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L, Stability of the Truncated Hierarchical B-Spline Basis
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Abstract The truncated hierarchical B-spline basis has been proposed for adaptive data
fitting and has already drawn a lot of attention in theory and applications. However the
stability with respect to the L,-norm, 1 < p < oo, is not clear. In this paper, we consider
the L, stability of the truncated hierarchical B-spline basis, since the L, stability is useful
for curve and surface fitting, especially for least squares fitting. We prove that this basis is
weakly L, stable. This means that the associated constants to be considered in the stability
analysis are at most of polynomial growth in the number of the hierarchy depth.
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1. Introduction

The splines are a widely used tool in computer graphics, animation, modeling, CAD, CAGD,
and many other related fields, but they do not have the local refinement property, which is very
important in adaptive function approximation and detailed representation of geometric models
[1-4]. The hierarchical spline models provide a flexible and simple framework for local refinement
such that they are effective in many applications [5].

The concept of the hierarchical splines was originally introduced in [6] as an accumulation
of tensor-product splines with nested knot vectors. After that the researchers pay attention to
how to construct hierarchical B-spline basis. The hierarchical B-spline (HB-spline for short)
basis for tensor-product meshes was constructed in [7] and was extended in [8]. This basis does
not have the property of partition of unity. Later, a kind of truncated hierarchical B-spline
(THB-spline for short) basis was introduced in [9]. This basis forms a convex partition of unity
and has smaller support than those of the HB-spline basis. Moreover, there are some work
about hierarchical splines for non tensor-product mashes: polynomials splines over hierarchical
T-meshes [10,11], hierarchical Powell-Sabin splines [12], hierarchical splines on regular triangular
partitions [13], truncated hierarchical generating system for Zwart-Powell elements [14], and

bivariate hierarchical quartic box splines on three-directional meshes [15].
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Throughout this paper, we use {2 to denote an open interval (a,b) C R or an open rectangle
(a,b) x (a’,b') C R2%. The norm of a continuous function f defined on Q is defined by

Q= (Jo [fPdm)t/?, 1< p < oo,
o maxgq | f], p = o0.

1 llp = 111

(1)
And the norm of a vector ¢ = {¢; };¢s is defined by

llellp := { (Eierleal”)t/?, 1<p<oo, (2)
max;er |, b=

If a basis is suitable for numerical computations, then it should be reasonably insensitive

to round-off errors. That is to say, functions with small functions values should have small

coefficients and vice versa. A basis with this property is said to be well conditioned or stable

and the stability is measured by the condition number of the basis.

Definition 1.1 Let V be a normed linear space. A basis {¢; }ic; with the index set I for V is

said to be stable with respect to a norm || - ||p, 1 < p < oo, if there exist two positive constants
K, and K5 such that
-1
K lell, < 01 ci- dillp < Kalleln, 3)
iel

for all sets of coefficients ¢ = {¢;}ic1. Let K5 and K35 denote the smallest possible value of K
and K such that inequality (3) holds. The condition number of the basis {¢; }icr is then defined
to be kp = kp({@itier) = K7 - K3.

From this definition, we know that K; K> gives an upper bound for the condition number
kp of the basis {¢; }ier and K7, K3 should be small. There is no unique answer to the question
how small the constants K; and K> should be, but it is typically required that the constants
should be independent of the dimension of V', or at least grow very slowly with it.

The univariate and bivariate tensor-product B-spline basis are Lo, stable [16-18]. The task
of finding L., stable basis for the multivariate spline spaces over triangulations can only be done
for general triangulations when d > 3r + 2 (see [3]). As for the HB-spline and THB-spline basis,
the cases are more complicated. The HB-spline basis is a weakly L., stable basis, provided that
the nested subdomains satisfy certain conditions [19]. The absence of the strong Lo stability
of the HB-spline basis is implied by the missing partition of unity. The THB-spline basis is a
strongly L., stable basis under certain reasonable assumptions on the given knot configuration
[20]. The L, stability of a basis, 1 < p < oo, is useful in many applications, for example the
case p = 2 is closely related to the least squares approximations. In this paper, we consider the
L, stability of the THB-spline basis, 1 < p < oco. We will prove that the THB-spline basis is a
weakly L, stable basis, 1 < p < oo, by using some classical tools of the mathematical analysis.
This means that the associated constants to be considered in the stability analysis are at most of
polynomial growth in the number of hierarchy depth. An example is proposed that the constants
to be considered in the L, stability analysis depend on the number of the hierarchical depth.

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries

about this paper. In Section 3, we review the hierarchical spline spaces. We give the proofs of
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the L, stability (1 < p < 00) of the B-spline and the truncated hierarchical B-spline basis in

Section 4 and 5, respectively. We conclude this paper with a summary in Section 6.

2. Preliminaries

Let {B;}ic1 be a sequence of B-spline basis functions defined on 2, where I is an index set
such that the functions B; do not vanish on 2 for ¢ € I. And let S = span{B,; };c; be the linear

space of the linear combinations of {B;};c; with real coefficients ¢ = {¢; }ier-

Lemma 2.1 ([21]) Let f be a real univariate polynomial of degree d having no zeros in interval
(=1,1), and let f be positive on (—1,1). Then

1+d [*
<17,
mx f@) <50 [ @
Lemma 2.2 Let f be a real univariate polynomial of degree d having no zeros in interval (a, b).
Then

1 flloe < (L +d)(b=a)~ P fll, 1<p<oe. ()
Proof From Lemma 2.1 and the Holder inequality, we obtain the result. [

Lemma 2.3 Let f be a real bivariate polynomial in two variables of degree d in the first

variable and of degree d’' in the second variable having no zeros in (a,b) x (a’,b"). Then

1 £lloe < (L+d)(1+d)[(b—a)¥ —a )| fllp, 1<p<oe. (6)
Proof Firstly, we fix the second variable. Using Lemma 2.2 to the first variable, we have
b
(max 7)) < (1+dP0-a) " [ |f@y)Pde, e @.b). 7)

Then we take the maximum on both sides. Using Lemma 2.2 to the second variable, we obtain
the result. O

For a univariate polynomial f of degree d, its blossom B[f] is a function of d variables.

Definition 2.4 ([22]) Let f(x) be a univariate polynomial of degree d, its blossom B[f](x1,...,zq)
is a function of d variables with the following properties:

(i) Symmetric property:
Blf)(@1,...,2q) = BIf)(n(x1, ..., 24)), 7 is any permutation of {z1, ... z4}; 8)

(i) Affine property:
BIf](....au+Bv,..) = aBlf](...,u,..) + BB v,..), a+B=1; 9)

(iii) Diagonal property:
B[f](z,...,x) = f(x). (10)

From the blossom method we can obtain explicit formulas for the B-spline coefficients of a

univariate spline function.
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Lemma 2.5 ([22]) Let f = > j¢;B; be a univariate spline of degree d with knot vector
t = {t; )77t Then its B-spline coefficients can be given by

- B[f|(tk7tk+1)](ti+17 - 'atier)a k=ii+1,...,i+d, (11)

where B[f](x1,...,2q) is the blossom of f and f|w, +,.,) is the restriction of f to the interval
(thy thgr)-

Lemma 2.6 Let S = span{B;}_, be a univariate spline space of degree d with knot vector
t = {t; )" and let any f = Yoo ciBi€S. Then

(2d(d — 1))¢ .
|Ci| < T ' ||f||oo,(ti,ti+d+1)a 1= Oa 17 sy N (12)
Proof Let [t;,,%;,+1] be the largest subinterval of [t; 11, ti+d] C (¢i,tira+1) = supp(B;) for fixed
i,i=0,1,...,n. And let {z;x}¢{_, be uniformly spaced points
xiyk:tli+k(tli+1—tli)/d, k=0,1,...,d (13)

in the interval [¢;,,¢;,+1]. Since the restriction of f to [t;,,t;,+1] is a univariate polynomial of

degree d, it can be represented both in terms of { B;}1_, and the Lagrange coefficient polynomials

{pi,k}i:o

n l; d
f(‘r)|[tli7tli+1] = chBj(x)htziytziJrﬂ = Cij(JJ) = Z f(xi,k)pi,k(x)htzi7tli+1]7 (14)
j=0 j=li—d k=0
where
d X — T; 4
pi,k(x) = H 717]7 z € [t ty+], k=0,1,...,d. (15)
R Tk — Tj 5
J=0,j#k

On the other hand, p;  also can be represented in terms of {B;}?

n

pi7k(‘r)|[tliytli+l] = ng,kBJ (CL' [t t1;+1] — Z w k=0,1,...,d. (16)

7=0 j=l;—d

By substituting Eq. (16) into Eq. (14), we obtain

li d
f(x)|[tzi,tzi+1] = Cij(.I) = Z f(xi,k)pi,k(x)
j=li—d k=1
d 1 l; d
=Y flaa)( Y wliBi@) = > O wl fl@in)B;(@) (17)
=1 =l —d j=l;—d k=0

Since {B;}"_, are B-spline basis functions, we have

d
c; = szkf(xlk) (18)
k=0
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From Lemma 2.5, we have

i
Wik = oy

1 3 H z+al 2i0) (g — Tig—1) ity — Tigt1) - (bitjy — Tia)

d! Gt eyt (@i —io) (@i — Tik—1) @ik — Tigy1) - (Tik — Tirq)
(19)
for k = 0,1,...,d, where w4 denotes the set of all permutations of the integers {1,2,...,d}.
Since ti+jl7 . 7ti+jd7 Ii,Oa . ,$i7k,1, Ii1k+1, ceey Ii,d c [tiJrl, tier], we have
(tivj, —25,0) - (tivge — Tig—1)Citjosr — Tigr1) - (tirjy — Tia) < (Liga — tiv1)® (20)

From Eq. (13) we know that z;  —x;; = (k—1)(t;,41 —t1,)/d for 1 <1 < d but with [ # k. Since

[t;, t1,+1] is the largest subinterval of [t;11,t;+4], we have

d d
k—1 t a1 — 1y,
I 1w —zil= ] | y |(fl +1—t,) = kl(d — k)! (%)d
1=0,l£k 1=0,l£k
tivd —tit1 g4
> klNd -k (———+ 21
> kd = IS 1)
for all k. The sum in Eq. (19) contains d! terms which means that
d d d d
1 (t; t; dd—-1 d!
Z |wi k| < Z T J;: ljl)tm 4 ) < dl ) Kl(d— k)]
pr) N S : : :
d
~ (d(d—1))¢ d! d(d
T Z Kl(d— k) Z
k=0 k=0
_ (2d(d — 1))
= (22)
Combining Eq. (18) and inequality (22), we have
d_ d
|ci| = |ng7kf($i,k)| < Z |w;,k| : ||f||001(tiqti+d+1)
k=0 k=0
(2d(d — 1))¢ .
< CU A ooty i= 0.1 (23)

Lemma 2.7 Let S = span(B; x B;)izo),,,)n;jzo)...7n/ be a bivariate tensor-product spline space
in two variables of degree d in the first variable and degree d’ in the second variable with knot
vector t x t7 = {t;}115T 5 {374 and let any f = Y0 (S0 cijBiB} € S. Then
(2d(d — 1))?(2d'(d' — 1))
d\d H.f”oo,(tl7 1+d+1)><( R +d/+1)
i=0,1,...,n; 7=0,1,...,7n. (24)

leij| <

Proof Firstly, we fix the second variable and use Lemma 2.6 to the first variable. Then we use

Lemma 2.6 to the second variable. The result follows. OJ

Lemma 2.8 Let f =" ¢ B; be a univariate spline function of degree d with knot vector
t= {ti};fodﬂ, and let h = max; |t;+1 — t;| be the maximum interval between knots. Then

(14d)t—1/r

|Ci| < hil/p@d(d - 1))d ! : ||f||p,(ti,ti+d+1)7 (25)
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for all sets of coefficients {¢;}1 1, 1 < p < cc.
Proof Using Lemmas 2.2 and 2.6 we have the result. [J

Lemma 2.9 Let f =31, E?/:O cijBiB’; be a bivariate tensor-product spline in two variables

of degree d in the first variable and degree d' in the second variable, and let h = max; j [tit1 —

ti| - |ti 4 —t;| be the maximum cell between all cells. Then
_ A+ d) A +a)) P
leij| < h=YP(2d(d + 1))4(2d' (d' +1))? i : ||f||p1(ti1ti+d+1)X(ﬂﬁﬁﬂ), (26)

B

Proof From Lemmas 2.3 and 2.7 we have the result. O

3. Hierarchical spline spaces

In what follows, let
SOcstcs?c.-- (27)

be an infinite sequence of nested linear spaces defined on Q. We assume that each space S! is
spanned by a B-spline basis B! = { B! }c1,, where I; is the index set such that the functions Bl
do not vanish on Q for k € I;. Those basis functions of B! are defined on a partition Al of Q,
where At is a refinement of A!, 1 =0,1,.... In addition, let the hierarchy {Q'} be a sequence
of nested bounded domains

Q:QO;)Ql;)...QQlQ..., (28)

where [ represents the level of the hierarchy and Q' represents the domain selected to be refined at
level I. We also suppose that the boundary 99! is aligned with the edges of Al. The hierarchical
B-spline basis [7] is defined by
H=|J H = |J{8eB :supp(B)n D" #0}. (29)
lez+ lez+
However, this basis does not have the property of partition of unity and has relatively large
support. In view of this, a kind of truncated hierarchical B-spline basis was presented [9]. The
THB-spline basis is defined by
T= U T = U {trunc™1(B) : p € B!, and supp(B8) N D' # B}, (30)
lez+ lez+
where the truncation of f € S! with respect to B! on Q'*! is defined by
trunc' T (f) = Z cripit, (31)
supp(B,l:rl)lZQl*l
where f =3, cgle,ljl is its representation with respect to B!,
In what follows, we will use & to denote the hierarchical space spanH = span7, N to denote

the depth of the hierarchy, and 7 = {7, : | € Z",k € I] } to denote the THB-spline basis, where
1] is the index set such that the functions 73, do not vanish on Ql for keI /. An example of
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an HB-spline basis is shown in Figure 1. And an example of a THB-spline basis is shown in
Figure 2. It can be seen that the supports of the THB-spline basis are smaller than those of the
HB-spline basis.

1 T T T T T 1

i { usf
el 1 sl
0l 1 nal
P2
02t B 1
o " 0 . . : : :
o 0s 1 15 2 25 3 o 0s 1 k-t 2 25 3
(a) HB-spline basis functions of level 0 (b) HB-spline basis functions of level 1
1 1
08| { e
o6l { s
04F 4 04
oz} { o2
0 0 . . .
0 08 1 15 2 25 30 05 2 25 3
(c) HB-spline basis functions of level 2 (d) HB-spline basis functions of level 3
1 T T T T T
DB r — < - T
0.6 /_\
n4F /
02 r
ol
1]

(e) Combination of basis functions from the hierarchical levels 0-3
Figure 1 Univariate quadratic HB-splines defined on the hierarchical meshes

Lemma 3.1 ([20]) The THB-spline basis T = {m, : | € Z", k € I] } has the following properties:
(i) Non-negativity: T, > 0, V1 € T;
(ii) Locally compact support: VY7, € T has locally compact support;
(iii) Nested property: spanT! C spanT'*! | € Z+;
(iv) T forms a convex partition of unity;
(v) Vmi € T with level [, 3B, € B so that

Tiklonairr = Bilanar (32)
BfC is called the mother of 7y, and indicated by mot(my). 7y Is called the child of BfC and
indicated by child(Bt). The level of B: is the level of m;
(vi) If the restriction of f to m,k, = (Q\QH) supp(m,k, ), indicated as f|r, ., can be
represented both in terms of basis of B' and THB-spline basis

l l
f|77l0k0 = Z CkOOBk%|7TLOk0 = Z Z ClokoTloko|ﬂ'zok0a (33)

lo ko€Z™* lo€l
B2 €B'0 0€ o€y,

where Bfﬂ‘; = mot(7y,k, ), then

Cf’coo = Cloko- (34)
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The concepts of weakly and strongly stable basis were introduced in the context of multires-
olution analysis [23]. They were extended to the context of the hierarchical spline spaces [20].
The stability of the THB(or HB)-spline basis depends not only on the number of the hierarchy
depth N, but also on the choice of the hierarchy. This is different from the case of the stability

of wavelet expansions, which depend solely on the number N.

Definition 3.2 A basis {¢; }icr for the hierarchical spline space G is called a strongly L, stable
basis, 1 < p < oo, if there exist two constants Ky and Ky which are independent of the hierarchy
{Q!} such that

K el < 1) cidilly < Kollelly, (35)
icl
for all sets of coefficients ¢ = {c¢; }ic1. The basis {¢; }icr Is called a weakly L, stable basis if there
exist two polynomials K1(N) and Ko(N) which depend on the depth N of the hierarchy {Q'},
such that inequality (35) holds for all sets of coefficients ¢ = {¢; }icr-

The HB-spline basis is a weakly L., stable basis, provided that the nested subdomains
satisfy certain conditions [19]. The absence of the strong L, stability of the HB-spline basis is
implied by the missing partition of unity. The THB-spline basis is a strongly L., stable basis
under certain reasonable assumptions on the given knot configuration [20].

1 1

a8t { 08F

a6F { D0BF
naf A nap
ol
02t ¥ 4 02p
P
P i L L

" 05 1 15 3 25 3 o 05 1 1.8 2 25 3

(a) THB-spline basis of level 0 (b) THB-spline basis of level 1
1 1
osf 4 oaf )
0EL 4 0sp i
af 4 naf I
02t /\ 4 oz \ i
0 0 Aot
0 08 1 15 2 25 E 08 1 15 2 25 3
(c) THB-spline basis of level 2 (d) THB-spline basis of level 3
1 T T T T T
IR=RY ; .

0.6
0.4
0.z

(e) Combination of basis from the hierarchical levels 0-3

Figure 2 Univariate quadratic THB-splines defined on the hierarchical meshes

4. L, Stability of B-spline basis
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It is well known that the univariate and bivariate tensor-product B-spline basis are Lo
stable [16-18]. Now we consider the L, stability of the univariate and bivariate tensor-product

B-spline basis, where p is a real number in the interval [1, c0).

Theorem 4.1 Let S = span{B;}}', be a univariate spline space of degree d defined on
Q= [a,b] C R, and let h = max; |t;+1 — ¢;| be the maximum interval between knots. Then there

exist two constants K7 and K5 such that

K elly < /1l < Kallellp, (36)
for any f =31 ,c¢;B; € S and all coefficients ¢ = {¢;}, where
2d(d — 1))¢
K =h"YP(1 + d)((T)) (37)
and
Ky = (b—a)'/. (38)

Proof We first consider the upper inequality. Remembering ¢ is the conjugate number of p

and applying the Holder inequality, we have

n n

|f1 =l ZczB < Z'CiBil < Qlalm)PQ 1Bl < (Z Jeal?) /2 ( ZB Yao(39)

i=0 i=0 i=0 i=0
Raising this to the pth power, and recalling that {B;}7_, have the property of partition of unity,

we can obtain .
P <> el (40)
i=0

So we have

b b
12 = / fiPde < / Z|c1|pdx—z|ci|l’- / dz = (b—a) - e[, (41)

=0

Taking pth roots, we prove the upper inequality
[fllp < Kz - llc[lp, (42)

where Ky = (b — a)'/?.

Then we consider the lower inequality. Firstly we fix . From Lemma 2.9 we have

_ (1+d)t-1/w
|Ci| < h l/p(2d(d - 1))dT ' ||f||p,(ti,ti+d+1)' (43)
Raising this to the pth power and summing over 4, we have
n 1 d 1-1/p itd+1
ell = 3l = - 0 LG S [ e
i=0

The above sum at most contains d 4+ 1 terms, which means that if we take pth roots, then we

have
lell, < K1 - ([ fllp, (45)

where K1 = h=/?(1 4 d)(2d(d — 1))¢/d!. O
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Theorem 4.2 Let S = span{B;Bj}o<i<n

XN, US) S

o<j<n’ be a bivariate tensor-product spline space in
two variables of degree d in the first variable and degree d' in the second variable defined on
Q = [a,b] x [a/,b'] CR?. And let h = max;j [tiy1 — t;| - [t} —t}| be the maximum cell between

all cells. Then there exist two constants K1 and Ko such that
K el < 1 fllp < Kallellp, (46)
for any f =37, E?/:o cijBiB); € S and all sets of coefficients ¢ = {c;;}, where

(2d(d — 1))%(2d'(d — 1))*
d\d’

K, =hYP14+d)(1+d)

and
Ky = [(b—a)( —a)]V/P. (48)

Proof This theorem can be proved by the same method as employed in Theorem 4.1. (I

5. L, Stability of the THB-spline basis

The L, stability of a basis, 1 < p < oo, is useful in many applications, for example the
case p = 2 is closely related to the least squares approximations. In this section, we consider the
L,-stability of the THB-spline basis, 1 < p < 0.

Theorem 5.1 Let & be a univariate hierarchical spline space of degree d defined on ) =
la,b) CR and T = {my, : | € Z",k € I] } be the THB-spline basis, where I] is the index set such
that the functions 7, do not vanish on Q! for k € 1 /. And let h be the maximum cell between
all cells. Then there exist two constants K1(N) which depends on the number of the hierarchy
depth N and Ky such that

K (V) el < 11£1 < Kalcl, (49)

for any f = Zf\io Ekel{ caxTik € 6 and all sets of ¢ = {c }, where

2d(d —1))¢

Ki(N):=h"YP(1 4+ N)YP(1 + d)( 5 (50)

and
Ky = (b—a)/P. (51)

Proof We first consider the upper inequality. Remembering ¢ is the conjugate number of p

and applying the Holder inequality, we have

N N
=103 cnmel <D0 Jewinl

1=0 kel] 1=0 kel]
N N
<O )P0 Tt
1=0 kel] 1=0 kel]
N N

<O D lewHPQ] D m)e,

1=0 kel 1=0 kely
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where T = {m, : | € Z*,k € I} is the THB-spline basis and I is the index set such that the
functions 775, do not vanish on Q' for k € I, /- Raising this to the pth power, and recalling that

all {7} sum to 1, we can obtain
N
FP<Y D el (53)
1=0 kel
So we have

N N
= [1rans [ 35 leuau=3" 3 lent [ d

1=0 kel 1=0 kel
= (b—a)-|lc[l}. (54)

Taking pth roots, we prove the upper inequality

1fllp < Kzllellp, (55)

where Ky = (b— a)'/?.
Then we consider the lower inequality. Firstly we fix [ and k. From Eq. (34) and inequality
(26) we have

d(L+a)ttr

e | < h™HP(2d(d - 1)) " Ifllpsuppre) nnat)- (56)
Raising this to the pth power and summing over [ and k, we have
N N
_ 1+dpt
el =33 e o< h a1 DS S PP (57
1=0 keI, ( ) 1=0 kel supp(7ix) () D!

The above sum at most contains (1 + N)(1 + d) terms, which means that if we take pth roots,

then we have
lell, < K1 (N) - (1 flps (58)

where K1(N) = h=1/?(1 + N)V/?(1 +d)(2d(d — 1))¢/d!. O

Theorem 5.2 Let & be a bivariate tensor-product hierarchical spline spaces in two variables of
degree d in the first variable and degree d' in the second variable defined on Q = [a, b] X [a’, '] C
R?, and let T = {my, : | € ZT,k € I] } be the THB-spline basis, where I] is the index set such
that the functions Ty, do not vanish on QO for k € I 7. And let h be the maximum cell between
all cells. Then there exist two constants K1(N) which depends on the number of the hierarchy
depth N and Ky such that

Ey(N)Hlell, < 1f1lp < Kallellp, (59)

for any f = Zi\;o Zkellf crmie € 6 and all sets of ¢ = {¢yy; }, where
K1(N) == h=Y2(1 4+ N)YP(1 + d)(1 + d')(2d(d — 1))42d' (d' — 1))? /d\d"! (60)

and
Ky :=[(b—a)( —a)]/P. (61)
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Proof The proof of this theorem can be completed by the method analogous to that used in
Theorem 5.1. [J

Remark 5.3 The constants K1 (V) in inequality (49) and (59) depend on the number of the
hierarchy depth. In fact, we cannot find a better constant such that inequality (49) and (59)
gets stronger. To verify this remark, we will construct a univariate quadratic hierarchical spline,
which will show the polynomial dependence. Let Q2° = [0,3] and take the grid with mesh size
1 on Q° And let the grid with mesh size 1/2! on Q!, [ > 1. In each dyadic level [, we remove
one B-spline, and truncate the other 3 B-splines with respect to B! on Q! and insert 4 little

B-splines at the next level [ + 1.
Q" =10,3],
Q=[1-1/2"41+1/272), for 1>1.

The corresponding THB-spline basis functions of the first four levels are shown in Figure 2. We
define f by

fzzzl'leZL (62)

1=0 keI,
where
ar =1, Vi, k. (63)
So we have .
1 1
£l = (15 1 da) =5 (64)
and
N 1 1
lellp =2 lax )7 = (3N +5). (65)
1=0 keI,
These imply directly that
1 1
[ell, = BN +5)7 > 3% = [|f|,. (66)

6. Conclusion

The hierarchical spline model provides a flexible and simple framework for adaptive function
approximation and detailed representation of geometric model. They can be linearly represented
by the truncated hierarchical B-spline basis. This basis forms a convex partition of unity and
has the smaller supports than those of the hierarchical B-spline basis. The stability analysis of
the truncated hierarchical B-spline basis is considered in this paper, since the stability of a basis
is important for the computer manipulations. We prove that the THB-spline basis is a weakly
L, stable basis, 1 < p < oo, by using some classical tools of mathematical analysis. This means
that the associated constants to be considered in the stability analysis are at most of polynomial

growth in the number of hierarchy depth.
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