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Dc-Projective Dimension of Complexes
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Abstract Let R be a commutative ring and C' a semidualizing R-module. We introduce the
notion of D¢-projective dimension for homologically bounded below complexes and give some
characterizations of this dimension.
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1. Introduction

Over a commutative Noetherian ring, Foxby [1], Golod [2] and Vasconcelos [3] independently
initiated the study of semidualizing modules under different names, which provided a common
generalization of dualizing modules and free modules of rank one. By using these modules,
Golod [2] defined the G¢-dimension, a refinement of projective dimension, for finitely generated
modules. When C' = R, this recovers the G-dimension introduced by Auslander and Bridger
[4]. Motivated by Enochs and Jenda’s extensions in [5] of G-dimension, Holm and Jggensen [6]
extended the G¢-dimension to arbitrary modules over a commutative Noetherian ring (where
they used the name of C-Gorenstein projective dimension). Later, White [7] further extended
this concept to the non-Noetherian setting, named G¢-projective dimension of modules, and she
showed that it shares many common properties with the Gorenstein projective dimension. As
a special case of Gorenstein projective modules, strongly Gorenstein flat modules were studied
in [8], and later in [9] under different name-the Ding projective modules. The relative versions
of Ding projective modules and Ding projective dimension of modules with respect to a semid-
ualizing module were investigated in [10-12]. In a different direction, homological dimensions
have been extended to complexes. Avramov and Foxby [13] defined projective, injective, and
flat dimensions for arbitrary complexes of left modules over associative rings. Over commuta-
tive local rings, Yassemi [14] and Christensen [15] introduced a Gorenstein projective dimension
for complexes with bounded below homology. Christensen, Frankild and Holm [16] gave a nice
functorial descriptions for the Gorenstein projective dimensions to homologically bounded below
complexes. The Gorenstein projective dimension of complexes with respect to a semidualizing

module over commutative rings were investigated in [17].

Received July 28, 2016; Accepted May 17, 2017

Supported by the National Natural Science Foundation of China (Grant Nos. 11361052; 11401476).
* Corresponding author

E-mail address: zhaory@nwnu.edu.cn (Renyu ZHAO); 2642293920@Qqq.com (Pengju MA)



536 Renyu ZHAO and Pengju MA

Motivated by these works, in this paper, we introduce a concept of Ding projective dimension
with respect to a semidulizing module for homologically bounded below complexes, and give some
characterizations of this dimension. Our result extends [10, Theorem 2.4] and [11, Proposition
2.11] to the context of complexes.

Next we shall recall some notation and definitions which we need in the sequel. In order to
make things less technical, throughout this article, by a ring R, we always mean a commutative
ring with identity, all modules are unitary R-modules. We use C(R) to denote the category of

complexes of R-modules. To every complex

6 6X

X Xn+1 Xn - anl

in C(R), the nth cycle (resp., boundary, homology) of X is denoted by Z,(X) (resp., B,(X),
H, (X)), and we set C,(X) = Cokerd;, ;. Given an R-module M, we identify it with the
complex that all entries 0 except M in degree 0. Given an X € C(R) and an integer m, then
¥™X denotes the complex X shifted m degrees (to the left); it is given by (X" X),, = X,,_m
m(sX

and whose boundary operators are (—1)™¢:"_, . The supremum and infimum of X capture its

homological position; they are defined as follows
sup X =sup{s € Z | Hy(X) # 0}, and infX =inf{s € Z | Hy(X) # 0}.

For every R-complex X, the underlying graded module X" is an R-complex with zero-differential,

so one has
sup X¥ = sup{s € Z| X, # 0}, and inf X* =inf{s € Z | X, # 0}.

Let a: X —Y be a morphism of R-complexes. The mapping cone Cone(«) of « is the complex
with Cone(a), =Y, @ X,—1 and differential

5sone(a)(ym Tpo1) = (52:(971) +ap_1(Tn-1), *51)1(—1(*%7171))'

Given X,Y € C(R), Homg(X,Y') denotes the complex with Homg(X,Y),, = [[,c, Hompg(X¢, Yii14),
and with differential given by

On ((ft)teZ) = (6’}L/+tft - (_1)nft—15tX)teZ'

A quasi-isomorphism ¢ : X — Y, denoted by ¢: X —=Y is a morphism such that the in-
duced map H,(¢) : H,(X) — H,(Y) is an isomorphism for all n € Z. The complexes X and
Y are equivalent and denoted by X ~ Y [15, A.1.11], if they can be linked by a sequence of
quasi-isomorphisms with arrows in the alternating directions. Let X € C(R), and let s,t € Z.
The hard truncation above, X¢,, of X at s, and the hard truncation below, X>¢, of X at ¢ are
given by:

5X sX

s—1

X<s :0 Xs . Xsfl X572

and

6%a 641
- Xt — X; ——0.

X}t:"' Xt+2
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The soft truncation above, X, of X at s and the soft truncation below, X-;, of X at t are

given by
5X 65,
XCS : OHCS(X) - Xsfl - Xsf2*>"'
and
550 65
XDt R Xt+2 Xt+1 Zt(X) — 0.

We use subscripts T, 3,0 to denote boundedness conditions and (C), (3), () to denote
homological boundedness conditions. For example, C5(R) is the full subcategory of C(R) of
bounded below complexes, and C(5)(R) is the full subcategory of C(R) of homologically bounded
below complexes. For a class £ of R-modules, C*(R) denotes the full subcategories of C(R) with
modules in L.

We will use C' to denote an arbitrary but fixed semidualizing R-module [7, 1.8], i.e., the
follow three conditions are satisfied:

(1) C admits a degreewise finite projective resolution.

(2) the natural homothety map xZ&: R —— Hompg(C,C) is an isomorphism.

(3) Extz'(C,C)=0.

Recall from [7,18] that the R-modules in the following classes

Pc = {C ® P|P is a projective R-module},
Fo ={C® F|F is a flat R-module}

are called C-projective and C-flat, respectively. When C' = R, we omit the subscript and recover
the classes of projective and flat R-modules.

Let £ be a class of R-modules. Recall that a complex X of R-modules is Homp(—, £)-exact
if the complex Hompg (X, L) is exact for any L € L.

Definition 1.1 ([10,11]) An R-module M is called D¢-projective if there exists a Hompg(—, F¢)-
exact exact complex X of R-modules with X; € P for all i > 0 and X; € P¢ for all i < 0 such
that M = Tmdj .

The class of De-projective R-modules denoted by DoP. Putting C' = R, then De-projective

modules are just Ding projective modules [8,9], and we denote it by DP.

2. Main results

According to [15, A.3.1], a projective resolution of a complex X € C(—)(R) is a quasi-
isomorphism P —> X where P € C5(R). By [15, A.3.2], every complex X € C(—)(R) has a
projective resolution P —= X with P, = 0 for [ < inf X. Thus, for every X € C(=)(R), there
exists a quasi-isomorphism D —> X with D € C5°F(R) by [10, Proposition 1.8]. Hence we

have

Definition 2.1 The D¢-projective dimension of X € C(=)(R), denoted by Dc-pdp X, is defined
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as

Do-pdpX =inf{sup{i € Z | D; # 0} | X ~ D € C5<"(R)}.

In order to characterize the Do-projective dimension of complexes, we need the following

preparations.
Lemma 2.2 If D € C5°Y(R) is exact and F € CSC (R), then the complex Hompg(D, F) is exact.

Proof We can assume that F' is nonzero and that sup F? = n. We proceed by induction on n.
Without loss of generality, we may assume that D; = 0 and F; = 0 for ¢ < 0.

If n = 0, then F is a C-flat module, and so Exti(D;, F) = 0 for all i > 0 and j € Z by [10,
Proposition 1.4]. Since D is exact and C;(D) = 0 for all ¢ < 0, it follows by [15, Lemma 4.1.1(c)]
that Extp(C;(D), F) = Ext% ' (Co(D), F) = 0 for all i > 0. Thus Hompg(D, F) is exact again by
[15, Lemma 4.1.1(c)].

Let n > 0 and assume that Homp(D, F) is exact for all F € CEC(R) concentrated in at

most n — 1 degrees. Consider the degreewise split exact sequence
0——=F¢p1—=F—=Y"F,——=0.

It remains exact after the application of Hompg(D, —), so Homg(D, F) is exact since Hompg (D, F},)

and Homp(D, F¢,—1) are exact by the induction base and hypothesis, respectively. OJ

Lemma 2.3 If X ~ D € C3°"(R) and U ~ F ¢ Cgc (R), then RHompg(X,U) can be represent-
ed by Homg(D, F).

Proof Let P € CE(R) be a projective resolution of X, then RHompg(X,U) is represented
by Homg(P,F). Since P ~ X ~ D, there exists a quasi-isomorphism «: P == D by [15,
A.3.6], and hence we have a morphism Hompg(a, F) : Hompg(D, F) — Hompg(P, F) . Since
Cone(a) is exact by [15, A.1.19] and it belongs to C5°F (R) by [10, Proposition 1.8], we conclude
from the isomomorphism Cone(Hompg(a, F)) = XHompg(Cone(a), F) that Cone(Hompg(a, F))
is exact by Lemma 2.2 and, hence Hompg(«, F) is a quasi-isomorphism by [15, A.1.19]. Thus,
Hompg(P, F) ~ Homp (D, F). This implies that RHompg (X, U) is represented by Hompg (D, F).
O

Lemma 2.4 Let W be a C-flat R-module and X € Cy(R). If X ~ D ¢ C2<P(R) and
sup X < n, then Exty (Cn(D), W) = H_(;;,4.0,)(RHomp (X, W)) for any m > 0.

Proof Since supD =sup X <n, D3, ~ ¥"C, (D) by [15, A.1.14.3], so RHomg(C, (D), W) is
represented by Hompg (X" D3, W) by Lemma 2.3. Thus for any m > 0, by [15, A.2.1.3, A.1.3.1
and A.1.20.2], we have
Exty (Cn(D),W) =H_,,(RHomg(C,(D),W)) = H_,,,(Homg(X ™" Dx,, W))
=H_,,,(¥"Homp(Dxyn, W)) = H_(14.0) (Homp(Dxrn, W))
=H_(yyqn)(Homp(D, W) _p) = H_ (1) (Homp (D, W)).
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By Lemma 2.3, RHompg (X, W) is represented by Homp (D, W), so

Xt (Cpo (D), W) = H_ () (RHomp (X, W)
as desired. [

Lemma 2.5 IfD € C5°Y(R), U,V € CE¢(R) and U ==V, then Homg(D,U) = Homg(D,V).

Proof Let A be a Dg-projective module and - - - P Py A 0 a projec-

tive resolution of A. Then for any C-flat module W, the sequence

0 —— Hompg(A, W) —— Hompg(Py, W) —— Homp (P, W) —— - -

is exact. Thus we have a quasi-isomorphism Homp (A, W) —— Hompg(P, W), where P is the

complex - -- P Py 0. Now [16, 2.7(a)] yields quasi-isomorphisms
Homp(A,U) —— Homp(P,U) and Hompg(A,V)——= Hompg(P,V).
From the following commutative diagram

Hompg(A,U) —— Hompg(P,U)

| l

Hompg(A,V) —— Hompg(P,V)
and the fact that Homp (P, —) preserves quasi-isomorphism it follows that

Homp (A, U) —— Homg(A, V),

and so Homg(D,U) == Homg(D,V) by [16, 2.6(a)]. O

Now, we can achieve some characterizations of the Dg-projective dimension of complexes.

Theorem 2.6 Let X € C()(R) be a complex of finite Dc-projective dimension and n € Z,
then the following conditions are equivalent:

(1) X is equivalent to a bounded complex D of D¢-projective R-modules with sup D < n,
and D can be chosen such that D; = 0 for i < inf X.

(2) De-pdpX <n.

(3) inf U — inf RHompg(X,U) < n for all 0 £ U € CL°(R).

(4) —inf RHompg (X, W) < n for all C-flat R-modules W.

(5) sup X < n and the module C,,(D) is Do-projective whenever D € C3°Y (R) is equivalent
to X.

Proof (1)=(2) and (3)=(4) are clear.

(2)=(3) Since Do-pdz X < n, there exists a complex D € C5°Y(R) such that X ~ D and
Dy =0fork>n. Let 02U € Cgc (R) and inf U = 4. Then by Lemma 2.3, RHomp(X,U) can
be represented by Hompg(D,U). Set inf U* = . Then U-; — U by [15, A.1.14.4] and there is
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an exact sequence of R-modules

0 7:(U) U; - Ui 0.

Since F¢ is projective resolving [18, Corollary 6.4 and Proposition 3.1], Z;(U) € Fo. Thus
U-; € CE9(R). Hence Hompg(D,U-;) —— Homp(D,U) by Lemma 2.5. So Homg(D,U-;)
also represents RHompg (X, U). In particular, inf RHomp (X, U) = inf Hompg (D, U-;). Forl < i—
nand p € Z, either p > nor p+1 < n+l <4, so Homg(D,Us;)i = [[ ez Homg(Dy, (Usi)p+1) = 0.
Thus H;(Hompg(D,U)) = 0 for all | < i —n, and so inf RHomg(X,U) > i—n = infU —n as
desired.

(4)=(5) We first prove that sup X < n. By the hypothesis, we assume that Do-pdp X =
m < oo. Then there exists a D € C2°F(R) such that X ~ D and D; = 0 for all i > m. Set
s = supX. Then s < m. If s = m, then the differential 62 : D,, — D,,_; is not injective
since supD = sup X = m. Since D,, is a D¢c-projective module, there exists a C-projective
module W and an injective homomorphism ¢ : D,, — W. Because 62 is not injective, the
differential Homg (62, W) is not surjective, otherwise ¢ = 1d2 for some ¢ € Hompg(D,,_1, W),
and so 8L is injective, a contradiction. Thus — inf Homg(D, W) = m = sup X. Hence sup X =
—inf RHomp (X, W) < n by Lemma 2.3 and (4). Now assume that s < m. If s > n, then by

Lemma 2.4 and (4), we have
Ext%(Cs(D), W) = H_(;1 o) (RHomp (X, W)) =0
for any ¢ > 0 and any C-flat module W. So by the exact sequence
0——Dp—>Dpn1—>—>Dgp1 —>= Dy —=Cs(D) —0

and [10, Corollary 1.15] we deduced that C4(D) is De-projective. Hence Dy € CBCP(R). By
[15, A.1.14.2], D ~ D,. Thus X ~ D¢, and so De-pdp X < s < m, a contradiction. Therefore
supX =s < n.

Next we show that C,(D) is Do-projective whenever D € C5°F (R) is equivalent to X. By
the hypothesis, Dc-pdp X < 00, so there exists an A € CBCP(R) such that X ~ A. Assume that

sup A? = t. Then there is an exact sequence

0 A, - Ani A, Cn(A) —=0

since sup A = sup X < n. By Lemma 2.4 and (4), Ext’s(C,,(A), W) = H_(j4n)(RHomp (X, W)) =
0 for any C-flat module W and any ¢ > 0. Thus C,(A) is De-projective by [10, Corollary 1.15].
To prove the assertion it is now sufficient to see that: if P € CE(R), D € C5°F(R), and
P ~ X ~ D, then the cokernel C,,(P) is Dc-projective if and only if C, (D) is so.

Let D and P be two such complexes. Then there is a quasi-isomorphism 7 : P ——= D by

[15, A.3.6], which induces a quasi-isomorphism 7, : Pcp, —=5 Dc,. The mapping cone
Cone(ncyn): 0 ——=Cp(P) —=P,_1®Cp(D) —= P, 2® Dpy —— -~

is a bounded exact complex, in which all modules but the two left-most ones are Do-projective
modules by [10, Propositions 1.8 and 1.11]. It follows by [10, Proposition 1.12] that C,(P) is
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De-projective if and only if P,_1 @ C,,(D) is De-projective if and only if C,, (D) is so.

(5) = (1) Let P € CE(R) be a projective resolution of X with P, < 0 for | < inf X
(15, A.3.2]). Then P € C5°P(R) by [10, Propositon 1.8] and sup P = sup X < n. Thus
X ~ P, € CBCP(R) as Cp,(P) is De-projective. O

If we choose C = R in Definition 2.1, then we have a notion of Ding projective dimension
for X € C5)(R), and we denote it by Dpdz X. By Theorem 2.6, we get

Corollary 2.7 Let X € Co)(R) be a complex of finite Ding projective dimension and n € Z,
then the following conditions are equivalent:

(1) X is equivalent to a bounded complex D of Ding projective R-modules with sup Db < n,
and D can be chosen such that D; = 0 for ¢ < inf X.

(2) DpdpX <n.

(3) infU — inf RHompg(X,U) < n for all 0 2 U € CE(R).

(4) —inf RHompg (X, W) < n for all lat R-modules W.

(5) sup X < n and the module C,,(D) is Ding projective whenever D € C5¥ (R) is equivalent
to X.

Lemma 2.8 Let M be an R-module. If M ~ D € C3°"(R), then

DDO Lot D2 D1 Zo(D) 0
is a Dgo-projective resolution of M.

Proof Suppose that M ~ D € C3°Y(R), then M ~ D by [15, A.1.14.4] since inf D = inf M =

0, and so we have an exact sequence of R-modules

D2 D1 Zo(D) —— M ——0.

Set inf D = i, and consider the exact sequence

0 I Zo(D) D() e Di-l—l Dl O

The modules Dy, ..., D; are all Do-projective, and so is Zo(D) by the projective resolving prop-
erties of De-projective modules [10, Theorem 1.12]. Hence D~ is a De-projective resolution of
M. O

Corollary 2.9 ([11, Proposition 2.11; 10, Theorem 2.4]) Let M be an R-module with finite
D¢ -projective dimension and n € Z, then the following conditions are equivalent:

(1) De-pdgM < n.

(2) Extm(M,N) =0 for all i > n and all R-module N with finite C-flat dimension.

(3) Extm(M,N) =0 for all i > n and all C-flat R-modules N.

(4) For any D¢-projective resolution

D2 D1 Do M 0

of M, the Kernel K,, = ker( D,,_1 — D,,_2 ) is a D¢-projective module.
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Proof It follows from Theorem 2.6 and Lemma 2.8. [
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