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Abstract In this paper, the concepts of minimal and maximal left hyperideals in ordered
semihypergroups are introduced, and several related properties are investigated. Furthermore,
we introduce the concepts of weakly prime, quasi-prime, quasi-semiprime and weakly quasi-
prime left hyperideals of an ordered semihypergroup, and establish the relationship among
the four classes of left hyperideals. Moreover, we give some characterizations of weakly quasi-
prime left hyperideals by the left hyperideals and weakly m-systems. We also characterize
the quasi-prime left hyperideals in terms of the m-systems. In particular, we prove that an
ordered semihypergroup S is strongly semisimple if and only if every left hyperideal of S is
the intersection of all quasi-prime left hyperideals of S containing it.
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1. Introduction

The first step of the development of hyperstructure theory, in particular hypergroup theory,
can be traced back to the 8th Congress of Scandinavian Mathematicians in 1934, when Marty [1]
introduced the concept of hypergroups, analyzed its properties and applied it to groups, ratio-
nal fractions and algebraic functions. Later on, people have observed that hyperstructures have
many applications to several branches of both pure and applied sciences (see [2,3]). In particu-
lar, semihypergroups are the simplest algebraic hyperstructures which possess the properties of
closure and associativity. Nowadays semihypergroups have been found useful for dealing with
problems in different areas of algebraic hyperstructures. Many authors studied different aspects
of semihypergroups, for instance, Anvariyeh et al. [4], Davvaz [5], Hila et al. [6], Leoreanu [7] and
Salvo et al. [8].
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As we know, an ordered semigroup is a semigroup together with a partial order that is com-
patible with the semigroup operation. Ordered semigroups have several applications in the the-
ory of sequential machines, formal languages, computer arithmetics and error-correcting codes.
There are several results which have been added to the theory of ordered semigroups by many
researchers. For more details, the reader is referred to [9-15]. In particular, Kehayopulu [10,11]
introduced the concepts of prime ideals and weakly prime ideals of ordered semigroups. Xie and
Wu defined and studied quasi-prime and weakly quasi-prime left ideals of ordered semigroups
n [14]. Since then, Cao and Xu [9] investigated the minimal and maximal left ideals of ordered
semigroups.

The study of ordered hyperstructures is an interesting research topic of algebraic hyper-
structure theory. We noticed that the relationship between ordered semigroups and algebraic
hyperstructures have been already considered by Changphas, Corsini, Davvaz, Heidari, Tang
and others, for instance, the reader can refer to [16-19]. It is worth pointing out that Heidari
and Davvaz [18] applied the theory of hyperstructures to ordered semigroups and introduced
the concept of ordered semihypergroups, which is a generalization of the concept of ordered
semigroups. Motivated by the study of hyperideals in semihypergroups, and also motivated by
Davvaz’s works in ordered hyperstructures, we attempt in the present paper to study left hy-
perideals of ordered semihypergroups in detail. We first introduce the concepts of minimal and
maximal left hyperideals in ordered semihypergroups, and study several their related proper-
ties. Furthermore, we define and investigate the weakly prime, quasi-prime, quasi-semiprime
and weakly quasi-prime left hyperideals of an ordered semihypergroup. Moreover, we give some
characterizations of weakly quasi-prime and quasi-prime left hyperideals in terms of weakly m-
systems and m-systems, respectively. Finally, characterizations of strongly semisimple ordered
semihypergroups by means of quasi-prime left hyperideals are given. Especially, we prove that
an ordered semihypergroup S is strongly semisimple if and only if every left hyperideal of S can

be expressed as the intersection of all quasi-prime left hyperideals of S containing it.

2. Preliminaries and some notations

Recall that a hypergroupoid (S, o) is a nonempty set S together with a hyperoperation, that
isamap o: S xS — P*(S), where P*(S) denotes the set of all the nonempty subsets of S. The
image of the pair (x,y) is denoted by z oy. If x € S and A, B are nonempty subsets of S, then
A o B is defined by

AoB= U aob.
a€AbeB
Also Aoz is used for Ao {z} and z o A for {x} o A. Generally, the singleton {z} is identified by
its element x.

We say that a hypergroupoid (5,0) is a semihypergroup if the hyperoperation “o” is
associative, that is, (zoy)oz =z o (yoz) for all z,y,z € S (see [20]). A nonempty subset T" of
a semihypergroup S is called a subsemihypergroup if ToT C T

We now recall the notion of ordered semihypergroups from [18].
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Definition 2.1 An algebraic hyperstructure (S, o, <) is called an ordered semihypergroup (also
called po-semihypergroup in [18]) if (S, 0) is a semihypergroup and (S, <) is a partially ordered
set such that: for any x,y,a € S, v < y implies aox < aoy and x oa = y o a. Here, if
A, B € P*(S), then we say that A < B if for every a € A there exists b € B such that a < b. In
particular, if A = {a}, then we write a < B instead of {a} < B.

Clearly, every ordered semigroup can be regarded as an ordered semihypergroup. Also see

[19]. Throughout this paper, unless stated otherwise, S stands for an ordered semihypergroup.

Definition 2.2 ([18]) A nonempty subset A of an ordered semihypergroup S is called a left

(resp., right) hyperideal of S if (1) So A C A (resp., AoS C A) and (2) Ifa € A and S 5 b < a,

then b € A. If A is both a left and a right hyperideal of S, then it is called a hyperideal of S.
Let S be an ordered semihypergroup. For ) # H C S, we define

(H]:={t € S|t < h for some h € H}.

For H = {a}, we write (a] instead of ({a}]. For any a € S, the intersection of all left hyperideals
of S containing a is called the principal left hyperideal of S generated by a, denoted by L(a).
One can easily prove that L(a) = (aU S oa] = (a]JU (S oa].

Lemma 2.3 Let S be an ordered semihypergroup. Then the following statements hold:

(1) A C (A] and ((A]] = (A], VA € P*(9).

(2) If A,B € P*(S), A C B, then (4] C (B].

(3) (Ao (B]C (Ao B] and ((Alo (B]] = (Ao B|, VA, B e P*(S).

(4) For every left (resp., right) hyperideal T of S, we have (T] =T.

(5) If A, B are left hyperideals of S, then (A o B] is a left hyperideal of S.

(6) For every a € S, (SoaoS] and (S o a] are a hyperideal and a left hyperideal of S,
respectively.

(7) If L is a left hyperideal of S and A, B are two nonempty subsets of S such that
A=<BCL, then AC L.

(8) For any two nonempty subsets A, B of S such that A < B, we have Co A < C o B and
AoC < Bo( for any nonempty subset C' of S.

Proof Straightforward. O

Lemma 2.4 Let S be an ordered semihypergroup and {L;|i € I} a family of left hyperideals of
S. Then J,c; Li is a left hyperideal of S and (), L; is also a left hyperideal of S if (), Li # 0.

Proof The proof is straightforward verification, and hence we omit the details. (]

Let S be an ordered semihypergroup. An element a of S is called a zero element of S if
zoa=aoz ={a} and a < z for all z € S and denote it by 0. Clearly, {0} is a left hyperideal
of S. A left hyperideal L of S is called proper if L # S. An ordered semihypergroup S without
zero is called left simple if it has no proper left hyperideals. An ordered semihypergroup S with
zero is called left 0-simple if it has no nonzero proper left hyperideals and S o S # {0}.

Let (S, 0, <) be an ordered semihypergroup. A subsemihypergroup (or left hyperideal) T of
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S is called left simple (left O-simple), if the ordered semihypergroup (T, 0, <) is left simple (left
O-simple).

Lemma 2.5 Let S be an ordered semihypergroup without zero. Then the following statements
are equivalent:

(1) S is left simple.

(2) (Soa]l= S foralla€S.

(3) L(a)=S for alla € S.

Proof (1)= (2). Since S is left simple and for all a € S (S 0 q] is a left hyperideal of S, we
have (Soa] = S.
(2)= (3). Suppose that (Soa] =S for all a € S. Then we have

L(a)=(aUSoa] =(a]U(Soa]=(a)US=S.

(3)= (1). Assume that L(a) = S for all a € S. Let L be a left hyperideal of S and a € L.
By hypothesis, L(a) = S. It thus follows that S = L(a) C L C S, and so L = S. Hence S is left
simple. [

Lemma 2.6 Let S be an ordered semihypergroup with zero. Then the following statements
hold:

(1) If S is left 0-simple, then L(a) = S for all a € S\{0}.

(2) If L(a) = S for all a € S\{0}, then either S oS = {0} or S is left 0-simple.

Proof (1) Assume that S is left O-simple. Then for any a € S\{0}, L(a) is a nonzero left
hyperideal of S, and we obtain that L(a) = S.

(2) Suppose that L(a) = S for all a € S\{0} and S oS # {0}. Now, let L be a nonzero left
hyperideal of S and x € L\{0}. By hypothesis, we have S = L(z) C L C S, which implies that
L = S. Consequently, S is left 0-simple. [J

Lemma 2.7 Let S be an ordered semihypergroup, L a left hyperideal of S and K a subsemi-
hypergroup of S. Then the following statements hold:

(1) If K is left simple such that K N L # (), then K C L.

(2) If K is left O-simple such that K\{0} N L # (), then K C L.

Proof (1) Suppose that K is left simple such that K N L # ). Let a € K N L. Then, by Lemma
2.5, (K oa] = K. Thus we have
K=(KoalC (KoL C(SoL]C(L]=L.
(2) Assume that K is left 0-simple such that K\{0}NL # 0. Then there exists a € K\{0}NL.
By Lemma 2.6(1), Li(a) = K. Thus we have

K=Lkg(a)=((a)U(Koa])NK C (a]U(Koa] C(aJU(Soa]=L(a) CL,

from which we conclude that X C L. O
The reader is referred to [2,15] for notation and terminology not defined in this paper.
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3. Minimal left hyperideals of ordered semihypergroups

In this section, we shall characterize the minimal left hyperideals and 0-minimal left hyper-

ideals of ordered semihypergroups.

Definition 3.1 Let S be an ordered semihypergroup without zero. A left hyperideal L of S is
called minimal if there is no left hyperideal A of S such that A C L. Equivalently, if for any left
hyperideal A of S such that A C L, we have A = L.

Definition 3.2 Let S be an ordered semihypergroup with zero. A nonzero left hyperideal L of S
is called O-minimal if there is no a nonzero left hyperideal A of S such that A C L. Equivalently,
if for any nonzero left hyperideal A of S such that A C L, we have A = L.

Theorem 3.3 Let S be an ordered semihypergroup without zero and L a left hyperideal of S.
Then L is minimal if and only if L is left simple.

Proof Suppose that L is a minimal left hyperideal of S. Let A be a left hyperideal of L. Then
LoACA. Let
H:={heA|h=koaforsomekec L and a € A}.

Then ) # H C A C L. To show that H is a left hyperideal of S, let r € S and h € H. Then
h < koa for some k € L and a € A. Thus, by Lemma 2.3(8), we have roh < ro(koa) = (rok)oa.
Then, since roh C SoH C SoL C L, (rok)oa C (SoL)oA C LoA C A, and A is a left hyperideal
of L, by Lemma 2.3(7) we have roh C A. Also, since roh < (rok)oa,rok C SoL C L,a € A, we
can easily show that roh C H. Thus SoH C H. Furthermore, let t € S, h € H be such that t < h.
Since h € H, we have h € A and h < koa for some k € L,a € A. Hencet <koa C SoL C L.
By Lemma 2.3(7), we have t € L. Also, since koa CLoAC Ate Lt <koaC Aand Aisa
left hyperideal of L, we have t € A. Then, sincet € A,t < koa,k € L and a € A, we have t € H.
Thus H is a left hyperideal of S. Since L is a minimal left hyperideal of S, we have H = L and
so A = L. Therefore, L is left simple.

Conversely, assume that L is left simple. Now, let J be a left hyperideal of S such that
J C L. Then LN J # 0, it follows from Lemma 2.7(1) that L C J. Hence J = L, and L is a
minimal left hyperideal of S. [J

Theorem 3.4 Let S be an ordered semihypergroup with zero and L a nonzero left hyperideal
of S. Then the following statements hold:

(1) If L is a 0-minimal left hyperideal of S, then either L o A = {0} for some nonzero left
hyperideal A of L or L is left 0-simple.

(2) If L is left O-simple, then L is a 0-minimal left hyperideal of S.

Proof (1) The proof is similar to that of necessary condition of Theorem 3.3.

(2) By Lemma 2.7(2), it is similar to the proof of sufficient condition of Theorem 3.3. O

Theorem 3.5 Let S be an ordered semihypergroup without zero and S has proper left hy-
perideals. Then every proper left hyperideal of S is minimal if and only if S contains exactly
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one proper left hyperideal or S contains exactly two proper left hyperideals Ly, Ly such that
S:L1 ULQ aHdleLQZ(Z).

Proof Let J be a proper left hyperideal of S. Then, by hypothesis, J is a minimal left hyperideal

of S. Then we have the following two cases:

Case 1 Let S = L(a) for all a € S\J, where S\J is the complement of J in S. Assume that K
is also a proper left hyperideal of S and K # J. Then, since J is minimal, we have K\J # 0,
and there exists a € K\J C S\J. Thus S = L(a) C K C S, and so S = K, which is impossible.
Hence K = J. Therefore, in this case, J is the unique proper left hyperideal of S.

Case 2 Let S # L(a) for some a € S\J. Then L(a) # J and L(a) is a minimal left hyperideal of
S. By lemma 2.4, L(a) U J is a left hyperideal of S. Since J is minimal and J C L(a) U J, we have
S = L(a)UJ. Also, since L(a)NJ C L(a) and L(a) is a minimal left hyperideal of S, by Lemma
2.4 we get L(a)NJ = (. Furthermore, let K be an arbitrary proper left hyperideal of S. Then, by
hypothesis, K is a minimal left hyperideal of S. We observe that K = KNS = (KNL(a))U(KNJ).
If KNJ # 0, then, since K and J are also minimal left hyperideals of S, we have K = J. If
KnNL(a)# 0, then K = L(a). Hence, in this case, S contains exactly two proper left hyperideals
L(a) and J such that M = L(a) U J and L(a) N J = (.

Conversely, let S contain exactly one proper left hyperideal L. Then it is not difficult to
see that L is minimal. Now, suppose that S contains exactly two proper left hyperideals L1, Lo
such that S = L1 U Ly and Ly N Ly = (). Let A be a left hyperideal of S such that A C L;. Then
AC Ly CS, and so A is a proper left hyperideal of S. Since A C Ly and Ly N Ly = 0, we have
A # Lo. By hypothesis, we have A = L;. Hence L is minimal. In the same way we can show

that Lo is also minimal. [J

Corollary 3.6 Let S be an ordered semihypergroup without zero and S has proper left hy-
perideals. Then every proper left hyperideal of S is left simple if and only if S contains exactly
one proper left hyperideal or S contains exactly two proper left hyperideals L1, Lo such that
S =L1ULy and Ly N Ly = 0.

Proof It is obvious by Theorem 3.3. J

Theorem 3.7 Let S be an ordered semihypergroup with zero and S has nonzero proper left
hyperideals. Then every nonzero proper left hyperideal of S is 0-minimal if and only if S con-
tains exactly one nonzero proper left hyperideal or S contains exactly two nonzero proper left
hyperideals L1, Ly such that S = L1 U Ly and Ly N Ly = (.

Proof The proof is similar to that of Theorem 3.5 with a slight modification. O

4. Maximal left hyperideals of ordered semihypergroups

In the current section we discuss mainly the properties of maximal left hyperideals of ordered

semihypergroups, and give some characterizations of maximal left hyperideals.
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Definition 4.1 A proper left hyperideal L of an ordered semihypergroup S is called maximal
if T is a left hyperideal of S such that L C T, we have T' = S. Equivalently, if for any proper left
hyperideal T' of S such that L C T, we have T = L.

Theorem 4.2 Let S be an ordered semihypergroup and L a proper left hyperideal of S. Then
L is maximal if and only if one and only one of the following two conditions is satisfied:

(1) S\L ={a} and aoa C L for some a € S.

(2) S\L C(Soa]forallaec S\L.

Proof Assume that L is a maximal left hyperideal of S. Then we consider the following two

cases:

Case 1 Let (Soa] C L for some a € S\L. Then aoa C Soa C (Soa] C L, and we have
LU(a)=(LU(Soa))U(a)=LU((Soa]U(a]) =LUL(a).

Then, by Lemma 2.4, L U (a] is a left hyperideal of S. On the other hand, since a € S\L, we
have L C LU (a]. Also, since L is maximal, we have L U (a] = S. Thus S\L C (a]. To show that
S\L = {a},let z € S\L. Then z < a and so (Sozx] C (Soa] C L. From (Soz] C L and z € S\L,
a similar argument shows that S\L C (z]. Thus we have a < z, and so = a. Hence we have
shown that S\L = {a}. In this case, the property (1) holds.

Case 2 Let (Soa] € L for all @ € S\L. In this case, we shall show that the property (2) holds.
In fact, let a € S\ L. Since (Soa] is a left hyperideal of S| by Lemma 2.4, we obtain that LU (Soa]
is also a left hyperideal of S. On the other hand, since (Soa] € L, we have L C LU (S oa]. Thus,
since L is maximal, L U (S oa] = S. Hence S\L C (S oa] for all a € S\ L.

Conversely, let T be a left hyperideal of S such that L C T. Then T\L # (. If S\L = {a}
and aoa C L for some a € S, then T\L C S\L = {a}. Thus we have T\L = {a}, and so
T =LU{a} = S. Hence L is a maximal left hyperideal of S. If S\L C (S oa] for all a € S\L,
then for any z € T\L, S\L C (Soz] C(SoT]C (T]=T. Thus S = (S\L)ULCTUT =T.
Therefore, L is a maximal left hyperideal of S. [J

For an ordered semihypergroup S, let U denote the union of all proper left hyperideals of S.

Remark 4.3 Let S be an ordered semihypergroup. Then U = S if and only if S # L(a) for all
a€S.

Theorem 4.4 Let S be an ordered semihypergroup. Then one and only one of the following
four conditions is satisfied:

(1) S is left simple.

(2) L(a)# S for alla € S.

(3) There exists a € S such that S = L(a),a € (Soal,aoca CU = S\{a} and U is the
unique maximal left hyperideal of S.

(4) S\U ={z € S|(Soz] =S} and U is the unique maximal left hyperideal of S.

Proof Assume that S is not left simple. Then there exists a proper left hyperideal L of S, and
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so U # (. By Lemma 2.4, U is a left hyperideal of S. We consider the following two cases:

Case 1 Let U = S. By Remark 4.3, we have L(a) # S for all @ € S. In this case, the condition
(2) is satisfied.

Case 2 Let U # S. Then U is a maximal left hyperideal of S. Moreover, U is the unique maximal
left hyperideal of S. Indeed, assume that T is a maximal left hyperideal of S. Since T is a proper
left hyperideal of S, we have T' C U C S. Also, since T is a maximal left hyperideal of S, we have
T = U. Hence U is the unique maximal left hyperideal of S. By Theorem 4.2, one and only one
of the following two conditions is satisfied:

(i) S\U ={a} and aoa C U for some a € S.

(ii) S\U C (Soa] for all a € S\U.
Assume S\U = {a} and aoa C U for some a € S. Then, in this case, the condition (3) is
satisfied. In fact, we have:

1) L(a) = S. Indeed, let L(a) # S. Then L(a) is a proper left hyperideal of S, and we have
a € L(a) C U, which is a contradiction. Thus L(a) = S.

2) a ¢ (S oal. Indeed, let @ € (S oal. Then (a] C ((Soa]] = (Soa], and by 1) we have
S = L(a) = (a]U(Soa] = (Soa]. Then we have a < soa for some s € S = (Soal, and s <toa

for some t € S. Hence we have
a=<soa=x(toa)oa=to(aoca) CTSoUCU.

Thus, by Lemma 2.3(7), we have a € U. It is impossible, so a & (S o a].

3) aoa CU = S\{a}. Indeed, by the condition (i), a o a C U. Also, since S\U = {a}, we
have U = S\{a}. Therefore, aoa C U = S\{a}.

Now, let S\U C (S odq] for all a € S\U. Then, in this case, the condition (4) is satisfied. To
show that S\U = {z € S|(Sox] = S}, let € S\U. Then, by hypothesis, z € S\U C (Soz], and
we have (z] C (S ox]. Thus L(x) = (z] U (S ox] = (S o z]. Also, since z ¢ U, we have L(z) = S.
Hence S = L(x) = (S o z]. Conversely, let © € S be such that (Soz] = S. If € U, then, since
U=#S, L(x) CU C S. It is impossible, since L(z) = (z]U (Soz] = (2] US = S. Hence = € S\U.
Thus S\U ={z € S|(Soz] =5} O

5. Some types of left hyperideals of ordered semihypergroups

In this section, we define and study the weakly prime, quasi-prime, quasi-semiprime and

weakly quasi-prime left hyperideals of ordered semihypergroups.

Definition 5.1 Let L be a left hyperideal of an ordered semihypergroup S. Then L is called
weakly prime if for all hyperideals I, Is of S such that Iy o Iy C L, we have I; C L or I, C L.

Definition 5.2 Let L be a left hyperideal of an ordered semihypergroup S. Then L is called
quasi-prime if for any two left hyperideals L1, Lo of S such that L, o Ly C L, we have L1 C L or
Lo C L. L is called quasi-semiprime if for any left hyperideal P of S such that Po P C L, we
have P C L.
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Definition 5.3 Let L be a left hyperideal of an ordered semihypergroup S. Then L is called
weakly quasi-prime if for all left hyperideals Ly, Lo of S such that L1 o Ly C L and L C Ly, Lo,
we have L1 = L or Ly = L.

One can easily observe that the quasi-prime left hyperideals are weakly prime and weakly
quasi-prime. However, the concepts of weakly prime, quasi-prime and weakly quasi-prime left

hyperideals are different. We can show it by the following two examples.

“ 2

Example 5.4 We consider a set S := {a,b, ¢, d, e} with the following hyperoperation “o” and

the order “ <7”:

o a b c d e

a | {a,b}  {a,b}  {a,b}  {a,b}  {a,b}
b | {a,b} {a,b} {a,b}  {a,b}  {a,b}
¢ | a0} Had}  {c} {c} {e}
d | {a,b}  {fa,b}  {c} {d} {e}

e | {ab}  H{ab}  {c} {c} {e}

<:={(a,a),(a,c),(a,d), (a,e), (b,b), (b,c), (b,d), (b,e),(c,c), (c,d), (c,e),(d,d), (e e)}.

We give the covering relation “<” and the figure of S as follows:

<= {(a,c), (ba C)’ (C, d)7 (C, 6)}

do e
c
ao b
Then (5,0, <) is an ordered semihypergroup. With a small amount of effort one can verify that

(1) {a,b},{a,b,c},{a,b,c,d},{a,b,c,e} and S are all left hyperideals of S.
(2) {a,b},{a,b,c,e} and S are all right hyperideals of S.
(3) {a,b},{a,b,c,e} and S are all hyperideals of S.
(4) The left hyperideal {a,b,c} of S is weakly prime, but it is not quasi-prime and not
weakly quasi-prime. In fact, {a,b,c,e} o {a,b,c,d} = {a,b,c} C{a,b,c}, but
{a,b,c,e} € {a,b,c} and {a,b,c,d} Z {a,b,c}.

Moreover, {a,b,c,e} D {a,b,c} and {a,b,c,d} D {a,b,c}.

143 2

Example 5.5 We consider a set S := {a,b,c,d, e, f} with the following hyperoperation “o
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and the order “ < 7”:

o a b c d e f

a {d,e} {d, e} {d, e} {d, e} {d, e} {d, e}
b {d, e} {d, e} {d,e} {d, e} {d,e} {d, e}
c {d,e} {d,e} {d, e} {d,e} {d, e} {d,e}
d {d,e} {e} {d,e} {d,e} {d, e} {d,e}
e {d, e} {e} {d, e} {d, e} {d,e} {d,e}
f Aa} {0} {c} {d} {e} {r}

S:: {(a’ a/)’ (b7 b)? (C7 C)’ (d7 d)7 (d’ a)’ (d7 C)? (d’ f)? (67 6)7 (67 a‘)’ (e’ b)’ (6’ C)’ (67 d)’ (e’ f)’ (f’ f)}'

We give the covering relation “<” and the figure of S as follows:

<= {(e,b), (e, d), (d,a), (d, ), (d, f)}.

f co a
b d
e

Then (5,0, <) is an ordered semihypergroup and {d, e, f} is a left hyperideal of S. Moreover, all
left hyperideals of S containing properly {d, e, f} are

Ll :{a,d7e,f}; L2:{b7dveaf}; L3:{C,d,€7f}; L4:{b,c,d7e7f};
L; ={a,c,d,e, f}; Lg ={a,b,d,e, f}; Ly =S.

We claim that LioL; < {d,e, f} (1,7 =1,2,3,4,5,6,7). In fact, since for any i € {1,2,3,4,5,6, 7},
we have f € L;, and there exists an element x € {a,b, ¢} such that x € L; (j € {1,2,3,4,5,6,7}).
It is easy to see that fox = {&} C L, o L; but = ¢ {d,e, f}. This implies that {d,e, f} is a
weakly quasi-prime left hyperideal of S. However, it is not quasi-prime. Indeed, since {c,d, e} is
a left hyperideal of S and {c,d,e} o {c,d,e} = {d,e} C {d,e, f}, but {c,d,e} Z {d,e, f}.

Definition 5.6 An ordered semihypergroup S is called left duo if every left hyperideal of S is
also a right hyperideal of S.

Clearly, every commutative ordered semihypergroup (S,0,<) (i.e., aob ="boa,Va,b € 5)
is left duo.

Theorem 5.7 Let S be an ordered semihypergroup. Then the following statements hold:

(1) If S is left duo (and so if S is commutative), then the concepts of weakly prime,
quasi-prime and weakly quasi-prime left hyperideals of S coincide.

(2) If the left hyperideals of S form a chain, then the concepts of quasi-prime and weakly
quasi-prime left hyperideals of S coincide.
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Proof (1) Let S be a left duo ordered semihypergroup and L a weakly prime left hyperideal of
S. Then L is weakly quasi-prime. Indeed, let L1, Lo be left hyperideals of S such that LyoLs C L
and L C Ly, Ls. Since S is left duo, Ly, Ly are hyperideals of S. Since L o Ly C L, by hypothesis,
we have L1 C Lor Ly C L. Then Ly = Lor Ly = L. Thus L is weakly quasi-prime. Furthermore,
let S be left duo and L a weakly quasi-prime left hyperideal of S. Then L is quasi-prime. In fact,
let L1, Lo be left hyperideals of S such that Ly o Ly C L. By Lemma 2.4, the sets L1 UL, Lo UL
are left hyperideals of S. Also, LC Ly UL, L C Ly U L and

(LlUL)O(LQUL):LloLQULOLQULloLULOL
CLioLlasULoSUSoLCLiolyUL=L.

By hypothesis, we have L1y UL = L or Lo UL = L. Then Ly C L or Ly C L. Hence L is a
quasi-prime left hyperideal of S.

(2) Assume that the left hyperideals of S form a chain. Let L be a weakly quasi-prime left
hyperideal of S. Then L is quasi-prime. Indeed, let L1, Lo be any two left hyperideals of S such
that Ly o Ly C L. Suppose that Ly € L and Ly € L. By hypothesis, L C Ly and L C Ls. Since
L is weakly quasi-prime, we have L1 = L or Ly = L, which is a contradiction. Therefore, L is a

quasi-prime left hyperideal of S. O

Theorem 5.8 Let S be an ordered semihypergroup and {L;|i € I} a family of quasi-prime left

hyperideals of S. Then (\,c; L; is a quasi-semiprime left hyperideal of S if (\;,; Li # 0.

iel
Proof Let L; be a quasi-prime left hyperideal of S for all i € I. Assume that (., L; # 0.
Then, by Lemma 2.4, (,c; L; is a left hyperideal of S. Furthermore, we can show that (1,.; L;
is quasi-semiprime. In fact, let P be a left hyperideal of S such that P o P C (,.; L;. Then
PoP C L; for all ¢ € I. Hence, by hypothesis, P C L; for all ¢ € I. It thus follows that
P C ;s Li- Therefore, N

In the above theorem we have shown that every nonempty intersection of quasi-prime left

el ser Li is a quasi-semiprime left hyperideal of S. [J
hyperideals of an ordered semihypergroup S is quasi-semiprime. But the nonempty intersection
of quasi-prime left hyperideals of S is not necessarily a quasi-prime left hyperideal of S. We can

illustrate it by the following example.

Example 5.9 Consider the ordered semihypergroup (5,0, <) given in Example 5.4. We can
easily verify that {a,b,c,d} and {a,b, c, e} are quasi-prime left hyperideals of S. But {a,b, ¢, d} N
{a,b,¢c,e} (= {a,b,c}) is not quasi-prime. In fact, since {a,b,c,e} o {a,b,c,d} = {a,b,c} C
{a,b,c}, but {a,b,c,e} Z {a,b,c} and {a,b,c,d} L {a,b,c}.

In order to characterize the quasi-prime, quasi-semiprime and weakly quasi-prime left hy-

perideals of an ordered semihypergroup, we need the following concepts.

Definition 5.10 Let M be a nonempty subset of an ordered semihypergroup S. M is called
m-system if for any a,b € M, there exists x € S such that (a oz oblN M # (.
The definition of m-systems in ordered semihypergroups is an extended form of the concept

of m-systems of semigroups [21].
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Definition 5.11 Let N be a nonempty subset of an ordered semihypergroup S. N is called
n-system if for any a € N, there exists x € S such that (aoxoa] NN # (.

Definition 5.12 Let L be a left hyperideal and M a nonempty subset of an ordered semihy-
pergroup S. (M, L) is called weakly m-system if LN M = () and

(Vm,ne M) ((mUL)oSo(nUL)NM #0.

Remark 5.13 If M is an m-system and L is a left hyperideal of S such that L N M = (). Then
(M, L) is a weakly m-system. Indeed, for any two elements m,n € M, we have x € S such that
(moxon]NM # (. Then we have (mUL)oSo (nUL)NM#0.

Theorem 5.14 Let L be a left hyperideal of an ordered semihypergroup S and M a nonempty
subset of S such that (M, L) is a weakly m-system. If P is a maximal left hyperideal of S with
respect to containing L and PN M = (), then P is a weakly quasi-prime left hyperideal of S.

Proof Let L, Ly be left hyperideals of .S such that Ly o Ly € P and P C Ly, Ly. Then P = L,

or P = L. Indeed, if P # Ly and P # Lo, then there exist a € L1\P and b € Lo\ P such that
PcPUL(a) C Ly, PCPUL()C L.

Thus, by hypothesis, we have (PUL(a))NM # 0, (PUL(b))NM # 0. Let my € (PUL(a))NM,

mg € (PUL(b)) N M. Then, by Lemma 2.3, we have

((LyUL)oSo(LyUL)]

(LioSoLyULjoSoLULoSoLyULoSol]

C (Ly0So0 Ly (By Lemma 2.3(2) and L C P C Ly, Ly)

C(LioL]C(Pl=P

((mluL)oSo(mQUL)]g

Consequently, ((m1UL)oSo(meUL)]NM C PNM = (}, which contradicts the fact that (M, L)
is weakly m-system. We have thus shown that P is a weakly quasi-prime left hyperideal of S. [J

Theorem 5.15 Let S be an ordered semihypergroup and L a proper left hyperideal of S. Then
the following statements are equivalent:

(1) L is weakly quasi-prime.

(2) For any two left hyperideals Ly, Ly of S such that (L U L) o (L U Ly) C L, we have
LiCLorlLy,; CL.

(3) For any two left hyperideals L1, Ly of S such that L C Ly and Ly o Ly C L, we have
Li=LorLy CL.

(4) For any two left hyperideals L1, Lo of S such that (L UL)o Ly C L, we have L; C L
or Lo C L.

(5) For all a,b € S such that (@¢UL)oSo(bUL)] C L, wehavea € L orbe L.

(6) (S\L, L) is a weakly m-system.

Proof (1) = (2). Let Ly, Ly be left hyperideals of S such that (LU L) o (LU Lg) C L. Then,
since L U Ly, L U Lo are left hyperideals of S and L C L U Ly, L U Lo, by hypothesis, we have
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LULi=Lor LULy=L.Then L; C Lor Ly C L.

(2) = (3). Let Ly, Lo be left hyperideals of S such that L C Ly and Ly o Ly C L. Then
we have

(LULl)O(LULg) ZLOLULl OLULOLQULl OLQ
gSOLULl OL2 gLULloLQ = L.

By (2), we have Ly C L or Ly C L. If L1 C L, then Ly = L.

(3) = (4). Let Ly and Ly be left hyperideals of S such that (L; U L) o Ly C L. Since the
sets Ly U L and Ly are left hyperideals of S, L C Ly UL and (Ly UL) o Ly C L, by (3) we have
LiUL=Lor Ly CL.If Ly UL = L, then we have L; C L.

(4) = (5). Let a,b € S be such that ((aUL)o So (bUL)] C L ThenaoSobC L,
(Lo Sob] C L. For the left hyperideals (a U S o a] and (S ob] of S, we have

((aUuSoalUL)o(Sobl=(aUSoa]o(SobULo(Sob
=(aUSoa)o(SoblU(L]o(Sob]
C(aoSobUSoaoSoblU(LoSob
C(LUSoLJUL=(L]JUL = L.
Then, by (4), (aUSoa] CLor (Sob] C L. If (aUSoa] C L, then a € L. Let (Sob] C L. Since
the sets (bU S ob], and (bU S ob] U L are left hyperideals of S, and
(bUSobUL)o((bUSobUL)
— (bUSoblo(bUSob)ULo(bUSobU(BUSoboLULoL
C(bobUSobobUboSobUSoboSobU(LobULolSobU
(boLUSoboLlULoL
C(SoblU(SoL]CLU(L]=L.

Then, by (4), we have (bUSob] C Lor (bUSob UL C L. Thenbe L.

(5) = (6). Since L is a proper left hyperideal of S, we have () £ S\L C S. Let a,b € S\L.
If (aUL)oSo(bUL)NS\L =0, then ((aUL)oSo(bUL)] C L. Then, by (5),a € Lorbe L,
which contradicts the fact that a,b € S\L. Thus (S\L, L) is a weakly m-system.

(6) = (1). Let Ly, Ly be left hyperideals of S such that Ly o Ly C L and L C Ly, Lo.
Then Ly = L or Ly = L. Indeed, suppose that L C L; and L C Lo. Let a € L1\L, b € Lo\ L.
Then we have

((aUL)oSo(bUL) C((L1UL)oSo(LyUL)]
— (LioSoLy] C (LioLy C (L] = L.

Then a,b € S\L and ((aUL)o So (bUL)]NS\L = 0. It contradicts the fact that (S\L,L) is a
weakly m-system. We have thus shown that L is weakly quasi-prime. This completes the proof.
O

Theorem 5.16 Let S be an ordered semihypergroup and L a proper left hyperideal of S. Then
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the following statements are equivalent:
(1) L is quasi-prime.
(2) For every a,b € S such that (a0 Sob] C L, thena€ L orbe L.
(3) S\L is an m-system.

Proof (1) = (2). Let a,b € S such that (a0 S ob] C L. Then, by Lemma 2.3, we have
(Soao(Sob] C ((Soa)o(Sob)=(So(aoSab)
C (So(aoSob]] C(SoL]C (L] =L

Since (S o al, (S o b] are left hyperideals of S and L is quasi-prime, we have (S oa] C L or
(Sob] C L. Say (Soa] C L, then, by Lemma 2.3 we have

L(a)o L(a) = (aUSoa]o(aUSoaq]
C(acaUaoSoaUSocaocaUSoaoSoqd]
C(Soa] CL.

Since L is quasi-prime and L(a) is a left hyperideal of S, we have L(a) C L. Then a € L(a) C L.
Similarly, say (S ob] C L, we have b € L.

The proofs of (2) = (3) = (1) are similar to the proofs of (5) = (6) = (1) in Theorem
5.15 with suitable modifications. O

Theorem 5.17 Let S be an ordered semihypergroup and L a proper left hyperideal of S. Then
the following statements are equivalent:

(1) L is quasi-semiprime.

(2) For every a € S such that (ao Soa) C L, then a € L.

(3) S\L is an n-system.

Proof The proof is similar to that of Theorem 5.16 with a slight modification, and thus we omit
the details. O

Definition 5.18 An ordered semihypergroup S is called strongly semisimple if (Lo L] = L holds
for every left hyperideal L of S.
Now, we give some characterizations of a strongly semisimple ordered semihypergroup by

means of quasi-prime left hyperideals.

Theorem 5.19 Let S be an ordered semihypergroup. Then the following statements are
equivalent:

(1) S is strongly semisimple.

(2) If Ly, Ly are left hyperideals of S such that Ly N Ly # 0, then L1 N Ly C (Lq o Ly].

(3) L(a) = (L(a) o L(a)] for every a € S.

(4) a€ (SoaoSoa] for every a € S.

(5) Every left hyperideal of S is quasi-semiprime.

(6) Every left hyperideal of S is the intersection of all quasi-prime left hyperideals of S

containing it.
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Proof (1) = (2). Since Ly N Ly # (0, Ly N Lo is a left hyperideal of S. By hypothesis, we have

L1 n Lg == ((Ll N LQ) o (L1 N LQ)] g (Ll ¢} Lg]

—~

2) = (3). Let a € S. Since L(a) is a left hyperideal of S, we have (L(a)oL(a)] C (SoL(a)] C
(L(a)] = L( ). On the other hand, by (2) we have L(a) = L(a) N L(a) C (L(a) o L(a)]. Thus

3) = (4) Let a € S. Then, by (3), we have

(L(a) o L(@)] = (aUS 0] o (aUS 0]
=((aUSoa)o(aUSoa)] (By Lemma 2.3(3))
=(acalUaoSoaUSoaoaUSoaoSoad]

C (Soal.

Thus we have

a € L(a) = (L(a) o L(a)] = ((L(a) o L(a)] o (L(a) o L(a)]]
C((Soalo(Soal]l=((Soa)o(Sea)=(SoaoSoal.

(4) = (5). Let L, P be left hyperideals of S such that Po P C L. Then P C L. Indeed,
let a € P. Then, by (4), we have

€(SoaoSoaC(SoPoSoP]C((SoP)o(SoP)]C(PoP]C(L]=L.
(5) = (6). Let L be a left hyperideal of S. Let
M = {K|K is a quasi-prime left hyperideal of S and K O L}.

Since L C K for any K € M, we have L C (g K. Let L C (g K, and let a € (e p K
such that a & L. Let B := {P|P is a left hyperideal of S, P O L and a ¢ P}. Since L € B,
B # (). Then (B, C) is a partially ordered set. Let C be a chain in B. Then, by Lemma 2.4, the
set Ugee C s a left hyperideal of S and is an upper bound of C in B. By Zorn’s Lemma, B has
a maximal element, say Ppax. Then a € Ppax. We now prove that Ppax is a quasi-prime left
hyperideal of S. By the (1) < (2) of Theorem 5.16, let b, c € S be such that (bo S o] C Pyax.
If b € Prax and ¢ € Ppax, then we have a € L(b), i.e., L(a) C L(b). In fact, if a ¢ L(b), then
a € L(b) U Ppax. Also, since L(b) U Pyax is a left hyperideal of S and L C Ppax C L(b) U Prax,
we have L(b) U Ppax € B. It contradicts the fact that Ppax is a maximal element in B. In the
same way, we can show that a € L(c), i.e., L(a) C L(c). Since

L(a) o L(a) € (L(a) o L(a)] € (L(b) o L(¢)],
L(b) o L(b) € (L(b) o L(b)] = ((bU S0 bl o (bU S o]
C(bobUboSobUSobobUSoboSob] C(Sob,
L(e) o L(c) € (L(¢) o L(¢)] = ((cU Soclo(cUS o]
C(cocUcoSocUSococUSocoSoc C(Soc].
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By (5), we have L(a) C (L(b) o L(c)], L(b) C (S ob] and L(c) C (S o ¢|. Thus we have
@ L(a) C (L(b) o L(e)] C ((Sobo(Sod] = (SoboSod
= (SO(bOSOCH g (SOPmax] ngaxv

which is impossible. Then Py is quasi-prime and Pyax € M. Thus we have a € [ KeMm K C
Pinax, which contradicts the fact that @ & Ppayx. We have thus shown that L =) rem K-
(6) = (1). Suppose that L is a left hyperideal of S. Let

A = {K|K is a quasi-prime left hyperideal of S and K D (Lo L]}.

By (6), we have (Lo L] = (Ngey K. Since Lo L C (Lo L] C K for any K € A and K is
quasi-prime, we have L C K, VK € A. Consequently, L C (.4 K = (Lo L]. Also, it is obvious
that (L o L] C L. Therefore, L = (L o L], and S is strongly semisimple. [J
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