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Abstract The computational problem of fourth power mean of generalized three-term expo-

nential sums is studied by using the trigonometric identity and the properties of the reduced

residue system. Some explicit formulas for the fourth power mean of generalized three-term

exponential sums under different conditions are given.
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1. Introduction

Let p be an odd prime, k, t be positive integers, and let χ denote any Dirichlet character

mod p. For any integers m, s, n, the generalized three-term exponential sum C(m, s, n, k, t, χ; p)

is defined as follows:

C(m, s, n, k, t, χ; p) =

p−1∑
a=1

χ(a)e(
mak + sat + na

p
),

where e(y) = e2πiy.

Many researchers have studied the various properties of this exponential sums and related

sums, and obtained a series of results. For example, Yu and Zhang [1] studied the sixth power

mean with the condition (k, p− 1) = 1, and obtained the result

p∑
s=1

p∑
n=1

∑
χmod p

|C(1, s, n, k, 2, χ; p)|6 = p2(p− 1)2(6p2 − 21p+ 19).

Du and Li [2] have given the following identities about the fourth power mean:

p∑
s=1

p∑
n=1

|C(1, s, n, k, 2, χ; p)|4 = 2p4 − 5p3 + 3p2,

p∑
s=1

p∑
n=1

|C(1, s, n, k, 3, χ; p)|4 =

{
3p2(p− 1)(p− 2), χ is a real character mod p,

p2(p− 1)(2p− 5), χ is not a real character mod p.

In this paper we further study the fourth power mean of generalized three-term exponential

sums |C(m, s, n, k, t, χ; p)|4, and give some explicit formulas. Our main results are the following.
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Theorem 1.1 Let p ≥ 3 be an odd prime. Then for any integers m, s with (m, p) = 1 and

(s, p) = 1, we have the identity

p∑
n=1

∑
χmod p

|C(m, s, n, k, t, χ; p)|4 = 2p4 − 7p3 + 8p2 − 3p.

Theorem 1.2 Let p ≥ 3 be an odd prime, and let m,n be integers with (m, p) = 1 and

(n, p) = 1. For t | k, we have

p∑
s=1

∑
χmod p

|C(m, s, n, k, t, χ; p)|4 = 2p4 − 5p3 + 3p2 − 2p(p− 1)2(t, p− 1) + p(p− 1)(t, p− 1)2.

Theorem 1.3 Let p be an odd prime, and let χ denote a Dirichlet character modulo p. Let

χ0 be the principal character modulo p. Write

χ(a) =

{
0, if (a, p) > 1,

e(m ind a
p−1 ), if (a, p) = 1.

Then for any integer n with (n, p) = 1, we have

p∑
m=1

p∑
s=1

|C(m, s, n, 4, 2, χ; p)|4 =


2p4 − 11p3 + 16p2, if χ = χ0,

2p4 − 7p3 + 12p2, if χ ̸= χ0 and 2 | m,
2p4 − 3p3, if χ ̸= χ0 and 2 - m,

and

p∑
m=1

p∑
s=1

|C(m, s, n, 6, 2, χ; p)|4

=



2p4 − 15p3 + 36p2, if χ = χ0 and p ≡ 1 (mod 4),

2p4 − 11p3 + 16p2, if χ = χ0 and p ≡ 3 (mod 4),

2p4 − 7p3 + 28p2, if χ ̸= χ0, p ≡ 1 (mod 4) and 4 | m,
2p4 − 7p3 + 12p2, if χ ̸= χ0, p ≡ 1 (mod 4), 2 | m and 4 - m,
2p4 − 7p3 + 12p2, if χ ̸= χ0, p ≡ 3 (mod 4) and 2 | m,
2p4 − 3p3, if χ ̸= χ0 and 2 - m.

Moreover, we have the identities

p∑
m=1

p∑
s=1

|C(m, s, n, 6, 3, χ; p)|4

=



2p4 − 17p3 + 45p2, if χ = χ0 and p ≡ 1 (mod 3),

2p4 − 5p3 + 3p2, if χ = χ0 and p ≡ 2 (mod 3),

2p4 − 8p3 + 36p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 1 (mod 6),

2p4 − 4p3 + 2p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 2 (mod 3),

2p4 − 8p3 + 36p2, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 3 | m,
2p4 − 5p3, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 3 - m,
2p4 − 4p3 + 2p2, if χ2 ̸= χ0 and p ≡ 2 (mod 3),
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and

p∑
m=1

p∑
s=1

|C(m, s, n, 9, 3, χ; p)|4

=



3p4 − 33p3 + 108p2, if χ = χ0 and p ≡ 1 (mod 3),

3p4 − 9p3 + 6p2, if χ = χ0 and p ≡ 2 (mod 3),

3p4 − 15p3 + 90p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 1 (mod 12),

3p4 − 15p3 + 36p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 7 (mod 12),

3p4 − 7p3 + 4p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 5 (mod 12),

3p4 − 7p3 + 2p2, if χ ̸= χ0, χ
2 = χ0 and p ≡ 11 (mod 12),

2p4 − 14p3 + 90p2, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 6 | m,
2p4 − 14p3 + 36p2, if χ2 ̸= χ0, p ≡ 1 (mod 3), 3 | m and 6 - m,
2p4 − 5p3, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 3 - m,
2p4 − 6p3 + 4p2, if χ2 ̸= χ0, p ≡ 2 (mod 3) and 2 | m,
2p4 − 6p3 + 2p2, if χ2 ̸= χ0, p ≡ 2 (mod 3) and 2 - m.

2. Proof of Theorems 1.1 and 1.2

First we prove Theorem 1.1. By the properties of characters we have

p∑
n=1

∑
χmod p

|C(m, s, n, k, t, χ; p)|4 =

p∑
n=1

∑
χmod p

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat + na

p

)∣∣∣4
=

p∑
n=1

∑
χmod p

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(ab)e
(m(ak − bk) + s(at − bt) + n(a− b)

p

)∣∣∣2
=

p∑
n=1

∑
χmod p

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1) + nb(a− 1)

p

)∣∣∣2
=

p∑
n=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

∑
χmod p

χ(ac)e
(m[bk(ak − 1)− dk(ck − 1)]

p

)
×

e
(s[bt(at − 1)− dt(ct − 1)] + n[b(a− 1)− d(c− 1)]

p

)
=

p∑
n=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

∑
χmod p

χ(ac)e
(mdk[bk(ak − 1)− (ck − 1)]

p

)
×

e
(sdt[bt(at − 1)− (ct − 1)] + nd[b(a− 1)− (c− 1)]

p

)
= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

a≡c (mod p)

b(a−1)≡c−1 (mod p)

e
(mdk[bk(ak − 1)− (ck − 1)] + sdt[bt(at − 1)− (ct − 1)]

p

)
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= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
d=1

(b−1)(a−1)≡0 (mod p)

e
(mdk(bk − 1)(ak − 1) + sdt(bt − 1)(at − 1)

p

)

= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
d=1

(b−1)(a−1)≡0 (mod p)

1 = p(p− 1)2
p−1∑
a=1

p−1∑
b=1

(a−1)(b−1)≡0 (mod p)

1

= 2p4 − 7p3 + 8p2 − 3p.

This completes the proof of Theorem 1.1. �
Then we prove Theorem 1.2. Suppose that t | k, we get

p∑
s=1

∑
χmod p

|C(m, s, n, k, t, χ; p)|4 =

p∑
s=1

∑
χmod p

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat + na

p

)∣∣∣4
=

p∑
s=1

∑
χmod p

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1) + nb(a− 1)

p

)∣∣∣2
=

p∑
s=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

∑
χmod p

χ(ac)e
(m[bk(ak − 1)− dk(ck − 1)]

p

)
×

e
(s[bt(at − 1)− dt(ct − 1)] + n[b(a− 1)− d(c− 1)]

p

)
=

p∑
s=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

∑
χmod p

χ(ac)e
(mdk[bk(ak − 1)− (ck − 1)]

p

)
×

e
(sdt[bt(at − 1)− (ct − 1)] + nd[b(a− 1)− (c− 1)]

p

)
= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

a≡c (mod p)

bt(at−1)≡(ct−1) (mod p)

e
(mdk[bk(ak − 1)− (ck − 1)] + nd[b(a− 1)− (c− 1)]

p

)

= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
d=1

(at−1)(bt−1)≡0 (mod p)

e
(mdk(bk − 1)(ak − 1) + nd(b− 1)(a− 1)

p

)

= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p−1∑
d=1

(at−1)(bt−1)≡0 (mod p)

e
(nd(b− 1)(a− 1)

p

)

= p(p− 1)

p−1∑
a=1

p−1∑
b=1

p∑
d=1

(at−1)(bt−1)≡0 (mod p)

e
(nd(a− 1)(b− 1)

p

)
− p(p− 1)

p−1∑
a=1

p−1∑
b=1

(at−1)(bt−1)≡0 (mod p)

1

= p2(p− 1)

p−1∑
a=1

p−1∑
b=1

(a−1)(b−1)≡0 (mod p)

1− p(p− 1)
(
2(p− 1)(t, p− 1)− (t, p− 1)2

)
= 2p4 − 5p3 + 3p2 − 2p(p− 1)2(t, p− 1) + p(p− 1)(t, p− 1)2.
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This completes the proof of Theorem 1.2. �

3. Express the fourth power mean as two congruence equations

Now we consider Theorem 1.3. By the properties of congruence system we get

p∑
m=1

p∑
s=1

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat + na

p

)∣∣∣4
=

1

p− 1

p∑
m=1

p∑
s=1

p−1∑
r=1

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat + nra

p

)∣∣∣4
=

1

p− 1

p∑
m=1

p∑
s=1

p∑
r=1

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat + nra

p

)∣∣∣4−
1

p− 1

p∑
m=1

p∑
s=1

∣∣∣ p−1∑
a=1

χ(a)e
(mak + sat

p

)∣∣∣4
=

1

p− 1

p∑
m=1

p∑
s=1

p∑
r=1

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1) + nrb(a− 1)

p

)∣∣∣2−
1

p− 1

p∑
m=1

p∑
s=1

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1)

p

)∣∣∣2
= S1 − S2.

As to S1, from the trigonometric identity and the properties of residue system we have

S1 =
1

p− 1

p∑
m=1

p∑
s=1

p∑
r=1

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1) + nrb(a− 1)

p

)∣∣∣2
=

1

p− 1

p∑
m=1

p∑
s=1

p∑
r=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

χ(ac)e
(m[bk(ak − 1)− dk(ck − 1)]

p

)
×

e
(s[bt(at − 1)− dt(ct − 1)] + nr[b(a− 1)− d(c− 1)]

p

)
=

p3

p− 1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

bk(ak−1)≡dk(ck−1) (mod p)

bt(at−1)≡dt(ct−1) (mod p)

b(a−1)≡d(c−1) (mod p)

χ(ac)

=p3(p− 1) +
p3

p− 1

p−1∑
a=2

p−1∑
b=1

p−1∑
c=2

p−1∑
d=1

bk(ak−1)≡dk(ck−1) (mod p)

bt(at−1)≡dt(ct−1) (mod p)

b(a−1)≡d(c−1) (mod p)

χ(ac)
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=p3(p− 1) +
p3

p− 1

p−1∑
a=2

p−1∑
b=1

p−1∑
c=2

p−1∑
d=1

bk(c−1)k(ak−1)≡dk(a−1)k(ck−1) (mod p)

bt(c−1)t(at−1)≡dt(a−1)t(ct−1) (mod p)

b(c−1)(a−1)≡d(a−1)(c−1) (mod p)

χ(ac)

=p3(p− 1) + p3
p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

(c−1)t(at−1)≡(a−1)t(ct−1) (mod p)

χ(ac).

Similarly, we also get

S2 =
1

p− 1

p∑
m=1

p∑
s=1

∣∣∣ p−1∑
a=1

p−1∑
b=1

χ(a)e
(mbk(ak − 1) + sbt(at − 1)

p

)∣∣∣2
=

1

p− 1

p∑
m=1

p∑
s=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

χ(ac)×

e
(m[bk(ak − 1)− dk(ck − 1)] + s[bt(at − 1)− dt(ct − 1)]

p

)
=

p2

p− 1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

bk(ak−1)≡dk(ck−1) (mod p)

bt(at−1)≡dt(ct−1) (mod p)

χ(ac) = p2
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

bk(ak−1)≡ck−1 (mod p)

bt(at−1)≡ct−1 (mod p)

χ(ac)

=p2
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

bkak−bk≡ck−1 (mod p)

btat−bt≡ct−1 (mod p)

χ(ac) = p2
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ak+1≡bk+ck (mod p)

at+1≡bt+ct (mod p)

χ(ac).

Therefore

p∑
m=1

p∑
s=1

|C(m, s, n, k, t, χ; p)|4

= p3(p− 1) + p3
p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

(c−1)t(at−1)≡(a−1)t(ct−1) (mod p)

χ(ac)− p2
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ak+1≡bk+ck (mod p)

at+1≡bt+ct (mod p)

χ(ac)

= p3(p− 1) + p3N1(k, t, χ; p)− p2N2(k, t, χ; p). (3.1)

To prove Theorem 1.3 we need to compute the congruence equations N1(k, t, χ; p) and

N2(k, t, χ; p).

4. The computation of N1(k, t, χ; p)

We study N1(k, t, χ; p) in certain cases.

Theorem 4.1 Let p be an odd prime, k be a positive integer, and let χ denote any Dirichlet

character mod p. Then N1(k, 2, χ; p) = p− 2.
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Proof From (c − 1)2(a2 − 1) ≡ (a − 1)2(c2 − 1) (mod p) we know that (a − c)(a − 1)(c − 1) ≡
0 (mod p). Therefore

N1(k, 2, χ; p) =

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

(c−1)2(a2−1)≡(a−1)2(c2−1) (mod p)

χ(ac)

=

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

a≡c (mod p)

χ(ac) =

p−1∑
a=2

p−1∑
c=2

a≡c (mod p)

1

=p− 2.

This completes the proof of Theorem 4.1. �

Theorem 4.2 Let p be an odd prime, k be a positive integer, and let χ denote any Dirichlet

character mod p. Then we have

N1(k, 3, χ; p) =



p−1∑
a=2

χ(a2) + p− 3, if k is an odd number;

p−1∑
a=2

ak≡1 (mod p)

χ(a2) + p− 3, if k is an even number.

Proof It is obvious that Theorem 4.2 holds for p = 3. Now we suppose p > 3, then

(c− 1)3(a3 − 1) ≡ (a− 1)3(c3 − 1) (mod p)

⇐⇒ (c2 − 2c+ 1)(a2 + a+ 1) ≡ (a2 − 2a+ 1)(c2 + c+ 1) (mod p)

⇐⇒ 3ac2 − 3a2c− 3c+ 3a ≡ 0 (mod p)

⇐⇒ (ac− 1)(c− a) ≡ 0 (mod p).

So we can write

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

(c−1)3(a3−1)≡(a−1)3(c3−1) (mod p)

χ(ac) =

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

(ac−1)(c−a)≡0 (mod p)

χ(ac)

=

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

ac≡1 (mod p)

χ(ac) +

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

c≡a (mod p)

χ(ac)−

p−1∑
a=2

p−1∑
c=2

(c−1)k(ak−1)≡(a−1)k(ck−1) (mod p)

ac≡1 (mod p)

c≡a (mod p)

χ(ac)
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=

p−1∑
a=2

(1−a)k(ak−1)≡(a−1)k(1−ak) (mod p)

χ(a2) + p− 3

=

p−1∑
a=2

ak−1≡(−1)k(1−ak) (mod p)

χ(a2) + p− 3

=



p−1∑
a=2

χ(a2) + p− 3, if k is an odd number,

p−1∑
a=2

ak≡1 (mod p)

χ(a2) + p− 3, if k is an even number.

This completes the proof of Theorem 4.2. �

Corollary 4.3 Let p be an odd prime, and let χ denote a Dirichlet character modulo p. Let

χ0 be the principal character modulo p. For 2 - k, we have

N1(k, 3, χ; p) =

{
2p− 5, if χ2 = χ0;

p− 4, if χ2 ̸= χ0.

Write

χ(a) =

{
0, if (a, p) > 1;

e(m ind a
p−1 ), if (a, p) = 1.

We further get

N1(6, 3, χ; p) =


(6, p− 1) + p− 4, if χ2 = χ0;

p+ 2, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 3 | m;

p− 4, if χ2 ̸= χ0, p ≡ 1 (mod 3) and 3 - m;

p− 2, if χ2 ̸= χ0 and p ≡ 2 (mod 3).

Proof It is easy to show that Corollary 4.1 holds for χ2 = χ0. Note that the characters χ

modulo 3 satisfy χ2 = χ0, thus we can suppose that p > 3 and χ2 ̸= χ0.

For 2 - k, by Theorem 4.2 we have

N1(k, 3, χ; p) =

p−1∑
a=1

χ2(a) + p− 4 =

{
2p− 5, if χ2 = χ0;

p− 4, if χ2 ̸= χ0.

For k = 6, from Theorem 4.2 we get

N1(6, 3, χ; p) =

p−1∑
a=1

a6≡1 (mod p)

χ(a2) + p− 4 =
1

p− 1

p−1∑
a=1

χ(a2)
∑

ψmod p

ψ(a6) + p− 4

=
1

p− 1

∑
ψmod p

p−1∑
a=1

χ2(a)ψ6(a) + p− 4.
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Write

χ(a) =

{
0, if (a, p) > 1;

e(m ind a
p−1 ), if (a, p) = 1

and ψ(a) =

{
0, if (a, p) > 1;

e(n ind a
p−1 ), if (a, p) = 1.

We have

N1(6, 3, χ; p) =
1

p− 1

p−2∑
n=0

p−1∑
a=1

e(
(2m+ 6n)ind a

p− 1
) + p− 4

=

p−2∑
n=0

2m+6n≡0 (mod p−1)

1 + p− 4 =

p−2∑
n=0

3n≡−m (mod p−1
2 )

1 + p− 4

=


p+ 2, if p ≡ 1 (mod 3) and 3 | m;

p− 4, if p ≡ 1 (mod 3) and 3 - m;

p− 2, if p ≡ 2 (mod 3).

This completes the proof of Corollary 4.3. �

5. The computation of N2(k, t, χ; p)

We study N2(k, t, χ; p) in special cases.

Theorem 5.1 Let p be an odd prime, and let χ denote a Dirichlet character modulo p. Let t

be a positive integer. Then we have

N2(2t, t, χ; p) =


2(p− 1)(t, p− 1)2 − (t, p− 1)3, if χ = χ0;

((p− 1)(t, p− 1)− (t, p− 1)2)

p−1∑
a=1

at≡1 (mod p)

χ(a), if χ ̸= χ0.

Proof It is not hard to show that{
a2t + 1 ≡ b2t + c2t (mod p)

at + 1 ≡ bt + ct (mod p)
⇐⇒

{
(at + bt)(at − bt) ≡ (ct + 1)(ct − 1) (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(at + bt)(ct − 1) ≡ (ct + 1)(ct − 1) (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(at + bt − ct − 1)(ct − 1) ≡ 0 (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(bt − 1)(ct − 1) ≡ 0 (mod p)

at + 1 ≡ bt + ct (mod p)

By the principle of inclusion and exclusion we can get

N2(2t, t, χ; p) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

a2t+1≡b2t+c2t (mod p)

at+1≡bt+ct (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct(mod p)

(bt−1)(ct−1)≡0 (mod p)

χ(ac)



178 Huaning LIU and Wanmei LI

=

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct(mod p)

bt≡1 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

ct≡1 (mod p)

χ(ac)−
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt≡1 (mod p)

ct≡1 (mod p)

χ(ac)

=

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡ct (mod p)

bt≡1 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡bt (mod p)

ct≡1 (mod p)

χ(ac)−
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

ct≡1 (mod p)

χ(ac)

=

p−1∑
b=1

bt≡1 (mod p)

p−1∑
c=1

p−1∑
a=1

at≡1 (mod p)

χ(a) +

p−1∑
a=1

at≡1 (mod p)

p−1∑
b=1

p−1∑
c=1

ct≡1 (mod p)

χ(a)χ(b)χ(c)−

p−1∑
b=1

bt≡1 (mod p)

p−1∑
c=1

ct≡1 (mod p)

p−1∑
a=1

at≡1 (mod p)

χ(a)

=


2(p− 1)(t, p− 1)2 − (t, p− 1)3, if χ = χ0,(
(p− 1)(t, p− 1)− (t, p− 1)2

) p−1∑
a=1

at≡1 (mod p)

χ(a), if χ ̸= χ0.

This completes the proof of Theorem 5.1. �

Theorem 5.2 Let p be an odd prime, and let χ denote a Dirichlet character modulo p. Let t

be a positive integer. Then we have

N2(3t, t, χ; p) =



(p− 1− 2(t, p− 1))((2t, p− 1)− (t, p− 1))2+

(2(p− 1)− (t, p− 1))(t, p− 1)2, if χ = χ0,

(t, p− 1)(p− 1− (t, p− 1))
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
−

(t, p− 1)((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
a2t≡1 (mod p)

χ(a)
)
, if χ ̸= χ0.

Proof It is obvious that Theorem 5.2 holds for p = 3. Now we suppose that p > 3. Note that{
a3t + 1 ≡ b3t + c3t (mod p)

at + 1 ≡ bt + ct (mod p)
⇐⇒

{
a3t − b3t ≡ c3t − 1 (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(at − bt)(a2t + atbt + b2t) ≡ (ct − 1)(c2t + ct + 1) (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(ct − 1)(a2t + atbt + b2t) ≡ (ct − 1)(c2t + ct + 1) (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(a2t + atbt + b2t − c2t − ct − 1)(ct − 1) ≡ 0 (mod p)

at − bt ≡ ct − 1 (mod p)
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⇐⇒

{
(btct + b2t − bt − ct)(ct − 1) ≡ 0 (mod p)

at − bt ≡ ct − 1 (mod p)

⇐⇒

{
(bt + ct)(bt − 1)(ct − 1) ≡ 0 (mod p)

at + 1 ≡ bt + ct (mod p)

From the principle of inclusion and exclusion we have

N2(3t, t, χ; p) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

a3t+1≡b3t+c3t (mod p)

at+1≡bt+ct (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

(bt+ct)(bt−1)(ct−1)≡0 (mod p)

χ(ac)

=

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt+ct≡0 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt−1≡0 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

ct−1≡0 (mod p)

χ(ac)−

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt+ct≡0 (mod p)

bt−1≡0 (mod p)

χ(ac)−
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt+ct≡0 (mod p)

ct−1≡0 (mod p)

χ(ac)−

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt−1≡0 (mod p)

ct−1≡0 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at+1≡bt+ct (mod p)

bt+ct≡0 (mod p)

bt−1≡0 (mod p)

ct−1≡0 (mod p)

χ(ac)

=

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt+ct≡0 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡ct (mod p)

bt≡1 (mod p)

χ(ac) +

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡bt (mod p)

ct≡1 (mod p)

χ(ac)−

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡1 (mod p)

ct≡−1 (mod p)

χ(ac)−
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡−1 (mod p)

ct≡1 (mod p)

χ(ac)−
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

ct≡1 (mod p)

χ(ac).

It is not hard to show that

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt+ct≡0 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

btct+ct≡0 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡−1 (mod p)

χ(ac)

=

{
(p− 1) ((2t, p− 1)− (t, p− 1))

2
, if χ = χ0,

0, if χ ̸= χ0,
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p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡bt (mod p)

ct≡1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡atbt (mod p)

ct≡1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

bt≡1 (mod p)

ct≡1 (mod p)

χ(ac)

=

{
(p− 1) (t, p− 1)

2
, if χ = χ0,

0, if χ ̸= χ0,

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡ct (mod p)

bt≡1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

χ(a) = (p− 1)(t, p− 1)
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
,

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡1 (mod p)

ct≡−1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

ct≡−1 (mod p)

χ(a)

=(t, p− 1)((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
,

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡−1 (mod p)

ct≡1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡−1 (mod p)

bt≡−1 (mod p)

ct≡1 (mod p)

χ(a)

=(t, p− 1)((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
at≡−1 (mod p)

χ(a)
)
,

and
p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

ct≡1 (mod p)

χ(ac) =

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

at≡1 (mod p)

bt≡1 (mod p)

ct≡1 (mod p)

χ(a) = (t, p− 1)2
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
.

Combining the above formulas, we have

N2(3t, t, χ0; p) =(p− 1)((2t, p− 1)− (t, p− 1))2 − (t, p− 1)((2t, p− 1)− (t, p− 1))2−

(t, p− 1)2((2t, p− 1)− (t, p− 1)) + 2(p− 1)(t, p− 1)2 − (t, p− 1)3.

Noting that (t, p− 1)((2t, p− 1)− (t, p− 1))2 = (t, p− 1)2((2t, p− 1)− (t, p− 1)), thus we get

N2(3t, t, χ0; p) =(p− 1− 2(t, p− 1))((2t, p− 1)− (t, p− 1))2+

(2(p− 1)− (t, p− 1))(t, p− 1)2.
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For χ ̸= χ0, we also have

N2(3t, t, χ; p) = (p− 1)(t, p− 1)
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
−

(t, p− 1) ((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
−

(t, p− 1) ((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
at≡−1 (mod p)

χ(a)
)
−

(t, p− 1)2
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)

= (t, p− 1) (p− 1− (t, p− 1))
( p−1∑

a=1
at≡1 (mod p)

χ(a)
)
−

(t, p− 1) ((2t, p− 1)− (t, p− 1))
( p−1∑

a=1
a2t≡1 (mod p)

χ(a)
)
.

This completes the proof of Theorem 5.2. �

Corollary 5.3 Let p be an odd prime, and let χ denote a Dirichlet character modulo p. Write

χ(a) =

{
0, if (a, p) > 1;

e(m ind a
p−1 ), if (a, p) = 1.

We have

N2(4, 2, χ; p) =


8p− 16, if χ = χ0;

4p− 12, if χ ̸= χ0 and 2 | m;

0, if χ ̸= χ0 and 2 - m,

N2(6, 2, χ; p) =



(p− 5)((4, p− 1)− 2)2 + 8p− 16, if χ = χ0;

4p− 28, if χ ̸= χ0, p ≡ 1 (mod 4) and 4 | m;

4p− 12, if χ ̸= χ0, p ≡ 1 (mod 4), 2 | m and 4 - m;

4p− 12, if χ ̸= χ0, p ≡ 3 (mod 4) and 2 | m;

0, if χ ̸= χ0 and 2 - m,

N2(6, 3, χ; p) =


2(3, p− 1)2(p− 1)− (3, p− 1)3, if χ = χ0;

9p− 36, if χ ̸= χ0, p ≡ 1 (mod 3) and 3 | m;

0, if χ ̸= χ0, p ≡ 1 (mod 3) and 3 - m;

p− 2, if χ ̸= χ0 and p ≡ 2 (mod 3),
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N2(9, 3, χ; p) =



3(p− 1− (3, p− 1))(3, p− 1)2, if χ = χ0;

9p− 90, if χ ̸= χ0, p ≡ 1 (mod 3) and 6 | m;

9p− 36, if χ ̸= χ0, p ≡ 1 (mod 3), 3 | m and 6 - m;

0, if χ ̸= χ0, p ≡ 1 (mod 3) and 3 - m;

p− 4, if χ ̸= χ0, p ≡ 2 (mod 3) and 2 | m;

p− 2, if χ ̸= χ0, p ≡ 2 (mod 3) and 2 - m.

Proof By the properties of character sums we get

p−1∑
a=1

ak≡1 (mod p)

χ(a) =
1

p− 1

p−1∑
a=1

χ(a)
∑

ψmod p

ψ(ak) =
1

p− 1

∑
ψmod p

p−1∑
a=1

χ(a)ψk(a).

Write

χ(a) =

{
0, if (a, p) > 1;

e(m ind a
p−1 ), if (a, p) = 1,

and ψ(a) =

{
0, if (a, p) > 1;

e(n ind a
p−1 ), if (a, p) = 1.

We have

p−1∑
a=1

ak≡1 (mod p)

χ(a) =
1

p− 1

p−2∑
n=0

p−1∑
a=1

e(
(m+ kn)ind a

p− 1
) =

p−2∑
n=0

m+kn≡0 (mod p−1)

1

=

{
(k, p− 1), if (k, p− 1) | m;

0, if (k, p− 1) - m.

Then from Theorems 5.1 and 5.2 we can get Corollary 5.3. �

6. Proof of Theorem 1.3

Write

χ(a) =

{
0, if (a, p) > 1;

e(m ind a
p−1 ), if (a, p) = 1.

Note that if χ ̸= χ0 and χ2 = χ0, then m = p−1
2 . Combining (3.1), Theorem 4.1, Corollaries 4.3

and 5.3, we immediately get Theorem 1.3.
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