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On Semiclean Group Rings
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Abstract A ring R with unity is called semiclean, if each of its elements is the sum of a unit
and a periodic. Every clean ring is semiclean. It is not easy to characterize a semiclean group
ring in general. Our purpose is to consider the following question: If G is a locally finite group
or a cyclic group of order 3, then when is RG semiclean? Some known results on clean group
rings are generalized.
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1. Introduction

Throughout this paper, all rings are associative rings with identity. Let R be a ring and G
a group. We will denote by RG the group ring of G over R. We use the symbol U(R), J(R) to
denote the set of units and the Jacobson radical of R, respectively.

An element of a ring is called clean if it is the sum of an idempotent and a unit, and a ring
R is called clean if each of its elements is clean. This notion was first introduced by Nicholson in
1977 (see [1]). A ring whose idempotents are central is called abelian. Usually, we write C,, for
the cyclic group of order n. A group G is called locally finite if every finitely generated subgroup
of G is finite. Let p be a prime number. A group G is called a p-group if the order of each
element of G is a power of p. A group G is said to be an elementary p-group if all non-identity
elements of GG are of order of p. It is well known that a finite abelian elementary p-group is a
direct product of finitely many copies of C,.

When is a group ring RG clean? This question was first considered by Han and Nicholson [2].
In general, the question when RG is clean seems to be difficult to answer. It is still unanswered
when RC5 is clean. If G is a locally finite group and R is semiperfect or unit-regular or strongly
m-regular or abelian clean ring, whether is RG clean? These questions were considered by Zhou
[3]. Semiclean ring was first defined by Ye [4]. The author in [4] also proved that the group ring
Z,G with G a cyclic group of order 3 is semiclean. When is RG semiclean if G is a locally finite
group or a cyclic group of order 37 In this paper, this question was mainly considered, and some

important results have been obtained.
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For a group ring RG, the ring homomorphism ¢ : RG — R such that e(Xgeqrqy9) = Xgeary
is called the augmentation mapping of RG. Its kernel is A(RG) = {}_ cqa4(9 —1) : 1 #
g € G,a, € R} and RG/A(RG) = R. If H is a normal subgroup of G, then A(RH) =
{>heman(h —1) : 1 # h € H,a, € R}, denoting the kernel of ¢[rp, is an ideal of RG and
RG/A(RH) = R(G/H). Let IG denote the elements of RG with coefficients in an ideal I, then
IG is an ideal and RG/IG = (R/I)G. We refer to [5] for further details on group rings. More

recent studies on clean rings and semiclean rings can be found in [6-8] and the references therein.

Recall some notion from [4]. An element z of a ring R is called semiclean if z = u + f,
where f is a periodic, i.e., f¥ = f!,f € R for some positive integers k and [ (k # ) and u is a
unit in R. A ring R is semiclean if each of its element is semiclean. Let I be an ideal of a ring
R. We say that periodics in R can be lifted modulo I, if for any a € R with a* — a’ € I, there
exists b € R such that b* =b' € Rand a —b € I.

2. Main results

Proposition 2.1 If R is a semiclean ring, G is a locally finite qroup, and A(RG) C J(RG),
then RG/J(RG) is a semiclean ring.

Proof Since G is a locally finite group, it implies J(R) C J(RG), and J(RG)/A(RG) = J(R)
by [5, Proposition 9]. Then RG/J(RG) = % ~ R/J(R). Note that R/J(R) is a

semiclean ring, hence RG/J(RG) is a semiclean ring.

Lemma 2.2 ([3, Lemma 2]) Let p be a prime with p € J(R). If G is a locally finite group, then
A(RG) C J(RG).

Proposition 2.3 Let R be a ring, p a prime number with p € J(R) and G a locally finite
group with G = NH where N is a normal p-subgroup of G and H is a subgroup of G. If RH is
semiclean, then RG/J(RG) is semiclean.

Proof By assumption G = NH, for g € G, there exists n € N, h € H such that ¢ = nh =
(n—1)h+h € A(RN)+ RH, so RG = A(RN)+ RH. Lemma 4.1 in [9] yields J(RN) C J(RG)
and Lemma 2.2 shows that A(RN) C J(RN). Hence RG = J(RG) + RH. We now prove
J(RH) = RH(J(RG). One obtains RH (J(RG) C J(RH) by [5, Proposition 9]. From
J(RG/J(RG)) = 0, we conclude RH/[RH(J(RG)] = RG/J(RG) is semiprimitive, and so
J(RH) C RH(J(RG) by [10, Corollary 15.6]. Therefore RH/J(RH) = RG/J(RG). We
obtain RG/J(RG) is semiclean from RH semiclean. [J

Proposition 2.4 Let R be a ring with 2 € U(R) and G is an abelian elementary 2-group.
Then RG is semiclean if and only if R is semiclean.

Proof We may assume that G is a finite group. Then G is a direct product of n copies
of Cy for some n > 1. Since 2 € U(R), RCy; = RPR. As 2 is a unit of RCs, we have
R(Cy x C3) =2 (RC3)(C2) 2 RC:;PRCy 2 RPRP REP R. A similar argument shows that



196 Xianmei SONG and Yuxia MEI

RG is isomorphic to the direct sum of 2n copies of R. Therefore RG is semiclean if and only if

R is semiclean. [J

Theorem 2.5 For a ring R and a locally finite group G, RG is semiclean if and only if SG is

semiclean for every indecomposable image S of R.

Proof («)IfIisanidealof Randa; € Randg; € G (i=1,...,n), we denote a; = (a; +1) €
R/I, so
> aigi = (a;+I)gi € (R/I)G.

Suppose that RG is not semiclean. Then there exists a finite subset F' of G such that Zg cr g9
is not semiclean in RG, where each a; € R. Thus, M = {I QR
(R/I)G} is not empty. For a chain {I)} of elements of M, let I =], I, then I is an ideal of R.
Assume that deF@-g is semiclean in (R/I)G. Because G is a locally finite group, there exists
a finite subgroup H of G with F' C H such that

S ag=> Fo+ > T, (2.1)

geEH geEH geEH

@;g is not semiclean in

where a; = 0 for all g € H\F, }_ 4 f,9 is a periodic in (R/I)H and > gem Ugg is a unit in
(R/I)H with inverse } y 0gg. Write H = {1 = g1,92,...,gn}. Thus, the following (2.2)-(2.4)
hold in R/I for m =1,...,n. By (2.1) we have

agm = 79771 + ﬂgm . (22)

Since deH?gg is a periodic in (R/I)H, it follows (?glgl +?9292 S fgngn)k _ (?glgl +
fgzgg 4+ 4 ?gngn)l for some positive integers k and [ (k # ). Comparing the coefficients of
the two sides of equal, then we have
Yoo Tade e = > TaTe, T (2.3)
i1 Gig  Gif, =gm iy Gin 93 =Ygm
Since ) ¢y Ugg is a unit in (R/I)H, we have (g, g1 + g, g2+ +Ug, Gn) (Vg, 91 +Vgo g2+ +
Tg,9n) = 1. Comparing the coefficients of the two sides of equal, then we have
> Ty, =0iml= Y Ty, (2.4)
9i95=0m 9i95=9m
where 4117 = 1 and 61, = 0 for m # 1. It follows that all the following elements (for m =
1,...,n)arein I: a4, — fg., — Ug,, € I, O1m — Zg,-gjzgm UgiVgj € I, O1m — Zgigj:gm Vgillg; € I,
Zgilgizmgik:gm fai, fou, ---fgik — Zgilgiz__,g”:gm foi, fou, ~--fgil € I. Because {I,} is a chain,
there exists some I such that all these elements are in I. Hence (2.2)—(2.4) hold in R/I and
(2.1) holds in (R/I\)G. So }_ ¢ agg is semiclean in (R/11)G. This contradiction shows that I
isin M. By Zorn’s Lemma, M contains a maximal element, say I. It now suffices to show that
R/I is indecomposable.
Assume that R/I is decomposable, then there exists ideals K;(j = 1,2) of R and I C K;
such that
R/I= R/K\ @ R/Ka, viar + 1 (r+ Ky,r+ Ky).
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Accordingly, (R/I)G = (R/K1 @ R/K2)G = (R/K1)G @(R/K3)G, where the composition of
the two isomorphisms is Y (rg+1)g — (3 (rg+K1)g, > (rg+K2)g). By the maximality of I in M,
(2_ger(agtK;)gissemiclean in (R/K;)G for j = 1,2. Hence (3_ ¢ p(ag+K1)g, 3 e plagtK2)g)
is a semiclean element of (R/K1)G @(R/K2)G; 50 3 Qg9 is semiclean in (R/I)G. This is a
contradiction.

=-. For an image S of R, SG is an image of RG. So SG is semiclean when RG is semiclean.

Lemma 2.6 ([11, Proposition 9]) Let R be a commutative ring and let C,, be a cyclic group
of order n generated by g. Then an element x = 2?2—01 kig' € RC,, is invertible if and only if
o
det A € R is invertible, where k; € R and A =
Fos s - ko
Theorem 2.7 Let R be a commutative local ring with 2 € U(R) and let G = {1,a,a?} be a

cyclic group of order 3 generated by a. Then RG is a semiclean ring.

Proof Let x =k + la +ma® € RG, where k,I,m € R. Let us look at the following ways to

express * = k + la + ma?:
k4+la+ma®=1+[k—1)+la+ma®| =a+[k+(l—1)a+ma?]
=a®+[k+lat (m—1)a% = -1+ [(k+1)+la+mad?]
=—a+[k+({+1Da+md®] =—a®+[k+la+ (m+1)d?].
We first consider the elements in the first column on the right of the equal sign. We can see:
12 =1, a* = a, (a®)* = a?, (-1)3 = (-1), (—a)" = —a, (—a®)" = —a?, so those elements are
periodic. In order to show that x is semiclean, we need to show that at least one of the elements

in the second column on the right of equal sign is a unit in RG. By Lemma 2.6, we only need to

show that at least one of the following six elements is a unit in R:

(k=124 +m®—3(k —1)lm, (2.5)
k4 (1 —1)° +m3 — 3k(l — 1)m, (2.6)
E* 413+ (m —1)3 = 3ki(m — 1), (2.7)
(k+ 1)+ +m?® - 3(k+ 1)im, (2.8)
k4 (L+1)° + m® — 3k(1 + 1)m, (2.9)
E*+ 134 (m+ 1) - 3ki(m + 1). (2.10)

Suppose it is not true. Since R is a commutative local ring, all (2.5)—(2.10) belong to J(R).
By (2.5) and (2.8), we have [(k+1)3+13+m3 - 3(k+1)im] — [(k—1)3+ 13 +m3 - 3(k—1)Im] =
2(3k? — 3lm + 1) € J(R). Since 2 is a unit in R, we have

3k* —3lm +1 € J(R). (2.11)



198 Xianmei SONG and Yuxia MEI

If 3 € J(R), then 1 € J(R), this is a contradiction, so 3 is a unit in R. We have 3k® — 3kim +k =
k(3k? — 3lm + 1) € J(R). Similarly, 31> — 3klm + [ € J(R), 3m® — 3klm + m € J(R). Thus, we
obtain 3(k3 + 13 + m?3 — 3klm) + (k+ 1+ m) € J(R). Since 3 is a unit in R,

(k* + 13 +m3 — 3klm) + 371 (k +1+m) € J(R). (2.12)

By (2.5)+(2.8)—(2.12) x 2, [2k3+213+2m>+6k —6klm] —2[ (k3 +13+m3 —3klm)+3~ ! (k+1+m)] =
2[3k—3"Y(k+I1+m)] € J(R). Since 2 € U(R), we have 3k—3"*(k+1+m) € J(R). Similarly, we
have 31 =371 (k+1+m) € J(R), 3m—3" (k+1+m) € J(R). 3(k+1+m)—33" (k+1+m)) =
3(k+i+m)—(k+Il+m) = 2(k+14+m) € J(R). Since 2 is a unit in R, it follows (k+I+m) € J(R).
Therefore, 3k € J(R), which means k € J(R). Similarly, I € J(R), m € J(R). By (2.11),

1 € J(R), a contradiction. Thus, z is a semiclean element.

Corollary 2.8 Let R be a commutative semiperfect ring with 2 € U(R) and let G be a cyclic

group of order 3. Then RG is a semiclean ring.

Proof Since R is semiperfect, there exists orthogonal local idempotents {ej,es,...,e,} such
that 1 = e; + ea + -+ + e, by [10, Theorem 27.6]. So R = e;Re; X eaRea X -+ X e, Rey, is a
direct product of commutative local rings. Therefore, RG = e; Re1G X eaReoG X - - - X e, Re,, G,
thus RG is semiclean by Theorem 2.7. [J

Remark 2.9 As we all know, the ring Z, = {m/n|m,n € Z,gcd(p,n) = 1}, where p # 2 is a
prime number, is a commutative local ring and 2 € U(R). Let G be a cyclic group of order 3.
Then Z,G is a semiclean ring [4, Theorem 3.1]. We obtain this result immediately by Theorem
2.7.

Acknowledgements The authors would like to thank the anonymous referees for their careful

reading of the manuscript and helpful comments.

References

[1] W. K. NICHOLSON. Lifting idempotents and exchange rings. Trans. Amer. Math. Soc., 1977, 229:
269-278.
[2] J. HAN, W. K. NICHOLSON. Extensions of clean rings. Comm. Algebra, 2001, 29(6): 2589-2595.
[3] Yigiang ZHOU. On Clean Group Rings. Birkhauser/Springer Basel AG, Basel, 2010.
[4] Yuanging YE. Semiclean rings. Comm. Algebra, 2003, 31(11): 5609-5625.
[5] I. G. CONNELL. On the group ring. Canadian J. Math. 1963, 15: 650-685.
[6] N. A. IMMORMINO, W. W. MCGOVERN. Examples of clean commutative group rings. J. Algebra, 2014,
405: 168-178.
[7] T. KOSAN, Zhou WANG, Yiqiang ZHOU. Nil-clean and strongly nil-clean rings. J. Pure Appl. Algebra,
2016, 220(2): 633-646.
[8] W. W. MCGOVERN, R. RAPHAEL. Considering semi-clean rings of continuous functions. Topology Appl.
2015, 190: 99-108.
[9] S. M. WOODS. Some results on semiperfect group rings. Canadian J. Math. 1974, 26: 121-129.
[10] F. W. ANDERSON, K. R. FULLER. Rings and Categorites of Modules. (2nd Edition). Springer-Verlag,
New York, 1992.
[11] Zhou WANG, Jianlong CHEN. A note on clean ring. Algebra Collog. 2007, 14(3): 537-540.



