1 (mod p) m-+kn=0 (mod p—1)
_ (k‘,p*l), if (kapfl) |ma
| o, if (k,p—1){m.

Then from Theorems 5.1 and 5.2 we can get Corollary 5.3. [

6. Proof of Theorem 1.3

Write

X(a)—{ 0, if (a,p) > 1;

e(™nge), if (a,p) = L.

Note that if x # xo and x? = xg, then m = %. Combining (3.1), Theorem 4.1, Corollaries 4.3

and 5.3, we immediately get Theorem 1.3.
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