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Abstract In a paper published in Acta Mathematica Sinica (2016, 59(4)) we obtained some
representation theorems for the conjugate spaces of some [° type F-normed spaces. In this pa-
per, for a sequence of normed spaces {X;}, we study the representation problems of conjugate
spaces of some 1°({X;}) type F-normed spaces, obtain the algebraic representation continued
equalities

(X)) 2 (Go({Xi})" = con({X7 1),
(I°(0)" £ ((X))" £ (6(X))" 2 (cho(X))" 2 eon(X),
and the topological representation ((cho({X:}))*, sw™) = cJo({X}}), where sw* is the sequen-

tial weak star topology. For the sequences of inner product spaces and number fields with the
usual topology, the concrete forms of the basic representation theorems are obtained at last.
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1. Introduction

Representation theory is one of core problems for many branches of mathematics [1-3]. For
some [ type F-normed scalar-valued sequence spaces, we obtained in [3] some representation
theorems of their conjugate spaces. Extending scalar-valued sequence spaces to vector-valued
sequence spaces, this paper studies the representation problem of conjugate spaces of some
1°({X;}) type F-normed vector-valued sequence spaces.

Let X be a vector space over number field K (R or C). An F-norm on X is a function
|| -] : X = R4 satisfying the following conditions:

(n1) ||z|| =0 < = =0 (zero element);

(n2) |laz|| < ||lz]l, z € X, a € K, |a|] < 1;

m3) Nz +yll <zl + llyll, z,y € X;

(ng) limgo |laz|| = 0, z € X.

If || - || is an F-norm, then it induces on X a metrizable vector topology, and (X, || - ||) is called

an F-normed space. If the monotonicity (n3) is replaced by the absolute homogeneity
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(m3) [laz|| = lal[|z]|, v € X, a € K,
then || - || is called a norm and (X, || - ||) a normed space. If condition (ng) is replaced by the
p-absolute homogeneity (0 < p < 1)

() Jlaz]) = lal?]lz], = € X, a € K,
then || - || is called a p-norm and (X, | - ||) a p-normed space.

The difference between an F-norm and a norm is just the absolute homogeneity. However,

this small gap makes F-normed spaces much more complicated than normed spaces.

Let (X;, ] - |l;) be a sequence of normed spaces over K. Then on the Cartesian product
Hfil X, the function
o~ 1 Il -
zllo=D v *= & e]]X 1.1
Il =2 ey« =@ ell (1.1

satisfies the conditions (n1), (n2) and (n4) clearly. From the inequality
U+ v < U "
1+u+v - 140w 14w

and the monotonicity of 77 on R, the function I - o also satisfies the inequality ||z + y|lo <

, u,v € R,

lzllo+ [|yllo for any =, y € []5=; Xi, so |- |lo is an F-norm on [];~, X;. From now on, the symbol
1°({X;}) is used to denote the vector space [];=, X; with the F-norm | - o, i.e.,

oxh = (T1X0 ). (12)

Let us make clear the meanings of other symbols used in the following. For a sequence

(Xi, || - |]i) of normed space, let
o9}
coo({X:}) = {x =(&) € HX,- : In € N such that & = 6 for i > n}
i=1

When (X, || - [l;) = (X,]| - ||), a same normed space, we use [°(X) to denote (°({X;}), and let
o(X)={z=(&) € XN : (&) is convergent in X},
co(X) = {z=(&) € XN : (&) is convergent to 6 in X},
coo(X) ={z = (&) € XN: 3n € N such that & =60 for i > n}.
Now as vector spaces, we have the natural inclusion relations coo({X;}) C 1°({X;}) and
coo(X) C co(X) C e(X) C1°(X);

as topological vector spaces, the symbols coo({X;}), coo(X), co(X) and ¢(X) are used to denote

the corresponding normed spaces with the norm defined by
[2]loo = sup &[], 2 = (&) (1.3)
3

The symbols 1°({X;}), ¢85, ({X;}) and 1°(X), ¢3(X), ¢J(X), °(X) are used to denote the cor-
responding F-normed spaces with the F-norm || - ||o, respectively, referred to as I°({X;}) type
spaces. When (X, || - |l;) = (K,| - |), the symbols °, c°, ), c§, stand for the corresponding
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scalar-valued sequence spaces with F-norm || - ||o, the symbols ¢, ¢g, coo denote the corresponding
vector spaces or normed spaces with norm || - ||, respectively.
If (X7, |- |li) is used to denote the conjugate space of (X, | - ||;) with the norm defined by
Iflli=sup [If&)I, feXi,

lg: <1

then ¢J,({X;}) is the F-normed space with F-norm | - ||o and coo({X}) is the corresponding
normed space with norm || - ||oo, respectively. The meanings of ¢J,(X*) and coo(X*) are self-
evident.

By the same arguments used in [4,5] it is easy to obtain:

Proposition 1.1 The convergence in [°({X;}) type spaces is equivalent to coordinate-wise
convergence, i.e., for (™ = (fi(m)), 20 = (fi(o)) e I°({X;}) (or Qy({X:}), ete.),

lim 2™ =2 o lim ™ =¢?, i=12,.... (1.4)
m—r00

m—r oo

The following proposition reveals the intrinsic properties of 1°({X;}) type spaces.
Proposition 1.2 Every [°({X;}) type space is locally convex, but non-locally bounded.

Proof It follows from Proposition 1.1 that the topology on 1°({X;}) is just the product topology
on [];2; X;. Then by the local convexity of X; and the fact that the product space of locally
convex spaces is still locally convex [5, p.52] we know that [°({X;}) is also locally convex, and

the family of convex sets

n
{ H D;, x H Xi: n €N, Dy, is some convex #-neighborhood in Xij} (1.5)
J=1 k#i;
constitutes the @-neighborhood basis of 1°({X;}).

The image of any bounded set under continuous linear mapping is also bounded. If B
is a bounded convex set in Hfil X, then its image P;(B) under any natural projection P; :
H;ﬁl X; — X is also bounded, so for each i = 1, 2,..., there exists a bounded set B; in X; such
that B C [[;2, B;. Thus by (1.5) we know that there is not any bounded §-neighborhood in
[152, Xi, so I°({X;}), or [];=, X; equipped with the product topology, is non-locally bounded.
The same arguments can be used to verify the same conclusion for other I°({X;}) type spaces.
U

For a p-normed space (X, || - ||), if its conjugate space X* is nontrivial, then the function

[fll = sup [f(z)|, feX* (1.6)

lzl<1
makes (X*, ||-]|) into a new normed space. In this case, it is very important to study the isometric
representation of (X*, || -]|). For (°({X;}) type spaces, the local convexity makes their conjugate
spaces large enough to separate the points of them [4,6], but the non-local boundedness means
that it is impossible to equip them with any p-norm [5, p.73]. Thus it is also impossible to endow
their conjugate spaces with any (F- )norm via equation (1.6), so there is no sense in studying

the isometrical representation of their conjugate spaces. But now we can do the following two
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things: (a) looking for the algebraic representation of their conjugate spaces; (b) looking for the
topological representation of their conjugate spaces equipped with some natural topologies.
On the conjugate spaces of [°({X;}) type spaces, there are two most natural vector topolo-

gies, one is the weak star topology w* induced by the pointwise convergence of nets
f)\ li) f < f)\(.%') - f(SC), Vr € ZO({Xi})(etc'>7 (17)

where fi, f € (I°({X;}))*(etc.) (A € A), the other is the sequential weak star topology sw*
induced by the pointwise convergence of sequences

Fo ™ e fu(z) = fz), Yo e lP({X:})(ete.) (1.8)

where f,,, f € (I°({X;}))*(etc.) (n € N). The weak star topology w* is the most common vector
topology on conjugate spaces [4-6]. On the conjugate spaces of [°({X;}) type spaces, it is not
difficult to verify that the family of sets

B={((fa), ) : fu, f € ("({X:}))"(ete), fulz) = flz), Vo€ l’({X:})(etc.)}

satisfies the axiom of convergence classes, so by [7, chap.2, Theorem 9] there exits a unique
topology sw* on (I°({X;}))* (etc.) such that the sequence f, =y f if and only if ((f,), f) € B.
It is not difficult to see that the sequential weak star topology sw* is a vector topology with
countable #-neighborhood basis, so the continuity of operators with respect to this topology
could be dealt with via sequences. We ought to note that the weak star topology has no such
advantage.

In the next section, we study the algebraic representation problems of conjugate spaces of

19({X;}) type spaces, obtain the algebraic representation continued equalities

CHXN)* 2 (X)) £ con({X]})
and
(IO(X)" 2 (2(X)" 2 ((X))* £ (co(X))* £ coo(X7).

In the third section, with respect to the sequential weak star topology sw®*, we obtain the
topological representation ((c8,({X;}))*, sw*) = ¢Jo({X;}). For the sequences of inner product
spaces and number fields with the usual topology, the concrete forms of the basic representation

theorems are obtained at last.

2. The algebraic representation theorems

Theorem 2.1 Let (X, - ||;) be a sequence of normed spaces. Then the conjugate space

(I°({X;}))* is algebraically isomorphic to coo({X}}), i.e., we have the algebraic representation

CEXN)* 2 coo({X7). (2.1)

Proof Note that the space [°({X;}) is the Cartesian product [[;=, X; with the F-norm || - ||o.
For the standard basis sequence

ith
e;=(0,...,0,1,0,...), i €N,
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of I’ (0 < p< o), and & € X, let
ith >
52-62-:(9,...,9, 5“97) GHXiv 1=1,2,....
i=1
For every = = (&) € I°({X,}), as

H.’E - 25161”0 :”(07 ey 9;€n+17£n+27 .- )”0
i=1

o0 o0

1 [I&lls 1
= - < — =0, n— oo, (2.2)
i:;—l 21+ |l&lls i:;—l 2
it could be represented as the series
et i=1

Let -
~ th
X; = {f,el = (9,...,97 5“9) & € Xl}
be the subspace of I°({X;}) = [[;2, X; corresponding to X;. Then the canonical projection P; is

a topological isomorphism between (X;, || - [|o) and (X, || -||s) (not isometric isomorphism). Now
for every f € (1°({X;}))*, by the continuity of f we have

f) =) flGie) =D fil&), == &ecl’({Xi}), (2.4)
=1 =1 =1

where f; = fo Pfl € X/ is uniquely determined by f. We assert that the sequence (f;) €
coo({X;}). If not, then there is a sequence of strictly monotone natural numbers i; — oo such
that f;; # 0. Take &, € X;; such that f; (§;,;) = 1 for each ij, and § = 0 € X; if i # iy, let
x = (&) € 1°({X;}), then by (2.4) there exists the contradiction

o0

fl@) =" fi,(&,) = +oo,

j=1
so (fi) € coo({X;}). Now define T : (I°({X;}))* — coo({X}}) by
T(f)=(fi), fe@{X:))", (2.5)

then T is a linear mapping. If f,g € (I°({X;}))* and f # g, then there is an i such that f; # g;,
so T is an injection from (I°({X;}))* to coo({X;}).

nth

On the other hand, for any F = (f1, fa,.. ., fu,0,...) € coo({X}}), where f,, # 0, define
fr(x) =" fi&), v = (&) €l’({X:}), (2.6)
i=1

then fr is a linear functional on 1°({X;}). If a sequence (™) = (fgm)) — 0 in I°({X;}), then
§§m) — 6 (m — o0) for any i by Proposition 1.1, so

m— 00

. (m) 1 - ) (m) _
lim fr(z™) w}gnooz;fz(fz ) =0,
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i.e., fr is continuous or fr € (I°({X,}))*. Finally, by fr o P;' = f; we know that Tfr = F,
namely, T is also a surjection. This proves that the mapping T defined by (2.5) is an algebra
isomorphism between (I°({X;}))* and coo({X}}), or we have the algebraic representation (2.1).
O

Theorem 2.2 Let (X,] -]

continued equalities

) be a normed space. Then we have the algebraic representation

()" 2 (X)) 2 ((X))" 2 (o(X))" £ con(X7). (2.7)

Proof The continued equalities (2.7) is clearly equivalent to
coo(X™) = (1°(X))" € ("(X))* € (e(X))" € (egp(X))" € coo(X™). (2.8)
The equality on the left-hand side of (2.8) follows Theorem 2.1. If E C F and f € F*, then its
restriction f|g € E*, and in this sense we have F* C E*. Thus by the natural inclusion relations
1°(X) D (X)) D (X)) D dy(X) (2.9)

we have the three inclusion relations in the middle of (2.8). For any f € (c,(X))*, we assert
that the sequence T(f) = (f;) = (f o P,"') € coo(X™*), so we have the inclusion relation at the
right end of (2.8). If not, there is an infinite subsequence 6 # f;; € X*. For each f; , take
&, € X such that f; (§,) = 1. Consider the sequence
‘ ijth
2 =(0,...,0,&,.,0,...) € chy(X), j=1,2,...,
one has £0) — 0 (j — o) in ¢y(X) (under the F-norm || - ||o), but

F@) = fi,(&,)=1+40, j— oo,

which contradicts the continuity of f on ¢J,(X). This proves the relation (c3y(X))* C coo(X*)
and the continued equalities (2.7). O

For a general sequence of normed spaces (X;,| - ||;), removing the objects (¢°({X;}))* and
(e§({X;}))* in the continued equalities (2.7) that may have no sense, using the same arguments

we can show:

Theorem 2.3 Let (X, | - ||;) be a sequence of normed spaces. Then we have the algebraic

representation continued equalities

CEXD)" 2 (S X)) 2 conl{X]). (2.10)

3. The topological representation theorems

By Theorem 2.3 we know that under the linear mapping 7', the conjugate spaces (I°({X;}))*
and (cJo({X;}))* are algebraically isomorphic to a same vector space coo({X;}). As topological
vector spaces, the symbol coo({X;}) denotes the normed space with the norm || - [0, c5o({X})
the F-normed space with the F-norm || - ||[o. In this section, for the linear mapping T from
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((I°(X31)*, sw*) and ((c9o({X:}))*, sw*) to coo({X}) and 8, ({X;}), we study the continuity
of T and T, to find the conditions that make T a topological isomorphism.

Theorem 3.1 Let (X, - |:) be a sequence of finite dimensional normed spaces. Then the
mapping T : ((I°({X;}))*, sw*) — coo({X}}) defined by (2.5) is continuous, but its inverse T~1

is not.

Proof Let us show the continuity of T first. Suppose f(™ € (1°({X;}))* is a non-zero sequence

satisfying f(™) 4" 9, we need to show that its image

(m) ¢

FW =0 — (™ fm) g, where f0™ # 6

converges to 6 in coo({X;}), i.e., lim,, o0 | F™]|oo = 0. If not, there is a number £y > 0 and a

strictly monotone sequence my of natural numbers such that
[FMR)|| o > 260, k=1,2,....
As fmx) s 0(k — 00), assume without loss of generality that
|F™]|| o > 280, m=1,2,.... (3.1)

We will construct two strictly monotone sequences (my) and (i) of natural numbers to find
contradictions.

(i) Take m; = 1. By ||F(ml)||oo > 2¢q, there is a natural number i; with my < i1 < nyy,
such that

£ s, > 220,
(i) By f0m " 9 we have
Tim (&) = lim f (ge) = 0 (3.2)

for every i = 1,2,...,ny, and & € X;. The fact of dimX,; < oo implies that the conjugate
space X is also finite-dimensional; the reflexivity of X; means that the weak star topology and
the weak topology on X} are equivalent, so by [8, p.215] we know that the norm topology and
the weak star topology on X are equivalent (This property of finite dimensional space will also
be used later). Thus the equality (3.2) means that the equality lim,, o Hfi(m)HZ- = 0 holds

uniformly for every ¢« =1,2,...,n,,,. Then there is a natural number mgy > m; such that

Mom

DA < o
i=1
By [|[F(™2)||, > 2¢0, there is a natural number iy with n,,, < iz < n,, such that
175" s > 2e0.
(iii) By f0m %" 9 and dimX; < oo we know that lim,, ||fi(m) |l = 0 holds uniformly for

every 1 =1,2,...,Nm,» so there is a natural number m3 > my such that

Mgy

ST < <o
=1
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Again by ||F(™3)|| > 2¢9, there is a natural number i3 with n,,, < i3 < n,,, such that
12 iy > 220

Via mathematical induction we can construct two strictly monotone sequences (my) (my =

1) and (ix) of natural numbers with

Mgy <tk < Ny, E=1,2,... (3.3)
such that
Tmy_q
ST < eo, (3.4)
i=1
and
£S5, > 2e0 (3.5)

hold at the same time. For each iy, by inequality (3.5) there is a &;, € X;, with ||&,||;, = 1 such
that

£ (€3,)] > 2e0.

Take 20 = (&) € I°({X;}), here

fi: fika ’L:Zka
07 Z#Zk,

then for any m; we have

Ny, Mmg_y
)= |3 A0 2 1A €)= 3 1A )
Momp_q
> £ ) = S0 Il > 260 — €0 = €.

=1

sw*

This contradicts the assumption of f(™) ™% @, so T is a continuous linear operator from

((I°({X:1))*, sw*) onto coo({X}).
Let us verify the discontinuity of 7-! now. For each natural number i, take an f; € X/
with || fi|l; = 1. Then the sequence

mth
1 1
F(m):(af17.,.,afm’9,_ J€coo({X]}), m=1,2...,

satisfies

1 1
IF™ oo = sup | =filli = — —0, m — oo,
1<i<m M m

ie., F(M — 0 in coo({X;}). For each i, by ||fi|l: = 1, there is a & € X; such that |f;(&)] > 3

Then for element

2)
2)|

fi(&)
1 fi&)l

~ [i&) , 0(f Y,
xf(‘f ¢ &1, §a,. .. &7---)61({)(7,}),

fa(
(&)1 f

&
| f2(&
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by equality (2.6) we have

T M) (z) = Z %|fi(§i)| > %a
i—1

ie., T-'F(™ 4 @ (m — oo). This proves the discontinuity of 71, O
The inequality (3.3) means that the sequences (n,,,) and (ix) of natural numbers are fas-

tened to each other tightly, so the above construction methods could be called zipper methods.

Theorem 3.2 Let (X;,| - |l;) be a sequence of finite dimensional normed spaces. Then the
mapping T : ((I°({X;}))*, sw*) — 3, ({X}}) defined by (2.5) is continuous, but its inverse T~1

is not.

Proof Suppose f(™ € (I°({X;}))* is a non-zero sequence satisfying f(™) %" 9. Then by
Theorem 3.1 its image

FOW = ptm) — (pm) ) g ), where f0™) 6
satisfies lim,, 00 || F"™)]|so = 0. By the relation between the F-norm || - || and the norm || - ||oo

we have lim,, o [|F™)|o = 0, so Tf(™ — 6 holds in c,({X;}), or T is continuous now.
Similar to the second part of proof of Theorem 3.1, the sequence
mth
F' =(—f1,...,—fm,0,...), m=1,2,...,
m m
also converges to 6 in ¢y ({X;}), where f; € X with || f;||; = 1. Then for §; € X; with |f;(&)] > 1

and the element

_ fil&) f2(&2) fil6i) 0/ sy
"= (hE™ T fae ) <
by equality (2.6) we have
T @) =Y A > 5,
im1

so T-1F(m) 872 0 (m — oo). This completes the proof of discontinuity of 7-!. O

Theorems 3.1 and 3.2 told us that the algebra isomorphism 7 : (I°({X;}))* — coo({X;}) hid-
den in the equations (2.1) and (2.10) is not the topological isomorphism between ((I°({X;}))*, sw*)
and coo({X;}) or ¢8,({X7}). Now we hope to find the conditions under which the algebra i-
somorphism 7" : (¢8,({X;}))* — coo({X;}) hidden in the equation (2.10) could be lifted to the
topological isomorphism between ((cJ,({X;}))*, sw*) and coo({X;}) or ¢Jo({X[}).

Theorem 3.3 Let (X, | - |l:) be a sequence of normed spaces. Then the mapping T :
(B ({ X 1)) ", sw*) — coo({X}}) defined by (2.5) is discontinuous, but its inverse T~ is contin-

uous.

Proof Take f; € X/ with || f;|]|; = 1 for any ¢ € N. Let

mth

FO = (0,...,6, fm.0,...) € coo{X]}).
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Then Theorem 2.3 shows that the sequence f(™ = T—1F(™ ¢ (J,({X;}))*. For a given
r=(&,...,6,,0,...) € Qy({X;}), we have f(™)(x) = 0 for any m > n by (2.6), so the sequence
™) converges to 0 in ((c9y({X;}))*, sw*). But by |T£")|e = ||[F'™||o = 1 we know that its
imagine T f(™) does not converge to 6 in coo({X;}), so T is not continuous.

Assume the functional sequence F(™) = (fl(m)hfém),...7 ,S’Z,f),e,...) converges to 6 in
coo({X}}), e,

IF™ o = sup (£l =0, m— co.
1<i<

_Z_nm,

Then for any given z = (£1,&2,...,&,,0,...) € Js({X4}),
T FO @) < ST E < ST I Nl
=1 =1

n
< IF™ S el = 0, m oo,
i=1
Hence the sequence T~ F (™) converges to 6 in ((cJ,({X;}))*, sw*), or T~ is a continuous linear
operator from coo({X7}) to ((cJy({X;}))*, sw*. O

Theorem 3.4 Let (X;,] - |:) be a sequence of finite dimensional normed spaces. Then the
mapping T : ((cJo({X:}))*, sw*) = ¢, ({X7}) defined by (2.5) is a topological isomorphism, or

we have the topological representation

(oo ({X:}))", sw™) = cgo({X]}). (3.6)

Proof To prove the continuity of the mapping T, suppose f(™ € (c,({X;}))* is a non-zero

sequence satisfying f(™) 0, Tf its imagine
Trom = (™ 5™ ™, )

does not converge to 6 in ¢J,({X;}), then by Proposition 1.1 there exits some coordinate se-
quence, without loss of generality in assuming the first coordinate sequence ( fl(m)) that does not
converge to # in norm. By the assumption that X; is finite dimensional and the reason used
in the proof of Theorem 3.1 we know that the norm topology and the weak star topology on
X7 are equivalent. Thus by [|£{™ |1 # 0 there is some & € X such that £ (&) 4 0. Take
r = (£,0,...) € y({X;}), then f(m™)(z) = flm) (&1) 4 0, which contradicts the assumption
that f(™ converges to 6 in ((c3,({X;}))*, sw*).

To prove the continuity of the inverse mapping T}, suppose a sequence

FOm = (™ i e ) e Qo({XY)

Nm

tends to 6, or ||[F(™||g — 0 (m — o0), then by Proposition 1.1 Hfi(m)Hi — 0 (m — oo) for every
i € N. Thus for any given z = (&1,&2,...,&n,0,...) € 5, ({Xi}),

T O ()] < ST E) < ST lall€lli = 0, m - oo
1=1 i=1
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This shows the sequence T~'F(™) converges to 6 in ((cJy({X;}))*, sw*), i.e., the mapping T is
the topological isomorphism between ((cJ,({X;}))*, sw*) and ¢J,({X;}). O

From above four theorems we can obtain the following corollary immediately:

Corollary 3.5 Let (X,| -]|) be a finite dimensional normed space.
(i) The mapping T : ((I°(X))*, sw*) — coo(X*) is continuous, but T~ is not;
(ii) The mapping T : ((1°(X))*, sw*) — ¢8,(X*) is continuous, but T~ is not;
(iii) The mapping T : ((c3y(X))*, sw*) — coo(X*) is not continuous, but T~ is;
(iv) The mapping T : ((cJo(X))*, sw*) — ¢Jo(X*) is a topological isomorphism, i.e., we

have the topological representation

(0o (X)), sw”) = cgo(X™). (3.7)

4. The applications of the basic representation theorems

Inner product spaces and number fields with the usual topology are two typical classes of
normed spaces. For these two classes of normed spaces, let us find the concrete forms of the

basic representation theorems obtained in previous sections.

Theorem 4.1 (i) Let (X;,(-,-);) be a sequence of inner product space. Then we have the

algebraic representation continued equalities

(CHXN)* 2 (o X)) £ coo({X,}), (4.1)
ie. any f € (I94X:})" (or f € (3y({Xi}))*) corresponds to a unique

Y= (§1a<1a . 'aCnfaaa o ) € COO({Xi})

such that
ny

f@) = (6 G @ = (&) € P({X}) (or z € co({X,})). (4.2)
i=1
(ii) For an inner product space (X, {-,-)), we have the algebraic representation continued
equalities

(I°(X))* & ((X))* £ (e3(X))* £ (c5y(X))* £ coo(X). (4.3)

(iii) Let (X, (-,-);) be a sequence of finite dimensional inner product spaces. Then we have

the topological representation

((ego({X:}))*, sw*) = cgo({X:}). (4.4)
Proof By the self-conjugate property of inner product spaces and the general form of continuous

linear functionals on them [9, p.104], the conclusion (i) follows Theorems 2.1 and 2.3, (ii) follows
Theorem 2.2, (iii) follows Theorem 3.4. OJ

Theorem 4.2 (i) In the sense of isomorphism we have the algebraic representation continued
equalities
(%) 2 () 2 ()" 2 ()" = oo, (4.5)
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ie., any f € (I°)* (or f € (c)*, etc.) corresponds to a unique

Yy = (<17C1""7C7lf797"') € Coo
such that o
fl@) = &G, z=(&) el’ (orwed, etc). (4.6)
i=1

(ii) In the sense of isomorphism we have the topological representation

((cgo)", sw™) = c{o- (4.7)

Proof The number field K with the usual topology is just an inner product space under the mul-
tiplication (&, () = £-(, so by the latter two conclusions of Theorem 4.1 we get the corresponding
results of this theorem. [J

The conjugate spaces of [°({X;}) type spaces with weak star topology w* have no count-
able #-neighborhood basis, their topological representation should be more complicated, we will

discuss it in another paper.
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