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Abstract Let F be an algebraically closed field of characteristic zero, and L be a basic
classical Lie superalgebra except A(n,n) over F. In this paper, we prove that every 2-local
superderivation on L is a superderivation. Furthermore, we give an example to show that a
subalgebra of spl(2,2) admits a 2-local superderivation which is not a superderivation.
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1. Introduction

The definition of 2-local derivation on the algebra was introduced by Semerl [1]. In the
reference [1], the author showed that each 2-local derivation on B(H) is a derivation, where
B(H) is the algebra of all linear bounded operators on H. Similarly, some authors started to
describe 2-local derivations on the different associative algebras such as semi-finite von Neumann
algebras, matrix algebras over commutative regular algebras [2-6]. In 2015, the authors of the
reference [7] investigated the 2-local derivations on a finite-dimensional semi-simple Lie algebra L
over an algebraically closed field of characteristic zero. They proved that every 2-local derivation
on L is a derivation and that a finite-dimensional nilpotent Lie algebra L with dimL > 1 admits
a 2-local derivation which is not a derivation. The reference [8] gave the definition of a 2-local
superderivation on the associative superalgebra and proved that every 2-local superderivation on
the associative superalgebra M,,(C) is a superderivation. In this paper, we introduce the notion
of 2-local superderivation on Lie superalgebra and prove that all 2-local superderivations on the
basic classical Lie superalgebras are superderivation. Furthermore, we give an example to show
that a subalgebra of spl(2,2) admits a 2-local superderivation which is not a superderivation.

In this paper, the algebras and vector spaces are finite-dimensional over an algebraically
closed field F of characteristic zero. Let L = L @ L1 be a Lie superalgebra. If H is a Cartan
subalgebra of the Lie algebra Lg, then we have the root space decomposition of L with respect
to H. Let A be any linear form on H and L* = {z € L|ad h(z) = A(h)x, Vh € H}. Then
L = @,cpy- L Let Ag = {X € H*|X # 0, L} # {0}}, Ay = {\ € H*|L} # {0}}. Then
A = Ag U Aj is the set of roots of L with respect to H.

Received October 26, 2016; Accepted May 19, 2017

Supported by the National Natural Science Foundation of China (Grant No.11471090).

* Corresponding author

E-mail address: wangying@dlut.edu.cn (Ying WANG); chenhx2012@mail.dlut.edu.cn (Haixian CHEN); jz-
nan@163.com (Jizhu NAN)




528 Ying WANG, Haizian CHEN and Jizhu NAN

Let Z be the integers set and Zy the residue class modulo 2. The two elements of Zs will
be denoted by 0 and 1. Let L = Ly @ L1 be a Lie superalgebra. A map T : L — L is called
homogeneous of degree o, € Zg if T(Lg) C Loyp for all B € Zy. Let Do (L), @ € Zs, be the

subspace of all the homogeneous linear mapping ¢ of degree « of L such that
§([z,y]) = [0(z), y] + (—=1)*P[2,0(y)], forall = € Lg,y € L,B € Zs.

Define D(L) = Dg(L) @ D7(L). The elements of D(L) are called superderivations of L. D(L) is
called the Lie superalgebra of superderivations of L. For a € L, the linear mapping ad, : L — L

such that ad,(b) = [a,b] for all b € L is a superderivation which is called inner.

Definition 1.1 A homogeneous map T : L — L of degree « is called a 2-local homogeneous
superderivation of degree « if for any two elements x,y € L there exists a superderivation
02,y 1 L = L(depending on x,y) such that T(x) = 0, 4(x) and T(y) = 65,4 (y).

Let TD,, be the set of all 2-local homogeneous superderivations of degree a. The elements
of TD = TDg @ TD7 are called 2-local superderivations on L.

Obviously, ad, for all a € L is a 2-local superderivations on L and the sum of two 2-local
superderivations is also a 2-local superderivations on L.

In this paper, we will prove that 2-local superderivations on basic classical Lie superalgebras

are superderivation.

2. Some results on basic classical Lie superalgebras

In 1977, Kac gave the classification of simple Lie superalgebras over an algebraically closed

field of characteristic zero.

Definition 2.1 ([9]) The simple Lie superalgebra L = Lg & L1 is called classical if the repre-

sentation of Lg on L7 is completely reducible; otherwise, Cartan type.

Theorem 2.2 ([9]) The classical Lie superalgebras consist of basic classical Lie superalgebras
and two series P(n) and Q(n).

The basic classical Lie superalgebras include:

(a) simple Lie algebras;

(b) simple Lie superalgebras of type

A(m,n) | nm>0m+n>1
B(m,n) m>0,n>1
C(n) n>3
D(m,,n) m>2,n2>1
D(2,1,a) a#0,-1
G(3)
F(4)

Table 1 The basic classical simple Lie superalgebras
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Definition 2.3 ([10]) For a bilinear form f : L x L — F we say that
(1) fisevenif (Ly,Lg) =0 for o # B,
(2) f is supersymmetric if (x,y) = (—1)*(y, x),
(3) f is invariant if ([z,y], 2) = («, [y, 2])-
If L is a basic classical Lie superalgebra, then there exists a non-degenerate even supersym-

metric invariant bilinear form on L.

Proposition 2.4 ([11]) Let L be one of the basic classical Lie superalgebras listed above. Sup-
pose that L is not equal to the algebras spl(2,2)/F -1,. We consider the roots and the root space
decomposition of L with respect to some Cartan subalgebra H of Lg.

(1) dimL* =1 for every A € A.
(2) 0¢ A7 and AgN A7 = 0.
(3) Let a,B € Zo. If X € A, n € Apg, and A+ 1 € Ay g, then

A A+
LA, L) = L)t

(4) —Ay, = A, for a € Zs.

(5) We consider two roots A and p of L which are proportional:
w =17\ with some r € F.

If \, i are both even or both odd, then r = +1; if A is odd and p is even, then r = +2.

(6) There exists a simple root system B such that any root is a linear combination of simple

roots with integer coefficients.

Proposition 2.5 ([10]) The basic classical Lie superalgebras except for A(n,n) do not have any

outer superderivations.

In next section, we use the notation R to represent the Lie superalgebras in Proposition 2.5.

3. 2-Local superderivations on Lie superalgebra
The main result of this section is given as follows.

Theorem 3.1 All 2-local superderivations on R are superderivations.

Since any superderivation of R is inner, it follows that for such algebras the definition of
2-local homogeneous superderivation is reformulated as follows. A homogeneous map 7 : 8 — R
of degree « is called a 2-local homogeneous superderivation of degree « if for any two elements
z,y € R there exists an element a,, € N (depending on z,y) such that T(x) = [ag,, 2] and
T(y) = [ag,y,y]. If z and y are all homogeneous elements of R, then we can choose a homogeneous
element a, , of degree a. In the case, a;, will be denoted by t .

Let H be a Cartan subalgebra of . Then the root space decomposition of R with respect
to His R = H@ @, o R*. By Proposition 2.4 for each A € A, dimR* = 1. Thus we can take
a non zero element E* € R*. Note that every element x € R has a unique decomposition of the
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form:

r=h+Y KB (3.1)
AEA

where h € H,k* € F.
By the definition of the root subspaces it follows that
[h, E*] = A(h)E* for all h € H X € A,
and Ay (A7 = 0 implies that E* € L), o € Zs.

Proposition 3.2 If T is a 2-local superderivation on R, then T is linear.

Proof We proceed in steps. Let T' € TDy,z € Rg,y € Ry, 2 € Ry, o, 5,7, 1t € Zo. Suppose that
b(, ) is a non-degenerate even supersymmetric invariant bilinear form on .
(i) b(T(x),y) = —(=1)*"b(z,T(y)).
b(T(@), y) =b([ts s ], 1) = —(~1)b([z, b, ],0)
= — (~1)*b(z, [tsy, y]) = —(~1)*"b(z,T(y))
(ii) If B =+, then
b(T(z +y),2) = = (~1)*b(z +y,T(2)) = —(~1)*’[b(x, T(2)) + b(y, T(2))]
=b(T(z),2) +b(T(y),2) = b(T(x) + T(y), 2)
(iii) If 8=p=0,v =1, then
b(T'(x +y),2) =b([ao + a1,z + y], 2) = b([ao, x], 2) + b([a1,y], 2)
= = b([z, a0], 2) + b(ly, a1}, 2) = =Db(z, [ao, z]) + D(y, [a1, 2])
= —b(z, [ao + a1, 2]) + b(y, [a1 + a0, 2]) = —b(z,T(2)) + b(y, T(2))
=b(T'(z),2) = (=1)"b(T'(y), 2) = b(T(x) + T(y), z)
where az1y,. = ao + a1,a0 € Ry, a1 € Ry.
(iv) If 3=0,v=p=1, then
b(T(x +y), z) =b([ao + a1,z + ], 2) = b([a1, z], 2) + b([ao, yl, 2)
= = b([z,a1], 2) = b([y, ao], z) = =b(x, [as, 2]) = b(y, [ao, z])
= —b(z, [ao + a1, 2]) = b(y, [ao + a1, 2]) = —b(2,T(2)) — b(y, T'(2))
=b(T'(z),2) + (=1)"b(T'(y), 2) = b(T(x) + T(y), z)
where a4y, = ao + a1,a0 € Rg, a1 € Ny.

(v) By (ii), (iil) and (iv), we get b(T(x + y), z) = b(T'(z) + T(y), 2) for all z € R. Because

the form b( , ) is non-degenerate, we have
T(x+y)=T(x)+T(y) foral z,ye R

(vi) Finally,
T(Az) = [arg,z, AT] = Narg o, ] = AT(z).
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Hence T is linear. [J
Lemma 3.3 There exists an element hg € H such that A(hg) # 0 for all A € A.

Proof Let B = {A1, \s,..., \;} be the simple roots system of R, {h1, ha,...,h;} a basis in H
which is dual to {A1,A2,..., i}, Le., Ai(hj) =6, for all 4,5 =1,2,...,1. Set hg = 22:1 thhy,
where t( is a fixed algebraic number from F of degree bigger than [ = dimH. Let us take an

arbitrary A € A. There exist integers r1,79,...,7; such that \ = Z;Zl 7L Ak. Then

l l l
Aho) = 3 midu(ho) = 3 mioh ( 3 tghs)
k=1 k=1 s=1

Hence the conclusion is right. O
Lemma 3.4 Let a € R be an element such that [ho,a] = 0. Then a € H.

Proof We represent the element a in the form of (3.1):
a=h+y KE
A€EA
Then

0= [ho,a] = [ho,h + Y K E*|
AEA

= [ho,h] + Y K Mho, BN = > k*A(ho) B
AEA PYEVN
Thus k*A(hg) = 0 for all A € A. Since A(hg) # 0, we get k* = 0 for all A\ € A. Therefore
a=heH O

Remark 3.5 Since hg is a homogeneous element of degree 0, [hg, a] = 0 implies that [a, ho] = 0.

Lemma 3.6 Let T be a 2-local superderivation on R such that T'(hg) = 0. Then T annihilates
the Cartan subalgebra H of R, i.e., T|g = 0.

Proof Let h be an arbitrary element of H. Since R has no any outer superderivations, by

definition of T there exists an element ay, p, € 3 such that
T(h) = [ah,hov h]vT(hO) = [ah,hoa hO]

Since 0 = T'(ho) = [an,hy, Po], Lemma 3.4 implies that ay, p, € H. Therefore, T(h) = [ap ny, ] =
0.0

Lemma 3.7 Let T be a 2-local superderivation on R such that T'(hg) = 0. Then
(1) There exists k* € F such that T(E*) = kK*E? for all A € A;
(2) There exists h € H such that T(E*) = \(h)E* for all A € A;
(3) T = adh.
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Proof (1) Let h be an arbitrary element of H. Take an element a; g» € R such that
T(h) = [an,p>, h), T(BY) = [ap,p», BY).
According to Lemma 3.6 we get T'(h) =0, i.e., [aj g»,h] = 0. Then
[h, T(EM)] = [h, [an, g2, BN] = [[h an,pa], BN + [an g, [h, B]
= A)an g, BN = Mh)T(EY),

ie.,

[h, T(EM)] = M(h)T(E?*) for all h € H,\ € A.

This means that T(E*) € R*. Since dimR* = 1, there exists k* € F, such that T(E*) = k* EA
for all A € A.
(2) Now put # =Y, E*. Take an element ap,, € R such that

T(ho) = [aho,ﬂﬁ ho],T(:Z?) = [ahoyrvx}'
Since 0 = T'(ho) = [any,z, o], Lemma 3.4 implies that ap, , € H. Write ap, , = h. Then

T(z) = [angw 7] = [b,2] =[h, Y EN=> [0, B =Y AbH)E,

AEA AEA AEA
ie.,
T(z) = Ab)E (3.2)
AEA

On the other hand, taking into account the linearity of 7" we obtain

T(x)=T(Y EYN=> T(E)=)Y kE,

AEA AEA AEA
ie.,
T(z) =Y KEM (3.3)
AEA

Combining (3.2) and (3.3) we have

dSTAmEN =Y K EN

PYEIN AEA
Thus £* = A(h) for all A € A, i.e., T(E*) = A(h)E? for all A € A.

(3) Finally, let « be an arbitrary element of ®. We represent = in the form of (3.1):
r=h+Y KE
AEA
Then T(z) = T(h) + > ,ea K*A(H)E*. Due to Lemma 3.6 we get T'(h) = 0, ie., T(z) =
> sea E*A(B)EX. On the other hand,
adh(z) = > kb, BN = > B A(H)EN

AEA AEA
Thus T = adh. O

The Proof of Theorem 3.1 Let T be a 2-local superderivation. Take an element a € R such
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that T'(ho) = [a, ho]. Set To = T — ada. Then Ty(hg) = 0. By Lemma 3.7 there exists h € H such
that Tp = adh. Therefore, T = adh + ada is a superderivation. [

4. 2-Local superderivation on a subalgebra of Lie superalgebra spl(2,2)

In this section, we give an example of 2-local superderivation on a Lie superalgebra which
is not superderivation.

Suppose that L is a Lie superalgebra over F. Z(L) and [L, L] denote the center and derived
algebra of L, respectively. Let d : L. — L be a linear map which is homogeneous of degree
« such that 6|;z ;) = 0 and §(L) € Z(L). Then 0 is a superderivation. Indeed, for every
x € Lg,y € Lo, B € Zy we have

3([z,y]) = 0 = [8(x), 9] + (=1)*[z,(y)].

Let S be a subalgebra of Lie superalgebra spl(2,2). S consists of the elements as follows:

0 0 0 O
by 0 d
X = 1 1 da
C1 0 0 b2
ca 0 0 O
where b;,c;,d; € F, 1 =1,2. If
0 0 0 O 0 0 0 O
¥ - b1 0 d do P b, 0 d) db
ca 00 by |’ 4 0 0 b |’
cc 0 0 O ¢ 0 0 0
then
0 0 0 0
[X X’]: dlc'1+dgc'2+d’101+d’202 0 0 dlblz—dllbg
’ bach — bhco 00 0
0 0 0 0

It is easy to prove that Z(S) = FEy, [S,S] = FEy @ FE3; @ FEyy, where E;; is a 4 x 4 matrix

with 1 in the (4, j) position and 0 elsewhere. We can give the decomposition of .S in the following
form

S=1[S,S]®FEy ®FEy3 ®FEs,.
Let us define a function f on F? as follows

kj if ko #0

flhika) =4 ke’ 270

0, ifky=0,

where k1, ko € F. Define a map T on S by
T(x) = f(k1,k2)E21, for & = 21 + k1 Egy + koFas + k3Esy € S,

where z1 € [S, 5], k1, ko, ks € F. The map is not a superderivation since it is not linear.
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In the following, we will show that T is a 2-local superderivation of degree 1 on S. Obviously,
S;g =FFE2 @FE3y, Si=FF31 ®FFEsy @FE4y ® FEos.

Thus T(Sg) = 0 € Sy, T(S7) C Sp, i.e., T is homogeneous map of degree 1.
Define a linear map d on S by

(5(55) = ((lkl + ka)EQl, fOT r =1 + k1E41 + k2E23 + k3E34 S S,

where a,b € F. Since d|;z,;) = 0 and §(L) C Z(L), ¢ is a superderivation. 6(Sp) = 0 € Sy and
§(S7) C Sy imply that § is a superderivation of degree 1.

Let x = x1 + k1 Fy1 + koFa3 + k3FE3q and y = y1 + [1 F41 + 1o E23 + I3 FE34 be elements of S.
We are going to choose the elements a and b such that

T(z) =d(z), T(y)=26(y).
Let us rewrite the above equalities as a system equations with respect to unknowns a, b as follows

k1a + kab = f(k1, k2),
{ lia+ b = f(l1,12).

According to the definition of f, we know that the rank of matrix of coefficients equals to the

rank of augmented matrix. Therefore the system of equations has a solution. As a result, T is a

2-local superderivation of degree 1. Thus we have the following conclusion:
Proposition 4.1 There exists a 2-local superderivation on S which is not a superderivation.
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