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Morrey Estimates for Schrodinger Type Elliptic Equations
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Abstract In this paper, by means of Olsen type inequalities related to the fractional integral
operator, the authors establish the interior estimates in Morrey spaces for Schrodinger type
elliptic equations with potentials satisfying a reverse Holder condition.
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1. Introduction

Let us consider the linear Schrodinger type elliptic equations

n

Lu(x) = — Z @i () Ug,z; + V(z)u = f(x), a.e. in Q, (1)

i,7=1

where () is an open set of R™, n > 3, a;; = a;;,

n
pHER <D i (@)&8 < plgf?, for some i >0, ae. x €9, £ ER”, (2)
i,j=1

ai; € LOO(Q) N VMO(Q) (3)

As to the potential V(z), we assume that it is not identically zero, belongs to RH,(?) for

q
loc?

some exponent ¢ > n/2, which means that V € L{ |V >0, and there exists a constant C such

that the reverse Holder inequality

(];/E;V(y)qdy)l/q < g/BV(y)dy (4)

holds for every ball B C . An important property of the RH, class, proved in [1], assures that
the condition V € RH, also implies V' € RH,,. for some € > 0 and that the RH ;. constant of
V is controlled in terms of the one of RH, membership.

For a nondivergence form elliptic equation with VMO coefficients but with null potential,
the results were obtained in [2-5]; Inspired by [6], we study Morrey regularity of nondivergence
elliptic equations with potentials satisfying a reverse Holder condition.

The main purpose of the present work is to show that

HDZUHLM(Q') +IVullLery < CUF ey + lull o)) (5)
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forany Q' cCc Q" cCcQ,and 1 <p< F,0<A<n—2p.

The paper is organized as follows. In Section 2 we give some basic notions. In this section we
recall also continuity results regarding Olsen type inequalities related to the fractional integral
operator and commutators that will appear in the interior representation formula of the Vu
estimates, which replace on the duality methods used in [6]. Then a priori estimate is established

in Section 3.

2. Some preliminary facts from real analysis

Let Q be an open subset of R™". We take a ball B,(z) centered at z with radius r > 0, for
Q. = B.(z)NQ.

Definition 2.1 We say that any f € L{ (Q) is in the spaces BMO(Q) if

sip [ 1£@) — faldy = If]l. < oo, (6)
) o,

¥>0,2€Q

where fq_ is the average over €1, of f. Moreover, for any f € BMO(Q) and r > 0, we set

dy=10 7
2y o 1)~ fo s =00, (7
We say that any f € BMO(2 ) is in the spaces VMO(Q) if 8(r) — 0 as r — 0 and refer to 6(r)

as the modulus of f.

Definition 2.2 For 1 <p<oo,0<A<n, f €L _(Q), let

1
P = sup — rd
ey = s =5 ) Fld

and define the Morrey space LP*(§2) to be the set of those measurable f for which | f1|},. (@)
is finite. f is said to belong to the Sobolev-Morrey space W2LP*(Q) if and only if f and
its distributional derivatives fz,, fe,a, (i,j = 1,...,n) are in LPX(Q). Let ||fllwzroa) =

Hf”LPwA(Q) + 2?21 | fo: LrA(Q) T 223:1 ||farlaa HLP**(Q)‘
We also assume that f € W2_LPA(Q) if f € W2LPA Q) for every Q' CC Q.

Remark 2.3 As usual, BMO(R") or L?*(R") means B ranges in the class of balls of R™.
Let f € L}

is given by the formula

ive(R™), the Riesz potential or the (classical) fractional integral operator, which

Iaf(x)z/]R Ly)dy, 0<a<n.

n |z =yl
It is well known that the Riesz potential I, plays an important role in harmonic analysis.
Below, we describe two main results on Morrey spaces LP*(R™). Assume the relevance for
indexes satisfies
1 «

1
O<oz<n,1<p<ﬁ70<)\<n—ap,f—f: . (8)
@ p g mn—2A

Adams [7] proved the boundedness of I, from LP*(R") to L¥*(R"), Fazio and Ragusa
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[8] obtained commutators [b, I,]f(z) = b(z) [ f(x) — I,(bf)(x) from LP-*(R™) to L& (R™), with
b(x) € BMO(R"™). Here, we shall be interested in the boundedness of the multiplication operators
=V I,fand f = V-[bI,]f on Morrey spaces. For 1 <p < 2,0 < A <n — ap, Olsen [9]

n—>\

(particularly for n = 3) proved W - I, is bounded on LP*(R™), provided that W € L™= *(R").

Lemma 2.4 Suppose that (8) and V(x) € L (R"), b(x) € BMO(R"), we have

IV afllzoreny < VI 2 o1 ls oy ®
and

||V [b7 Ioz]fHva*(]R") < Clle*HVHLﬁ(Rn)

fllzea@ny- (10)

Proof Taking B,(zg) C R", we observe that I, is of type (LP*(R™), L%*(R™)). Then, by

Holder’s inequality, we have

(’I“i’\ /Br(m) |V : I@f‘pdx>% < C(% /B,,-(wo) |V ”;Adx> ” . (% /Br(mo) |Iaf|qu>%

]. n—>X\ ﬁ
<c(x [ W)l
" JB,(z0)

o

1 n n
() i)
rn=Xx B, (x0)

<OV

_a A
Br(zo)[»= > [ fll poa @)

Lo (Rn) ||fHLP1*(]R")'
The desired inequality [9] follows. Also, note that (LP*(R™), L%*(R™)) type of [b, I,]f, So we
can obtain the inequality [10] by a similar process.

From Lemma 2.4 and the extension theorem of BMO(f2)-functions in [10], by a procedure

similar to Theorem 2.11 in [2] and Theorem 2.3 in [3], we can obtain the following corollary.

Corollary 2.5 Let 0 <a <n,1<p< 2, 0<A<n-—ap, %—%: —~ and V(z) € RH,,

g > n/a. Suppose B is an open ball of R™ and b(x) € BMO(B). Then there exists a constant
C > 0 such that for all f € LP*(B),

IV Lafllzosce < CIVIL 2 1]l mr -
IV - b, Zad fll o () < OISV L2 gy | Loy

Furthermore, for any € > 0, there exists positive g = 7o(e, ) such that for any ball B, with the
radius r € (0,7), B, NQ =Q, # 0, and all f € LP*(1Q,),

V1o, Ll flles ) < CellVIpz g ) 1 lea@,)-

3. Priori estimates and some regularity results

We take a ball B,.(z() with r chosen later. For Q, = B,.(zg) N Q, freeze the coefficients of
first term at xo, and get the operator Lou = — 77"+ a; j(20) Uz, + V(2)u, which allows us to

apply the results proved by Dziubanski [11, Proposition4.9] to deduce the following
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Lemma 3.1 The operator Ly has a fundamental solution T'(xg;x,y) satisfying the following

bound: for any positive integer k there exists a constant cj, (independent of ) such that

Ck 1 n
F(Io,l‘,y) < E=TY |.’17 — y|n_2a for any .,y € R y L 7& Y,
T+ G

where the auxiliary function p(x) is defined as

1
p(x):sup{r>0:rdQ/B()V(y)dygl}, x € R™

Lemma 3.2([3]) Under the assumptions (2) and (3), p € (1,00), A € (0,n), there exist positive
constants C, such that for any Q, CC Q,r < =, and any weak solution u € Woz’p(Qr) of
Au = szzl i (T)Ug,o; = f such that ug,., € LPA(Q,), we have

||uzixj ||LP7>‘(QT) < C||Au||LPv>‘(QT)a 7’7] =1,...,n

where the constants C' depend on n,p, A, p and the VMO module of the leading coefficients.

By the way, let us note that if u € W2LP*(Q) solves Lu = f with f € LP*(2), then auto-
matically Vu € LPA(Q) (since Au € LP*(Q) by the boundedness of the coefficients), however,
u € W2LPA(Q) does not imply in general that Lu € LPA(Q).

Theorem 3.3 Under the assumptions (2)-(4), for any p € (1,%), A € (0,n — 2p), there exists a
constant C' > 0 such that for any Q, CC Q,r < 9, Lu € LPMQ,.), u € W2LPAQ,) NW, P(Q,),
then

Vullra,) < CllLullLra,ys

where the constants C depend on n,p, \, 1, the VMO module of the leading coefficients and the
RH, the constant of V.

Proof By a density argument, we might as well assume u € C§°(Q2,.). For x € Q, = B,(z9) N1,

and Lou = (Lo — L)u+ Lu we can write

u(z) = /Q Paosay)Culy)dy + 3 / 203, ) a5 (4) — 53 (20) tiava, (4)dy.

i,j=1
Letting o = x, we get the representation formula
u(z) =/ T(2;2,y)Lu(y)dy + Z / (232, y) ai; () — aij(2)]te,q, (y)dy,
Qr i,j=1

which allows us to write the following pointwise bound, for every positive integer k,

1 1
V(a)u(a)] <erV (@) /QT T {Ieuto)i+

S sy () = (@)t () s

1,5=1

Setting
1 1

la—y\E [z — yln—2
1+ 2-4l) |z — y|

V- Lf(z) :V(x)/Q ( f(y)dy,
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ﬁy)k s laly) — ol )
p(x)

V(o Llf(x) = V(z) / o

by Corollary 2.5 (aw = 2) and Lemma 3.2, we have
IVall @y < CIV - Ba(lLul)l g, + CIV - [a, ) (ttar; Dl oacay
< C||£U||LM(Q,.) + Cel|ug;z; ||LM(Q,.)
< ClLullLrr(a,) + CellLu = Vul Lo (q,)
< (C+C)l|Lull Lo,y + CellVall oo,

Now, using the interpolation methods of [4,5], we are in a position to state our main results.

Theorem 3.4 Under the assumptions (2)-(4), for p € (1,%), A € (0,n — 2p). Then if u €
W2, LPAQ) N Wy P(Q), Lu € L2 (), and for given ' CC Q" CC Q we have Vu € LPA ()

loc

and there exists a positive constant C' such that
||D2UHLP=A(Q/) +[Vullpray < C(HEUHLW(QH) + HUHLP’*(Q”))» (11)

where the constants C' depend on n,p, \, i, the VMO module of the leading coefficients and the
RH, the constant of V.

Proof For any z¢ € ©, choose vy > 0 such that ., = By, (20) N2 CC Q. Let 0 < r < 7y and
n(x) be a cut-off function on B,+,.(xg) relative to B, (xg), for 7 € (0,1) and 7/ =7(3—7)/2 > T,
we have n(x) € C§°(B,(z0)) satisfying n(x) =1 in B,.(x¢),n(x) =0 in BS, .(zo) and

|D*n(x)| < Clr(1 —71)r]~%, for s =0,1,2, x € B,(x0).
Set v = nu, then v € W2LPA(B,.(20)) N Wy (B,(x0)). By Theorem 3.3, we have

Vollzeae,,) < CIEO)rr@,.,)

||DU||LN(Q ) HUHLW(Q )
< C £ », T'r T'r 12
< (” ull re,,,) Tt (1 —1)r [r(1 = 7)r]2 ) (12)
Analogously, Lemma 3.2 implies
[Dullprr,, )y lullorr@,,,)
D2 o, < C E . 4 o, T'r ' 13
D0 rra,,y < (|| ullprro, ) + IVl + =1 F(L=1)r? ) (13)

Therefore, from the definition of v and the estimate of [[Vv|[1rr(q, ), [D?v]l1orq,,, ), We get
that for any 0 < 7 < 7,

”DUHL%*(QT/T) HUHLP’*(QT/,.))
T(1—"7)r [7(1 = 7)r]?

|D?ullox i,y + IVullpea,,) < C(I1Lullpra@,, ) + (14)

Denote

@S = Ssup [T(l - T)?"]SHDS’U/”LP,A(QTT), s = 0, 1, 2.
0<r<1

Because of the choice of 7/ we have 7(1 — 7) < 27/(1 — 7’). Thus, after standard transformations

and taking the supremum with respect to 7 € (0,1), we can rewrite the inequality (14) as

02 + P?(|Vul 1o,y < C(r||Lull Lo (q,) + O1 + Op). (15)
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By simple scaling arguments we get an interpolation inequality analogous to [12, Theorem 7.28]

r

C
| Dul| a0,y < I D?ul|pon 0,y + gHUHLm(Q ), 0 €(0,7). (16)
There exists 79 € (0,1) such that

01 < 2[ro(1 — 70)r][| Dul| v (0

ror)
9 C
< 2[r0(1 = 70)r] (8] D?ull Lor(a,, ) + gHUHLw(Qw))-

For any ¢ € (0,2), we choose § = 5[19(1 —79)r] < 7or. Thus ©1 < 07 + g@o, for any ¢ € (0, 2).
Interpolating ©; in (15) and fixing 7 = 1/2, we obtain the following Caccioppoli-type

inequality

1
I1D*ul| Lo (@, 2) + VUl Lo, ) < C(I1LullLora,) + ﬁHUHLPv*(QT))' (17)

r/2

From (17), by a finite covering of Q" with balls €2, /5, 7 < dist(€2, Q"), the estimate (11) follows.
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