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Abstract The Sélagean operator is used here to introduce a new subclass of analytic functions
associated with the strip domain. We obtain the bounds of coefficients and Fekete-szego
inequality for functions in this class and coefficient estimates of bi-univalent functions for
certain subclasses of this class. The results presented here extend some of the earlier results.
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1. Introduction

Let A denote the class of functions f(z) normalized by

fR)=z+> anz", (1.1)

which are analytic in the open unit disc U= {z € C: |z| < 1}. Also, let S denote the subclass
of A consisting of all functions which are univalent in U (see [1]).

It is well known that every function f € S of the form (1.1) has an inverse f~1, defined by
FUI () = 2( € U) and fA(f(w)) = w (| <737 > 1), where

FHw) = w — agw? + (203 — a3)w® — (5a2 — bagas + ag)w + - - - (1.2)

A function f € A is bi-univalent in U if both f and f~! are univalent in U. Let ¥ denote
the class of bi-univalent functions defined in the open unit disk U. Recently, the bounds of
coefficients of analytic and bi-univalent functions have been studied by many authors [2-7].

Let u(z) and v(z) be analytic in A. We say that the function u(z) is subordinate to v(z)
in U, and write u(z) < v(z), if there exists a Schwarz function w(z), which is analytic in U with
w(0) =0 and |w(z)| < 1 such that u(z) = v(w(z)) (z € U).

Furthermore, if the function v is univalent in U, then we have the following equivalence:

u(z) < v(z) (2 €U) <= u(0) =v(0) and w(U) C v(U).
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Let P denote the class of functions p(z) of the form:
p(z) =1+ Z cn2”, (1.3)
n=1

which are analytic in U. If £(p(z)) > 0 (¢ € U), we say that p(z) is the Caratheodory function
[1].

Let S*(«) and K(«a) (0 < a < 1) denote the subclass consisting of all functions, which are
defined, respectively, by

zf'(2)
R{ ) > a
and 7(2)
R{1+ ) }>a, f(z) €A

The classes S*(«) and K(a) were introduced by Robertson [8]. Obviously, for o = 0, we
have the well-known classes S* and K, respectively.

Also, let M(B) and N(5B) (8 > 1) denote the subclasses consisting of all functions, which
are defined, respectively, by

zf'(2)
R{ 8 < B
and (2)
R{1 + ) }< B, f(z) e A

The classes M(B) and N(5) were investigated by Uralegaddi, Ganigi and Sarangi [9] (see also
[10]).

In [11], Kuroki and Owa defined an analytic function S, g(2) : U — C as follows.

Definition 1.1 ([11]) Let a and 8 be real numbers with oo < 1 and 8 > 1. Then the function
Sa,p(z) defined by

2mi(l—a)
1—e 3

1—
is analytic and univalent in U with S, 3(0) = 1. In addition, S, 3(z) maps U onto the strip

%), zeU (1.4)

B—a.
Sa,5(2) + p og(

domain w with a < R{w} < B.
We note that the function S, g(z) defined by (1.4) has the form [11]

Sap(z) =1+ By2", (1.5)
n=1
where _
By = D701 — ) e (1.6)

nmw
Definition 1.2 ([12]) Let -1 < B < A< 1,C # D and —1 < D < 1. Then the analytic
function p(z) € P(A, B;C, D) if and only if p(z) satisfies each of the following two subordination

relationships:
1+ Az

p(z) < hi(2) = T B> (1.7)
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and -
z
ForA=1-20a(0<a<1),B=-1,C=1-28(>1)and D= —11in P(A, B;C, D),

we obtain the following relationship:

(1.8)

p(z) € P(a, B) = P(1 — 2a, —1;1 — 23, 1) <= a < R{p(2)} < 8. (1.9)
From (1.4) and (1.9), we have
p(z) € P(a, B) <= p(2) < Sa,5(2). (1.10)
Also, from Definition 1.2, we introduce the following subclass of p(z) € P(A, B;C, D).

Definition 1.3 Let

P(p1) = {p(2 —Hch : R(p(2)) > pr},
P(p2) = {p(= —1+ch : )) < p2},
n=1
P(p1,p) = =1+ ch Lp1 < R(p(2)) < p2}
and
P(ps, pa) = =1+ chz tps <R{p(2)}, {2 —p(2)} <1+ pa},
where
p1=max{{=4, 35}, -1<B<A<1, -1<C<D<]1,
pzzmln{HE{C} —-1<B<A<1 -1<C<D<1, (L.11)
p3 = {1 QA}’ B=- .
P4 = {%}a D=1
In [13], Saldgean defined the operator D™ f(z) : A — A as follows:
Df(z) = f(2), D'f(2) = Df(2) = 2f'(2),
in general,
D™f(z) = D(D™ ! f(2) —Z—I—Zn anz" mENozNU{O}. (1.12)

By using the operator D™, we introduce the following two new subclasses of A.

Definition 1.4 Let m € Ny, 0 <\, -1< B<A<1,-1<C<D<1,and f(z) € A. Then

the function f(z) € Sy, A(A, B; C, D) if and only if f(z) satisfies the following condition:

D f(z) 2D ()"
Dmf(z) Dmf(z)

From the class Sy, A (A, B; C, D), we obtain the following subclasses which were studied in many

Y(fim,A) = P(A, B;C, D). (1.13)

earlier works:
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(1) So0(1—2a,—1;1—-25,-1)=95(,8) (0<a<1,8>1) (see [11,14]).
(i) S10(1—2a,-1;1-28,-1)=K(a,8) (0 <a<1,8>1) (see [15]).
(iii) Soa(l —2a,—-1;1—-28,-1) = K(A\; o, 8) (see [16]).

(iv) Smo(A,B;C,D) = S,,(A, B;C,D) (see [12]).

Definition 1.5 Let m € Ng, 0 < A\, -1 < B< A <1, -1 <C <D <1, and f(2) € A.
We denote by SE,, x(A, B;C, D) the class of bi-univalent functions consisting of the functions
in A such that f € S¥,, \(A, B;C,D) and f~ € SS,, A(A, B;C, D), where f~! is the inverse
function of f.

This paper is organized as follows. We start with the function p(z) € P(A, B; C, D) if and
only if p(z) satisfies each of the two conditions. We obtain the bounds of coefficients and Fekete-
szegd inequality for functions in this class and coefficient estimates of bi-univalent functions for

certain subclasses of this class. The results presented here extend some of the earlier results.

2. Preliminary results
To prove the main results in the paper, we need the following lemmas.

Lemma 2.1 ([12]) The function p(z) € P(A, B;C, D) if and only if p(z) satisfies each of the

following two conditions:

[p(z) —oi|<my, =12, -1<B<A<1, -1<C<D<1, (2.1)
ps <R{p(2)}, B=—-1, R{2-p(2)} <1+ps, D=1, ‘
where
o1 = =48 and r = {4,
1 oD c (22)
o2 = 75 and Ty = {"p3,

and ps, p4 are given by (1.11).

Lemma 2.2 ([12]) Let j =1,2,3,4; - 1< B<A<1land -1<C <D <1;8,3(z) is defined
by (1.4). If p(z) € P(A, B;C, D), then

pl(z):S} a1 g(z), BC—-AD>|A-B+C-D|, j=1,
pa(z) = Sisc 1ia(s), AD—BC>[A—B+C-D|, j=2,
p(z) < pj(2) = DR : (2.3)
p3(z) =S -4, hg(z), |AD —-BC|<B—-A+D-C, j=3,
pa(z) =8 L 1o g(z), |AD —BC|<A-B+C-D, j=4,
where p;(0) =1 and
pl(Z) =1+ Z Bn,lzna j: ]-7
n=1
p2a(2) =1+ > Bpoz", j=2,
pj(2) = st ' (2.4)
pS(Z) =1 + Z Bn,3zn7 J = 37
n=1
[ee]
pa(z) =14 > Bnaz", j=4,
n=1
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for

s

B,, = o S 51— 2rmi- 12/ (551580 =1
B, = Ha- iigl(l e2nmi( g>/ 5 -10)), j =2,
an = ' 1+A 1-A 1 ) (2.5)
( ) J

—A +A_1-A
an3 — BB (] _ 2n7rz( )/(1+B =5)
1-c" 1+c

B
By = 17Dn7r1+D Z(l _ €2nﬂz(1—%)/(1:D—1ig))’ j=4.

Proof (i) Let p(z) € P(A, B;C, D) with BC — AD >|A— B+ C —D|. Let p(z) =1+ c12+
cp2?+--- € P(A, B;C, D). Then, from Definition 1.2 and the definition of subordination, we get

{ p(0) = h1(0), p(U) C ha (D), (2.6)
p(0) = h2(0), p(U) C he(U),
where hj(z) and ha(z) are given by (1.7) and (1.8), respectively. Therefore, we have
{ p(z) = (e (2), @i(0)=0, [er(2)] <1,
p(z) = ha(w2(2)), w2(0) =0, |wa(2)] < 1.
We also deduce that

{ jwi(2)] = [Z55 ] < 1, p(z) = u+iv, 27
|w2(z)\ = |Cp,(ZD)p(1z)| <1, p(z)=u+iv.
From (2.7), we find that
2u(l — AB) > 1— A? + (1 — B?)(u® + v?), (2.8)
2u(l —CD) >1—C? + (1 - D?)(u? +v?). ’
Since
p(2)]* = R(p(2)))?, (2.9)
from (2.8) and (2.9) we have
1-4 = 1+A
{ 155 <u=R0(:) < 133, (210
o5 <u=R(p(2)) < =H.
Then, from (2.10) we obtain
1-A 1-C
1B <R{p(2)} < T D

By using (1.9), we get
p(z) <p1(z):S% 1-c(z), BC—AD>|A—-B+C - D|.

T=D
Also, similarly as the proof in (i), it is easy to prove that

(ii) p(2) < p2(z ):S%%( z), AD—-BC >|A-B+C - D|,

(i) p(z) < ps(2) = S1a 124 (2), [AD = BC| < B—A+D-C
and

(iv) p(z) < pa(z) = S%’%(z), |AD — BC|<A—B+C-D.
Therefore, we complete the proof of Lemma 2.2. O

The functions p; (j = 1,2, 3,4) maps U onto the strip domain (see Figures 1-1, 1-2, 1-3 and
1-4).
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Figure 1-1 The image of U under pi(z) Figure 1-2 The image of U under p2(z)

for A=0.1,B=—-05,C =—0.5D =02 for A=0.7,B=04,C =0.1,D =0.8
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Figure 1-3 The image of U under p3(z) Figure 1-4 The image of U under p4(z)
for A=0.7,B=04,C =—0.1,D = 0.8 for A=0.9,B=0.1,C =0.1,D = 0.4

Lemma 2.3 ([20]) Let p(z) = 1+ c12+ c222 + -+ be analytic and univalent in U, and suppose
that p(z) maps U onto a convex domain. If q(z) = 1+ q12 + qo2® + - -+ is analytic in U and

satisfies the following subordination:
q(z) <p(z), z€U

then
|Qn |§‘Cl |7 n=12,....

Using Definition 1.1, Lemma 2.3 and the definition of subordination, we can obtain the

following lemma.

Lemma 2.4 ([12]) Let -1 < B< A<1, -1<C<D<1,i=125=123,4 and
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]5(p1), P(ps), P(p1, p2) and P(ps, ps) are given by Definition 1.3. Ifp(z) =1+ciz+cp2? +--- €
P(A, B;C, D), then

2617 E p(pl)
2627 € p(p )
lenl < X(6i3 p5) = : - (2.11)
2min{dy, o2}, p € P(p1,p2),
2min{A4, 156, p e P(ps, pa),
where

_ . (A-B D-C

01 = min =8 150 b (2.12)

62 = min %, % 5

and p; are given by (1.11).

Lemma 2.5 ([21]) Let the function p(z) be given by (1.3). If p(z) € P, then for any complex

number v,

lcg —yci| < 2max{1,| 2y — 1|},

and the result is sharp for the functions given by p(z) = 1*22, p(z) = ==,

3. Main results
Using Lemma 2.1 and Definition 1.4, we easily get

Theorem 3.1 Let ¢(f;m,\) be defined by (1.13). The function f(z) € Sy, A(A, B;C, D) if and

only if f(z) satisfies each of the following two conditions:
[Y(f;m,A) —oi|<r, i=1,2,-1<B<A<1;-1<C<D<1,
p3 < §R{,¢](f7mv>‘)}v B=-1, %{Q_Q/J(f,m»)\)} < 1+p47 D= 1,

where o; and r; (i = 1,2) are given by (2.2) and py, (k = 3,4) are given by (1.11).

Theorem 3.2 Let m € Ng,A > 0,]a1] = 1 and the function f(z) be given by (1.1). If
f(2) € Sma(4, B;C, D), then
[B1;l
[an] < My i(m, ) ={ e B

1] n—1 ) (3.1)
o e U+ geniagn ) n =3,

where |By ;| (7 = 1,2,3,4) are defined by (2.5).

Proof According to Definition 1.2 and the subordination relationship, we have

Dm+1f<z) Zz(Dmf(Z))//
D D)

€ hi(U) (3.2)

and
DHf(z) 22D f(2))
Djz) T Dmf)

where the functions hi(z) and hs(2) are given by (1.7) and (1.8), respectively.

€ hy(U), (3.3)
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Applying (3.2) and (3.3), we get

D(z) | 2D ()
D) N D)

or, equivalently,

:p(Z), Elp(z):1—|—c1z+02z2+---EP(A,B;C’,D),

D™ (2)+ X2 (D™ f(2)) = p(2)D™ f(2), Ip(z) = 14+c12+coz®+--- € P(A, B;C, D). (3.4)
Then, comparing the coefficients of 2™ in the both sides of (3.4), we have
(n—1(nA+1)n"a, = (ch-1 + cn—22mas+ -+ c1(n—1)"a,—1). (3.5)

Using Lemma 2.2, Lemma 2.3 and (3.5), we obtain
1
(n—1)(nA 4+ 1)n™

|Blj
< : ke
~ (n—1)( n)\—i—lnmz -

(lena |+ len2]2™ag|+--+]er[(n=1)"[an])

|an| <

Hence, we have |as| < Ms j(m, X). To prove the remaining part of the theorem, we need to show
that

St < [T+ el @0

for n =3,4,5,.... We use induction to prove (3.6). The case n = 3 is clear. Next, assume that

the inequality (3.6) holds for n = p. Then, a straightforward calculation gives

D p—1
> EMakl = k™ ak] +p™ay]
k=1 k=1

<(1+ CEYS)) 1B1;)\ 1 ka|ak|
By, = |B1,5
U+ o DmA s 1))]“1;[2(1+ CEGYSIL
- |B Jl
5| (RS

which implies that the inequality (3.6) holds for n = p + 1. Hence, the desired estimate for
lan| (n > 3) follows, as asserted in (3.1). This completes the proof of Theorem 3.2. OJ

Remark 3.3 Takingm =0, A=1-2a (0<a<1),B=-1;C=1-28(1<a), D=-1,
we obtain the improved result of Theorem 3.1 in the paper [16]. Also, setting m =0, A = 0, we
obtain the improved result of Theorem 3.2 in the paper [12].

Also, using Lemma 2.4 and Definition 1.4, we get

Theorem 3.4 Let m € Ny, A > 0, |a1] = 1 and the function f(z) be given by (1.1). If
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f(z) € Sma(A,B;C, D), then

x(9i3p5)
om (2)\+1) )

|an| < \I/n,j(m,)\) = (6:1p5) n—1 (8:3p5) (37)
(nflx)(n)\erl)nm kl:[2(1 + 7(ki<1)(kp>\+1))’ n >3,

where x(6;;p;) (i =1,2;j =1,2,3,4) are defined by (2.11).

Remark 3.5 Setting m = 0, A = 0, we obtain the improved result of Theorem 3.1 in [12].
Theorem 3.6 Let m € Ng, A >0, -1 < B<A<1 -1<C<D<1,0<pu<1and
pi(2) =143 0 Bpjz" (1 =1,2,3,4). If f(2) =2+ > e 5 an2"™ € Sy (A, B; C, D), then

s — pad |< — Pl Byj 2BA+1)(H)"n—(2A+1)
3T RIS 9 T3m 3N 1 1) By 2\ +1)2

where |B; ;| (i =1,2;j =1,2,3,4) are defined by (2.5).

max{1, |

By [}, (3.8)

Proof If f(z) € S;n(A, B; C, D), then there exists a Schwarz function w(z) in U such that

D) BADTE)
Dmf(z) Dmf(z) _pj( ( ))7 EU: (39)

where p;(z) (j =1,2,3,4) are defined by (2.3).
Let the function p(z) be given by
B Dm+1f(z) Zz(Dmf(Z))"

p(z) = + 3.10
© =T P o) 310
Then, from (3.9) and (3.10) we have p(z) < p;(z). Let
1+ w(2) 9
_ =1 e 11
q(2) = 1= o(s) LTt et (3.11)
Then ¢(z) is analytic and has positive real part in U. From (3.11), we get
q(z) -1 1 @\ -
_ _1 4 . 3.12
We see from (3.12) that
q(z) -1 1 1 @ Bs ¢}
p(z) pj(q(z) T 1) =1+ 58102+ [iBl,j(QQ - ?1) + le]z2 +oee (3.13)
Using (3.10) and (3.13), we obtain
B .
(2X+1)2"ay = =24,
By, 2
23\ +1)8"as — (22 + D)4"a3 = =L (B, ; - By,
which imply that
B
2 1,y 2
T . 3.14
08 = 1Oy = T T ) [g2 — ;a1 (3.14)

where, for convenience,

- By, N 2B +1)(3)mu— (2A+ 1) ]
By, (2X + 1)2 b

1
%‘25
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Then, applying Lemma 2.5, we have

Byl
—udll < # a2
| az — paj | < 4.3m(3)\+1)|(J2 V541

< | By,
=92.3m(3\ + 1)

| Bl By  2BA+1)(H)"u— (22 +1)

< — 1 = — B |}

= 2.3m(3A+1) max{l, | Bi (2X +1)2 v}

The estimate is sharp for the function f;(z) (j = 1,2,3,4) defined by

filz) = D_m[/oz (exp (/077 pj(fg_ldf))dn}, (3.15)

where the function p;(z) (j = 1,2,3,4) are given by (2.3) (see Figures 2-1, 2-2, 2-3 and 2-4).
Hence we complete the proof of Theorem 3.6. [J

max{l,|1—2v; |}
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Figure 2-1 The image of U under fi(z) for Figure 2-2 The image of U under fa(z) for
A=01,B=-050C=-05D=02m=0 A=07,B=04,C=0.1,D=08m=0
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Figure 2-3 The image of U under f3(z) for Figure 2-4 The image of U under f4(z) for
A=0.7,B=04,C=-01,D=0.8,m=0 A=0.9B=01,C=01,D=04,m=0

Remark 3.7 Settingm =0,A=1-2a (0<a<1),B=-1;C=1-28(1<a«), D=-1,
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we obtain the improved result of Theorem 2 in the paper [16]. Also, taking m = 0,A = 0, we
have the improved result of Theorem 3.3 in the paper [12].

Using Theorem 3.6, we can easily get the following result.

Corollary 3.8 Let m €Ny, A >0, -1<B<A<1,-1<C<D<1,and f~! be the inverse
function of f. If f(z) € Sm (A4, B;C, D), and

oo 1
_1 n
= bn bl 7 Z R}
T H(w) w+,§:2 w lw] < 757 1
then
|B1] |B1 ] By ABA+1(3)™ - (2A+1)
bo| < — 191 and |bs| < —— I 1,224 _ By .
= e S e B (2A+1)2 itk

where |B; ;| (i =1,2;j =1,2,3,4) are defined by (2.5).

Proof The relations (1.2) and f~}(w) = w + bow? + - -+ yield by = —ag and by = 2a3 — as.
Thus, in view of (3.1) and the identity |ba| = |az|, the estimate for |by| follows immediately.
Furthermore, applying Theorem 3.6 with p = 2 gives the estimate for |b3|. OJ

Finally, we will estimate some initial coefficients for the bi-univalent functions f.

Theorem 3.9 Let m € Ng, A > 0, -1 < B< A<1 -1 <C<D<11LIf €
S¥ma(4, B;C,D), then

|B1,j|v/|B1]
las| <

~/IB2 268+ 137 — (20 + 1)4m] + 4720+ 1*(By,, — Ba,)|

and
|B1,;1{214(3A 4+ 1)3™ — (2A + 1)4™| + 2(2A + 1)4™} + 8(3A 4+ 1)3™|By,; — B2 ;
43N+ 1)3™[4(3\ + 1)3™ — 2(2X + 1)4™|

where |B; ;| (i =1,2;j =1,2,3,4) are defined by (2.5).

las| <

, (3.16)

Proof If f(z) € S¥.(A, B; C, D), then f(z) € Sy z(A, B;C,D)and g = f~! € S A (A, B; C, D).
o HIE) 2O
_ DM™THf(z 22(D™f(z))"

“O= e o

<pj(z), z€U; 7=1,2,3,4

and
_ D"lg(z) | 2*(D™g(z))"
HE=) = "5y ) Dg(2)

<pj(z), z€U; j=1,2,3,4,

where the function p;(z) is given by (2.3). Let
1+ 1(G(2))

=—L T —ltqgetalt, 2€U; j=1,2,34
1-p; 1 (G(2))

s(2)

and
_ 14pyH(H(2))

= A =1l4mz+m22+---, 2z€U; j=1,2,3,4.
1—p; ' (H(2))

7(2)
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Then ¢ and 7 are analytic and have positive real part in U, and satisfy the estimates

lsn] <2 and |7,| <2, neN. (3.17)
Therefore, we have
¢(z)—1 7(z) =1 )
G(z) =pj(=———) and H(z) = pj(——— U; j=1,2,3,4.
(2) pj(§(2)+1) an (Z) pj(’T(Z)—'—l)? ze v J It ]
By comparing the coefficients, we get
By
2\ +1)2May = ITJ“ (3.18)
m om 2 _ Brje &
2(3)\ + ].)3 as — (2)\ + 1)2 Ay = T — Z(BLJ' — B27j), (319)
B .
—(2\ + 1)2™ay = le (3.20)
and
m m mj 2 Bl jT2 7-12
—2(3)\ —|— 1)3 as + [4(3)\ + 1)3 — (ZA —|— 1)4 ]CLQ = 77 — Z(Bl’j — BQJ), (321)
where B; ; (i =1,2;5 =1,2,3,4) are given by (2.5). From (3.18) and (3.20), we obtain
G =—11. (3.22)

Also, from (3.19)—(3.22), we see that

Biq’_’j(CQ + 7-2)
4B%j [2(3)\ + 1)3m — (2)\ + 1)47"] + 4m+1(2)\ + 1)2(Bl’j — BQJ)

2 _
Ay =

and
By {[ABA+1)3™ — (2A + 1)4™ ¢z 4+ (2A + 1)4™ 5} — 23N+ 1)3™(By; — Ba ;)<
N 43N+ 1)3m[4(3X\ + 1)3™ — 2(2)\ + 1)4™] ’

as

These equations, together with (3.17), give the bounds on |as| and |az| as asserted in (3.16).
This completes the proof of Theorem 3.9. O

Remark 3.10 Lettingm =0, A=1-2a¢ (0<a<1),B=-1;C=1-28(1<a«), D=-1,
we get the improved result of Theorem 3.6 in the paper [16].
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