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On Weakly r-Clean Rings

Hanpeng GAO, Xiaobin YIN*
Department of Mathematics, Anhui Normal University, Anhui 241000, P. R. China

Abstract As generalization of r-clean rings and weakly clean rings, we define a ring R is
weakly r-clean if for any a € R there exist an idempotent e and a regular element r such
that a = r + e or a = r — e. Some properties and examples of weakly r-clean rings are
given. Furthermore, we prove the weakly clean rings and weakly r-clean rings are equivalent
for abelian rings.
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1. Introduction

All rings in this paper are assumed to be associative with identity. For a ring R, we denote
the group of units, the set of idempotents, and the set of (von Neumann) regular element by
U(R), Id(R) and Reg(R), respectively.

A ring R is said to be exchange [1] if for every a € R, there exists an idempotent e € Ra
such that 1 —e € R(1 —a). An element a € R is called clean if it is the sum of an idempotent
and a unit. Nicholson said that R is clean if every element of R is clean in [1]. He also proved
clean rings and exchange rings are equivalent for abelian rings (i.e., all idempotents are central).
Recently, this work is motivated by the concept of nil clean rings, r-clean rings, weakly clean
rings and so on [2-5].

It is well known that R is clean if and only if for any a € R, there are an idempotent e and
a unit v such that a = u—e. Question is asked whether R must be clean if for each a € R, either
a=u+eora=u—ewhereu € U(R) and e € Id(R). Anderson and Camillo gave the negative
answer [6, Example 17]. Ahn and Anderson called an element a € R is weakly clean if there exist
e € Id(R) and u € U(R) such that a = u+e or a = u — e and R is weakly clean if every element
of R is weakly clean. Clearly, clean rings are weakly clean. An element r € R is called (von
Neumann) regular if there exists y € R such that » = ryr. A ring R is (von Neumann) regular
if every element of R is regular. Following Ashrafi and Nasibi 7], an element a € R is r-clean if
a = e+ r where e € Id(R) and r € Reg(R) and R is r-clean if every element of R is r-clean.

In this paper, we call an element a € R is weakly r-clean if a = r + e or a = r — e where

e € Id(R) and r € Reg(R) and R is weakly r-clean if every element of R is weakly r-clean. Some
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basic properties of weakly r-clean rings are obtained. Some examples of weakly r-clean rings,
of course, are regular rings, r-clean rings and weakly clean rings. We show weakly r-clean rings
need not be weakly clean or r-clean (see Example 2.2). Furthermore, we prove the following

results:

Theorem 1.1 Let R be an abelian ring. Then R is weakly r-clean if and only if R is weakly

clean.

Theorem 1.2 Let R be a weakly r-clean ring. Then every element of R is the sum of r-clean

element and the square root of 1.

Theorem 1.3 Let I be a regular ideal of the ring R. If idempotents can be lifted modulo I,
then R is weakly r-clean if and only if R/I is also.

Theorem 1.4 Let R = [],.; R; be a direct product of rings with [I| > 2. Then R is weakly
r-clean if and only if there exists j € I such that R; is weakly r-clean and Ry, is r-clean for all
k#3j.

Let A, B be rings and M be an A-B-bimodule. Finally, we consider when the formal trian-

gular matrix (4 %) is weakly r-clean.

2. Some properties and examples

In this section first we define weakly r-clean element and weakly r-clean rings and we show
that the class of r-clean rings and weakly clean rings are a proper subset of the class of weakly

r-clean rings.

Definition 2.1 Let R be a ring. An element a € R is called weakly r-clean if there exist
e € Id(R) and r € Reg(R) such that a =r + e or a =r —e. A ring R is weakly r-clean if every

element of R is weakly r-clean.

Clearly, an element a is weakly r-clean if and only if —a is also. Weakly clean rings and
r-clean rings are weakly r-clean. The following example shows that weakly r-clean rings need

not be weakly clean or r-clean.

Example 2.2 Let A = Z(3yNZ(5) and B be a regular ring which is not clean ring as Bergman’s
example [8, Example 1]. By [6, Example 17], we have A is a weakly clean ring but not clean
ring. It follows from [7, Theorem 2.2] that R is weakly r-clean but not r-clean. Take R = A x B.
Next, we show R is weakly r-clean ring but not weakly clean. For any (a,b) € R, if a = u+ e for
some e € Id(A) and u € U(R), we write (a,b) = (u,b) + (e,0); if a = u — e for some e € Id(A)
and u € U(R), we write (a,b) = (u,b) — (e,0). Clearly, (u,b) € Reg(R) and (e,0) € Id(R), so
R is weakly r-clean. Note that A is not clean, there exists a € A such that a —e ¢ U(A) for
every e € Id(A). Similarly, there exists b € B such that b+ f ¢ U(B) for every f € Id(B).
Assume that R is weakly clean, (a,b) = (e, e2) + (u1, u2) or (a,b) = —(e1, e2) + (u1,us) where
e1 € Id(A), ex € Id(B), u1 € U(A) and ug € U(B), contradictorily.
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An element e is very idempotent if €2 = e or €2 = —e. Clearly, a ring R is weakly clean if

and only if every element of R is the sum of a unit and a very idempotent. A ring R is weakly

r-clean if and only if every element of R is the sum of a regular element and a very idempotent.

Lemma 2.3 Let R be an abelian ring. Let e be a very idempotent of R and a € R be a clean
element. Then
(1) ae is weakly clean in R.

(2) If —a is clean, then a + e is weakly clean.

Proof (1) Since a is clean in R, we write a = f + u where f € Id(R) and u € U(R). Hence
ae = fe + ue. Clearly, fe is a very idempotent and ue € U(eRe). We denote the inverse of u
in eRe by v. If (fe)2 = fe, ae = (fe+1—e) + [ue — (1 — €)] where (fe + 1 —¢) € Id(R) and
[ue—(1—e)] is a unit in R with inverse [v—(1—e¢)]. If (fe)? = —fe, ae = [fe—(1—e)]+(ue+1—e)
where [fe — (1 —¢€)]?> = —[fe — (1 —¢)] and (ue + 1 — ¢) is a unit in R with inverse (v +1 —e).
Hence ae is weakly clean in R.

(2) Assume that both a and —a are clean. Clearly, 1 —a and 1 + a are also.

Case 1 Ife? =¢,a=f+uand 1+a =g+ v where f,g € Id(R), u,v € U(R). We have
a+e =aeta(l—e)+e = (1+a)eta(l—e) = (g+v)e+(f+u)(l—e) = ge+ f(1—e)+vet+u(l—e).
Note that R is abelian, ge + f(1 — €) is an idempotent and ve 4+ u(1 — e) is an unit in R with

inverse v te + u71(1 —e).

Case 2 If ¢2 = —¢, write —a = f +u and 1 —a = g + v where f,g € Id(R), u,v € U(R).
We have a +e = —ae+a(l+e)+e=(1—-a)e—[-a(l+e)] = (g+v)e—(f+u)(l+e) =
—[g(=e)+ f(1+e)]+[ve—u(1+e)]. Note that R is abelian, [g(—e)+ f(1+¢)]? = g(—e)+ f(1+e)
and ve — u(1 + €) is a unit in R with inverse v~!e — u~!(1 + €). Hence a + e is weakly clean. []

An element 7 is strongly regular if there exists y € R such that r = ryr and ry = yr.

Nicholson proved that strongly regular elements are clean [9, Theorem 1].

Theorem 2.4 Let R be an abelian ring. Then R is weakly r-clean if and only if R is weakly

clean.

Proof Let R be a weakly r-clean ring. For every a € R, there exist a very idempotent e and a
regular element r such that a = e + r. r is strongly regular because R is abelian, so r is clean.
It follows from Lemma 2.3 that a is weakly clean. The other direction is trivial. O

A ring R is weakly exchange [10] if for any x € R, there exists an idempotent e € Rz such
that 1 —e € R(1 —z) or 1 —e € R(1 + ). Let R be an abelian ring. Then R is weakly clean if
and only if it is weakly exchange [11, Corollary 2.3].

Corollary 2.5 Let R be an abelian ring. Then R is weakly r-clean if and only if R is weakly
exchange.
A ring R is reduce if for any a € R, a®> = 0 implies a = 0. It is clear that reduce rings are

abelian. Hence we have the following result.



546 Hanpeng GAO and Xiaobin YIN

Corollary 2.6 Let R be a reduce ring. Then R is weakly r-clean if and only if R is weakly

exchange.

Theorem 2.7 Let R be a weakly r-clean ring. Then every element of R is the sum of an r-clean

element and a square root of 1.

Proof Suppose R is weakly r-clean, for any a € R,a—1=r+eor a—1 = r—e where e € Id(R),
r € Reg(R). Hence a =e+r+1ora=-e+r+ (1 —2¢). Therefore we complete the proof. O

In [6], Anderson and Camillo proved if R is a ring in which 2 is invertible, then R is clean
if and only if every element of R is the sum of a unit and a square root of 1. It is easy to prove
that R is r-clean if and only if every element of R is the sum of a regular element and a square

root of 1 if R is a ring in which 2 is invertible.

Proposition 2.8 Let R be a weakly r-clean ring in which 2 is invertible. Then every element

of R is the sum of a regular element and two square root of 1.

Proof Suppose R is weakly r-clean and 2 is invertible, for any a € R, § =r+eor §=r—e¢

where e € Id(R),r € Reg(R). Hence a =2¢ —1+2r + 1 or a = (1 — 2e) 4+ 2r + (—1). Note that
2r € Reg(R) and (1 — 2¢)? = (2¢ — 1)? = 1, so the result is true. O
Whether the reverse of Proposition 2.8 holds or not? We give a negative answer by Example

2.14. Before answering this question, more properties of weakly r-clean rings should be given.
Proposition 2.9 Every factor ring of a weakly r-clean ring is weakly r-clean.

Proof Assume R is a weakly r-clean ring and [ is an ideal of R, for each @ = a+1 € R/I, there
exist e € Id(R) and r € Reg(R) such that a=r+eora=r—e. Hencea=7+c¢ora=7 —e.
Clearly, € € Id(R/I) and T € Reg(R/I), it follows that R/I is weakly r-clean. O

Corollary 2.10 The homomorphic image of weakly r-clean rings is weakly r-clean.

Remark 2.11 The inverse of above Proposition 2.9 need not be true. For example, let p be a

prime number, then Z/pZ = 7Z,, is weakly r-clean, but Z is not weakly r-clean.

Let R be a ring and I be an ideal of R. I is said to be regular if every element of I is

regular.

Theorem 2.12 Let R be a ring and I be an regular ideal of R. If idempotents can be lifted
module I, then R is weakly r-clean if and only if R/I is weakly r-clean.

Proof Assume that R is weakly r-clean, R/I is weakly r-clean by Proposition 2.9. Conversely,
if R/I is weakly r-clean, then for any ¢ € R. We may writea =a+[ =T+eora=a+1 =7—¢,
where € € Id(R/I) and 7 € Reg(R/I). Thus ((a —e)+ I)(x+I)((a—e)+1)=((a—e)+I) or
((a+e)+D)(z+1)((a+e)+1I)=((a+e)+I) for some z € R. Hence (a—e)—(a—e)x(a—e) € I
or (a+e)—(a+e)x(a+e) € I. Note that I is regular, we have a — e € Reg(R) or a+e € Reg(R)
by [12, Lemma 1]. As idempotents can be lifted module I, we may suppose e is idempotent.
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Hence R is weakly r-clean. [J
Ashrafi and Nasibi proved that a ring R is r-clean if and only if for any a € R, a =r — ¢
where r € Reg(R) and e € Id(R) (see [7, Theorem 2.11]).

Theorem 2.13 Let R = [[,.; R; be a direct product of rings with |I| > 2. Then R is weakly

r-clean if and only if there exists j € I such that R; is weakly r-clean and Ry, is r-clean for all
k#j.

Proof Clearly, R; is weakly r-clean for all i € I by Corollary 2.10. Assume that there exist
Jj,k € I such that neither R; nor Ry, are r-clean. Then there exists 71 € R; such that m —e ¢
Reg(R) for all e € Id(R;). Similarly, there are ro € Rj Such that ro + f ¢ Reg(R) for all
f € Id(Ry). Hence (r1,72) is not weakly r-clean in R; x Ry, a contradiction. Conversely, assume
R; is weakly r-clean and Ry, is r-clean for all k # j. For every (a;) € R, there exist e; € Id(R;)
and r; € Reg(R;) such that a; =r;+e; ora; =r;—e;. If a; = r;+e;, for every k € I\ {j}, we
write ar = 11, + e, for some r, € Reg(Ry) and ey, € Id(Rg). If a; = r; —e;, for every i € I'\ {j},
we write ar = ry — e for some 1, € Reg(Ry) and e € Id(Ry). Hence (a;) = (r;) + (e;) or
(a;) = (r;) — (e;). Since (e;) € Id(R) and (r;) € Reg(R), R is weakly r-clean, as needed. O

Example 2.14 Let R = Z3)N Z;). Then R x R is not weakly r-clean by Theorem 2.13. Next,
we show that (2,2) € U(R x R) and every element of R x R is the sum of a regular element and
two square root of 1.

Firstly, (2,2) € U(R x R) because of 2 € U(R). Secondly, note that R is weakly clean, for

every (a,b) € R x R, write § =u+e or § =u — e for some u € U(R), e € Id(R). Similarly, we
can write 2 = v+ f or £ = v — f for some u € U(R), e € Id(R).

Case 1 If £ =u+eand 2 =v+ f, then (a,b) = (2¢ — 1,2f — 1) + (1, 1) + (2u, 2v).

Case 2 If § =u+ e and

[SliS)

=v — f, then (a,b) = (2e — 1,-2f + 1) + (1, —1) + (2u, 2v).

Case 3 Ifg:ufeand

[\eliS )

=v+ f, then (a,b) = (—2e+1,2f — 1) + (—1,1) + (2u, 20).

Case 4 If § =u—ecand 3 =v— f, then (a,b) = (=2 + 1, =2f + 1) + (-1, 1) + (2u, 2v).

[SliS)

3. Extensions of weakly r-clean rings

In this section, we consider the trivial extension and ideal extension.
Let R be a ring and M be an R-R-bimodule. The trivial extension of R by M is a ring,
denoted by T(R, M) = R@ M. The addition and the multiplication can be defined by

(ri,m1) + (ro,ma) = (11 +ro,m1 +ma), (r1,m1)(re, ma) = (rire, rime + mqra).

We denote the ring {(§ 7 )|r € R,m € M} with the addition and the multiplication of
matrix rings by 7. Since T(R,M) = T, R is weakly r-clean if T(R, M) is weakly r-clean by
Corollary 2.10. It is well known that R is weakly clean if T(R, M) is weakly clean [2, Theorem
1.10]. Hence, for weakly r-clean rings, we have the following result.
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Proposition 3.1 Let R be an abelian ring and M be an R-R-bimodule. Then T(R,M) is

weakly r-clean if and only if R is weakly r-clean.

Proof One direction is trivial. Conversely, assume R is weakly r-clean, R is weakly clean as R
is abelian. Hence T'(R, M) is weakly clean, it follows that T (R, M) is weakly r-clean. [J
Let A, B berings and M be an A-B-bimodule. Then the formal triangular matrix T'(A, B, M) =
( au ) is a ring with the usual matrix addition and multiplication. Clearly, if T(A, B, M) is weak-
ly, then A and B both are weakly r-clean. Next, We consider when T'(A, B, M) is weakly r-clean.

Theorem 3.2 Let A, B be rings and M be an A-B-bimodule. Suppose that one of the following
conditions holds:

(1) One of the rings A and B is weakly clean and the other one is r-clean.

(2) One of the rings A and B is weakly r-clean and the other one is clean.
Then T(A, B, M) is weakly r-clean.

Proof (1) Suppose A is weakly clean and B is r-clean, for every (8 T) € T(A,B, M), there
exist u € U(A) and eId(A) such that a =u+eora=u—e.
If a = u+ e, write b = r + f where r € Reg(B) and fId(B). Then

() =( ) 5)

If a = u—e, write b=r — f where r € Reg(B) and fId(B). Then

G366

Note that r € Reg(B), we write r = ryr for some r € B. Therefore,

(u m) <u‘1 u‘lmy> <u m) B <u m)
0 r 0 y 0 r 0o r )’
Hence (§ ') € Reg(T(A, B,M)), and (§ $) € Id(T(A, B, M)). While A is clean and B is weakly
clean we can prove similarly. So T'(A, B, M) is weakly r-clean.

(2) The proof is similar to (1). O

Let R be aring and M be an R-R-bimodule which is a general ring (possibly with no unity)
satisfying (mn)r = m(nr), (mr)n = m(rn) and (rm)n = r(mn) for every m,n € M and r € R.
The ideal extension of R by M is a ring, denoted by I(R; M) = R@ M whit the following

addition and multiplication
(r1,m1) + (r2,ma) = (r1 +1r2,m1 +ma), (r1,m1)(r2, ma) = (rire, 1Mo +miry +mimsy).

Proposition 3.3 Let R and M be as above. Then the following results hold:

(1) If I(R; M) is weakly r-clean, then R is also.

(2) If R is weakly clean and for any m € M there is n € M such that m +n + mn = 0,
then I(R; M) is weakly clean.

(3) If R is weakly clean and for any m € M there is n € M such that m +n + mn = 0,
then I(R; M) is weakly r-clean.
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(4) If R is weakly r-clean and for every m € M and r € Reg(R) there exists y € R such
that rym + myr + mym = m and r = ryr, then I(R; M) is weakly r-clean.

Proof (1) It is trivial because R is homomorphic image of I(R; M).

(2) Since R is weakly clean, for every (a,m) € I(R; M), we writea =u+eora=u—e
where u € U(R) and e € Id(R). Thus (a,m) = (u,m) + (e,0) or (a,m) = (u,m) — (e,0). Note
that there is n € M such that m +n +mn = 0 for any m € M, we claim (u,m) € U(I(R; M))
(see [13, Proposition 7] and (e,0) € Id(I(R; M)). Therefore, I(R; M) is weakly clean.

(3) It follows from (2).

(4) Given (4), for every (a,m) € I(R; M), we write a = r+e or a = r —e where r € Reg(R)
and e € Id(R). Hence (a,m) = (r,m) + (e,0) or (a,m) = (r,m) — (e,0). By hypothesis,
there exists y € R such that rym + myr + mym = m and r = ryr. So (r,m)(y,0)(r,m) =
(ryr,rym 4+ myr + mym) = (r,m). Clearly, (e,0) is an idempotent. Hence I(R; M) is weakly

r-clean. [J
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