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On the Addition of Two Cubes of Units and
Nonunits mod p®
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Abstract Let p = 2 (mod 3) be an odd prime and « be a positive integer. In this paper,
for any integer ¢, we obtain a formula for the number of solutions of the cubic congruence
2+yP=c (mod p*) with z,y units, nonunits and mixed pairs, respectively. We resolve a
problem posed by Yang and Tang.
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1. Introduction

For any positive integer n, let Z,, = {1,2,...,n} be the ring of residue classes modulo n
and Z; be the group of its units, i.e., Z} = {s : s € Z,, and ged(s,n) = 1}. Let k£ > 1 be an

integer. For any integer ¢, we define

Un, ki) 2 = {(z,y) € (2;)* : 2" +y* = ¢ (modn)},

N(n,k;,c): = {(z,y) € (Za\Z})* : 2" +y* = ¢ (modn)},
UN(n,k;,c) s = {(z,y) € Z} x (Z,\Z},) : 2" + y* = ¢ (mod n)},
NU(n, k;,¢) : = {(z,y) € (Z,\Z) x Z¥ : 2% + y* = ¢ (modn)}.

In 2000, Deaconescu [1] obtained a formula for |U(n, 1;¢)|. In 2009, Sander [2] gave a new
proof of the formula for |U(n,1;¢)| by using multiplicativity of |U(n, 1;¢)| with respect to n.
Beyond this, the values of |[N(n,1;¢)|, [UN(n,1;¢)| and |[NU(n,1;c)| were also obtained. T6th
[3] deduced formulas for the number of solutions of the quadratic congruence

a1z 4 ...+ a? =c (modn) with 2q,...,2; € Zy,

in some special cases of ¢ and ¢. Yang and Tang [4] gave a formula for |U(n,2;c)|, |N(n,2;c)],
[UN(n,2;c)| and |[NU(n,2;c)|, respectively. They also posed several problems for further re-
search. Recently, Sun and Cheng [5] obtained a formula for the number of representations of ¢
as the sum of two weighted squares of units modulo n. For the number of solutions of diagonal

equations over finite fields, one can refer to [6, Chapter 10] and [7, Chapter 8].
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Throughout this paper, we use the following notation: e(z) = €2™*; p always denotes an

q
odd prime; p®||n denotes p*|n while p®*! f n; ¢(n) is the Euler’s totient function; " denotes
=1
the summation over all integers = with 1 <z < ¢ such that ged(z, q) = 1.

In this paper, we study the cubic congruence x2 + y* = ¢ (mod p®) and give a formula for
|U(p%, 3;¢)], |N(p%, 3;¢)|, [UN(p%,3;¢)| and |[NU(p%, 3; ¢)|, respectively. This solves a problem
posed by Yang and Tang [4].

Theorem 1.1 Let p =2 (mod 3) be an odd prime and « be a positive integer. For any integer
¢, we have

a—1 :
N " (p-1), if ple
|U@,3wn={ . .
p* (p—2), if pte

Theorem 1.2 Let p =2 (mod 3) be an odd prime and a be a positive integer. Let ¢ = p°c;
with > 0 and p{c;. We have

0, if B < 3;
p?e—2 if 8>3 and a < 3;
Zpo‘ﬁjT(j) +p2 Tt if 3> 3 and a = 3m with m > 2;
j=2
IN(p*,3;0)|=q m ‘
> TVT(G) +p if 8>3 and o = 3m+ 1 with m > 1;
j=2
pm/ —ct ud
Py e(— )+ Y pTHT(G) + ot if f> 3 and a = 3m +2 withm > 1,
P ,
t1=1 j=2

where

7() = 3G+ 3 )

Theorem 1.3 Let p =2 (mod3) be an odd prime and « be a positive integer. For any integer

¢, we have

N 0, if p|e,
|[UN(p ,3;0):{ o1 )
p* ", if pfc

Remark 1.4 Since (z,y) — (y,z) is a one-to-one correspondence between UN (p%, 3;c¢) and
NU (p®,3;c), we have [UN(p®,3;¢)| = |[NU(p*, 3;¢c)|.
2. Preliminary lemmas

Lemma 2.1 ([7, Proposotion 4.2.1]) If n possesses primitive root and ged(a,n) = 1, then a is
m-th power residue mod n if and only if a®(™/4 = 1 (mod n), where d = ged(m, ¢(n)). Moreover,

if ™ = a (modn) is solvable, there are exactly ged(m, ¢(n)) solutions.

Lemma 2.2 Let p be an odd prime and « be a positive integer. Let t = p7t; with0 <y < a—1
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and ptty. Then for 0 <y < a — 1, we have

L {po‘l, if y=a-1,
0, if 0<y<a-1.

P p
1 xt roxty _ roxty xty _
Dlel )= e(m ) = e ) =t (et ~1) =
r=1 p r=1 p r=1 p r=1 p
If v < a—1, then
P~ o a—y
o xt 1 xty o xty
doe) =) el ) =" el )
z=1 p z=1 pa K r=1 pa K
p~ 7 " P ; p* 7 ; p*7 ;
rty Tty Tl Tl
=0 (X elam) = D elat) = Yo ey == e~ 1)
=1 = =1 =1
Pl p’lla P
pe—7-1 pe——2
! xty ! xtq roxty
— bt
=" (X )+ X ) e(Zh) + 1)
=1 =1 r=1
=0.

This completes the proof of Lemma 2.2. [J

3. Proofs

Proof of Theorem 1.1 Suppose a is an integer with ged(a,p) = 1. By Lemma 2.1, we
know the congruence z® = a (modp®) has a unique solution since ged(3,¢(p®)) = 1. Further,
if 21,...,Z(pe) forms a reduced residue system modulo p®, then 27, ... ,a:i(pa) again forms a

reduced residue system modulo p®. By Lemma 2.2, we have

pf‘ & pa pa p
o 1 =/ (23 +y> — o)t 1 roadt N2 —ct
U@ 30 =33 S (L = 3 (Y eE) el o)
p =1 y=1 t=1 p p t=1 =1 p
p*  p“ p® P
I (23t \2 —ct 1 1ottt N2 —ct
=2 (X)) e+ e I (e )) e
p t=1 z=1 p p t=1 =1 P
plit
1 & ’, 3t N2  —ct 1 o
=3 (D) ey + (o)
LA p p
Pt
pa pa pa—l pa
1 / 1wt )2 —ct 1 / roaxt \%2  —ct
=— el— — )+t = ( e ) +-t
pa — Z (pa) ( pa ) pa — (pa—l) (pa—l)
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a— r —ct a—
=p* 2y e(—) +p" (- 1%
= P
If p | ¢, then |U(p*,3;¢)] = p*2(p—1) +p*2(p — 1) = p*L(p—1). If p{ ¢, then
|U(p*,3;¢)] = —p*~ 2 +p*~2(p—1)? = p>~*(p—2). This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2 If 2,y € Zyo\Z}«, then 2° + y* = 0 (modp?). Thus we only need to
calculate N (p®,3;c) on the condition that p® | c. Let ¢ = pPc; with 3 >3 and p{c;. Then

v

p~ “ P

< (3 +y> — o)t
> D)
—1 y=1 =1 p
T€ZLpa\Zya YE€Lpa\Lya

Now we divide into two cases according to the value of a.

Case 1 « < 3. Since > 3, we have

p~—1 P
‘N(pa,3§c)‘ [ — Z ( Z 1) +pa—2 _ p2a—2
t=1 =1
T€ZLpa\Lya
p()(.
Case 2 o > 3. Now we first calculate the inner summation > e(%). Let t = p7¢; with
mEZf,:iZ;a
O0<~vy<aandptt;. fa—3<y<a-—1,then
P 3 P 3 P~
x°t, ot a1
(= X )= 1=p
rx=1 rx=1 r=1
r€Lpa \Zpo 2€Lpo \Zpo 2€Lpa \Lpo
If 0 <~ <a-—4, then
o x°t o 3t r 3t
SERCOED SRS E SR
= r=1 r=1
T€ZLpea \Lypo T€ZLpa \Lyo IEZPQ,,Y\ZPOHAY
CE?’tl P l’gtl P l‘gtl
=p (X el F Y el bk Y o) +)
x=1 =1 r=1
pllz Pz PP 2
pe—7-1 pe——2 »
/ 3t / 3t / 3t
= p'Y( e(pocf'yf?)) + e(paf'y76) +oeet Z (pa—7—3(a—'y—1) ) + 1)
z=1 x=1 z=1
Let
pe—7-1 5 pe——2 »
/ x°t ! Jigtl ! $3t1
S =D dimm)t X et e Sa ) L
=1 =1 =1
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Since 8 > 3, we have

IN(p®,3; )]

1 pa/ —ct 1 p%i —ct —ct
= — S2(0)e(—2) + — p?S%(1)e 1 +7 20862 (¢ L)+
patz_:l ()(pa) pa;1 ()(p tz:l )(p )

1= 1= 1

P’ P’
1 ! oa—9 —ctq 1 ! oa—9 ctq 1 20—92 ctq 2
2P () DY P e () oy P e (— )+t

—ct —ct —ct
_pfaz 52 1 foHrQZ S2 1) T SZ 52 a o 1)+

ti=1 t1=1 t1=1 !

pa+1.

Subcase 2.1 Let a = 3m with m > 2. For j =0,1,...,m — 2 and ¢ = 0,1, we have

pAm=i)=i=(m=3) »
/ li . .
SBi+i)= > Loty 141 =pm
r=1 r=1
p3(7n7j)727/(7n7j71) 3, p3(7n7j)72/7(7n7j) » ,
T
S(3j+2) = 3 e(—H)+ > T4ty 141
=1 p =1 =1
_ _ p2mei=1) | 20m—i-1) g
Therefore, we have
p3m p3'm,71
1 —ctq ! —cty
ING® 350 =p™ (3 el + D elntn))+
t1=1 p t1=1 p
p3m=1) pAm—1-1
m—+2 ! —cty / —cty
p ( Z e(ps(mq) )+ Z e(ps(mq)q) +oot
t1=1 t1=1
p° p°
3m—4 ro—ch I a1
P (Y e D () +p
h=1 P tim1 P

m
_ Zpa—2jT(j) + pa-‘rl.
j=2

Subcase 2.2 Let a =3m+ 1 withm > 1. For j =0,1,...,m — 1, by Lemma 2.2, we have

p3lm—i+1—(m—j) p3(m—i+1=(m—j+1)

/ 3¢ / P,
S(35) = > e(zp1)+ > 144> 1+1=0.
x=1 =1 x=1

For j=0,1,...,m—2 and i = 1,2, we have
PAm—i) (=)= (m=3)

p
I I . .
S(3j +1i) = > Ho b Y 11 =pPlmm i,
=1 =1
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Therefore, we have

3m 3m—1

p
o —cty ! —cty
NG, 350 =p™ (D el + Y elgt) )+
t1=1 P t1=1 p
1= 1=
pB('mfl) pS(anl)fl
/ —ct / —ct
+3 1 1
p" ( > Csm-ny) + > e(]W)) bt
t1=1 t1=1
6 »°
_ 1 —ctq 1 —ctq
p3m S(Z 6( 5 )+Ze( o )) _|_poz+1
t1=1 t1=1
m
:Zpa72jT a+1
j=2

Subcase 2.3 Let a =3m+ 2 withm > 1. For j =0,1,...,m — 1, by Lemma 2.2, we have

p3(m*j)+2*(m*j+1)

p
/ !/ .
S(35) = > Lo Y 141 =pm=tt
=1 r=1
pB('mfj)#»lf(?nfj) p3(7n*j)+1*(7"*j+1) D
. ! 3t / ’
SGi+ = Y. e(—2) + > 144> 1+1=0.
r=1 p x=1 r=1
For j =0,1,...,m — 2, we have
p3(m—i)=(m—3) »
/ !/ .
S(3j+2) = Z 1+...+21+1:p2(m—3)_
r=1 =1
Therefore, we have
3m+2 pSm p3m71
—Ctl 1 —ctq 4 —ctq
IN(®,3;)| =p™ Z 3m+2 +p™ (Z e( P )+ Z e(pz’,mq))+
t1=1 t1=1 t1=1
3(m—1) 3(m—1)—1
P ! —cty ! —cty
n+4
4 ( Z e(pB(mfl)) + Z e(p3(m71)71)) +eot
t1=1 t1=1
6 5
1 —cty " 1 —cty 1
PR (e D e )
t1=1 p t1=1 p
p3m+/2 Ct m
—cty _
=" > elogmrs) + 2 I T(G) + 0
ti=1 j=2

This completes the proof of Theorem 1.2. [J

Proof of Theorem 1.3. By Theorems 1.1, 1.2 and Lemma 2.2, we have

o e a

p

P p
UNG* 30 =3 3 ZeM)

p =1 y=1 =1
yEZpa \Z*

~
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p p P
1 «— 1 a3t 3t —ct
= (e X))
P t=1 z=1 y=1 P p
Y€Lpa\Zya
e p“ [+
1 < 1 23t 4 Y3t —ct
Y (i Y e+
p t=1 z=1 y=1 p p
pllt YELpa \ Lo
o pa e
1 & 13t L Y3t —ct _
=3 (i X )= - 1)
P t=1 x=1 y=1 p p
Pt YELZpa\Zpa
iy ct
— —Ci] —
=—p" ) el )T *(p—1).
t1:1

Ifp|c, then [UN(p®,3;c)| = —p*2(p—1)+p*2(p—1) =0. If pf ¢, then [UN(p®,3;¢)| =
p®~2 +p*~2(p—1) = p*~ L. This completes the proof of Theorem 1.3. OJ
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