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Abstract In this paper, we study some properties of dual Toeplitz operators on the orthog-
onal complement of Bergman space of the unit ball. We first completely characterize the
boundedness and compactness of dual Toeplitz operators. Then we obtain spectral properties
of dual Toeplitz operators. Finally, we show that there are no quasinormal dual Toeplitz
operators with bounded holomorphic or anti-holomorphic symbols.
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1. Introduction

For a fixed integer n, let B, denote the unit ball in C*. The Bergman space A?(B,) is
the Hilbert space of holomorphic functions on the unit ball B,, that are square integrable with
respect to normalized volume measure dV'.

The reproducing kernel on A%(B,,) is given by

1
(1= (zw))
where z = (z1,...,2p),w = (w1,...,wy,) € By and (z,w) = 2101 + -+ - + 2, Wy, If (-, )2 denotes
the inner product in L?(B,,dV), then (h, K,,)2 = h(w), for every h € A%(B,,) and w € B,,.

Let P be the Bergman orthogonal projection from L?(B,,dV) onto A%(B,,,dV), which is
given by

K,(z)=

(Po)(w) = (9. )2 = | o) TV )

for every g € L?(B,,) and w € B,,. In this paper, we use | - || to denote the norm in L?(B,,,dV).
Given f € L*°(B,,,dV), the Toeplitz operator T} is defined by
f(2)h(z)

15 (1) (w) = P(S)w) = [

b, T oy
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for h € A%(B,,) and w € B,,. The dual Toeplitz operator Sy with symbol f is defined by
Syu= (I = P)(fu)

for u € (A%(B,))*. Tt is clear that Sy : (A%(B,))t — (A%(B,))"* is a bounded linear operator.
In what follows, let @ denote I — P.

Although dual Toeplitz operators differ in many ways from Toeplitz operators, they do
have some of the same properties. The purpose of this paper is to study some properties of dual
Toeplitz operators on the Bergman space of the unit ball. Our results for dual Toeplitz operators
may offer some insight into the study of similar questions for Toeplitz operators on the Bergman
space. The reader can obtain corresponding details about dual Toeplitz operators in [1-7].

There is a natural and fundamental question: What is the relationship between the prop-
erties of an operator and its symbol? We shall recall some classical results. Brown and Halmos
[8] showed that the only compact Toeplitz operator on the Hardy space is the zero operator and
a Toeplitz operator is bounded on the Hardy space if and only if its symbol is bounded. This is
false for Toeplitz operators on the Bergman space. Axler and Zheng [9] completely characterized
compact Toeplitz operators on the Bergman space. Le [10] obtained that if the symbol of a
Toeplitz operator is continuous on the closed unit ball, then the Toeplitz operator is compact if
and only if its symbol is zero on the unit sphere. A characterization of compact dual Toeplitz
operators on the orthogonal complement of Bergman space has been obtained by Karel Stroethoff
and Zheng in [11]. In Section 3, we continue to investigate the boundedness and compactness of
dual Toeplitz operators on the Bergman space of the unit ball.

The symbol map on the Toeplitz algebra in the Hardy space has been an important tool in
the study of Fredholm properties of Toeplitz operators and the structure of the Toeplitz algebra
[12, Chapter 7]. Analogous to the symbol map in the classical Hardy space setting, in Section
4, we obtained the symbol map on the Bergman space of the unit ball. As an application of
our symbol map we obtain a necessary condition on symbols of a finite number of dual Toeplitz
operators whose product is the zero operator.

The spectral properties of dual Toeplitz operators on the orthogonal complement of the
Bergman space have been introduced and well elaborated by Karel Stroethoff and Zheng [11].
Further investigations from a spectral point of view has been done by Guediri [13]. In Section
5, we mainly study the spectral properties of dual Toeplitz operators on the higher dimensional
space. In addition, we obtain a necessary and sufficient condition for the inverse of a dual Toeplitz
operator to be a dual Toeplitz operator.

In the final section of the paper we discuss quasinormal dual Toeplitz operator on the
orthogonal complement of Bergman space of the unit ball. We use the operator £,, to prove that
there are no quasinormal dual Toeplitz operators with bounded holomorphic or anti-holomorphic
symbols. The purpose we defined quasinormal Toeplitz operator was to answer an open question
whether every subnormal Toeplitz operator is either normal or analytic on the Hardy space. The
original problem was reduced to whether every quasinormal Toeplitz operator is either normal

or analytic, it was completely solved by the authors in [14]. Guediri [13] showed that there are
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no quasinormal dual Toeplitz operators with bounded analytic or co-analytic symbols on the

Bergman space. The reader can obtain more corresponding details in [15-18].

2. Preliminaries

Both Toeplitz operators and dual Toeplitz operators are closely related to Hankel operators.
For a bounded measurable function f on B,,, the Hankel operator Hy is the operator A%(B,,) —
(A%(B,))* defined by
Hyh = (I —P)(fh) = Q(fh), he A*(By).
Under the decomposition L2(B,,) = A%(B,)®(A%(B,))*, for f € L>(B,,,dV), the multiplication

operator M is represented as

= | G 1 ,
Hy S¢
The identity My, = My M, implies the following basic relations between those operators:
Ty = T5Ty + H%Hga (1)
Stg = SySy + HyHg, (2)
Hyg = HyTy + Sy H,. 3)

Lemma 2.1 If f and g are in L>°(B,,,dV), a and 8 are in C, then
S; = S?, Saf+,gg = an + BSq

If f is a bounded holomorphic function on B, and g is a bounded measurable function on
B,,, then the following identities hold:

Spg = 5§Sq, S;7=25457, (4)
SyHg = HyTy, HgSy=TyHg. ()
Lu and Yang characterized the following condition for the product of two dual Toeplitz

operators to be a dual Toeplitz operator [19, Theorem 3.3].

Lemma 2.2 If f and g are in L*°(B,,,dV), then S;S, is a dual Toeplitz operator if and only
if f is holomorphic on B, or g is anti-holomorphic on B,,, in which case SySq = Sj,.
Suppose f and g are in L?(B,). Consider the operator f ® g defined by

(f®@g)h = (h,g)af
for h € L?(B,,). We also have
A(f®g)B" = (Af) ® (By),

where A and B are bounded linear operators.
For any multi-index o = (aq,...,a,) € N where N denote the set of all non-negative
integers, we write

ol = a1+ 4 an, al=ail - ap!
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and

(= J— 0(1..
2% = 2]

For ¢ € N, we have

~!
lv|=i
By the binomial rule, we obtain
n+1
_ +1)! -
K 1 =(1— n+l _ (n —1)¢ %
2 == (5w)) g Tt Y )
n+1
I
o z'n—l—l—z'

n+1
1)!
= E g Aiy2 WY, where A, = %
n —1 :
=0 |y|=i

Using the reproducing property of K,,, we have

1

1Kuwll? = (K, Ku)2 Kw(w):W7

thus the normalized reproducing kernel is given by

) n+1

(1 —[wf
(1= (z,w)"+t

Let w € B, — {0}. Automorphism ¢,, is defined by

kw(2) =

1—[w]?@
1—(z,w) ’

where P, is the orthogonal projection from C™ onto the one dimensional subspace [w] generated

‘Pw('z) =

by w, and @, is the orthogonal projection from C™ onto C" & [w]. When w = 0, we simply define
©w(2) = —z. The reader can get more details about automorphism ¢,, in [20]. Define an operator
Uy on A%(By,) by Uyh = (howy)kw, h € A%(By,). Then U, is unitary. Furthermore, Tfo, U, =
UwTy. We have the following fact about the normalized reproducing kernel [19, Lemma 2.3].

Proposition 2.3 For all w € B,,, we have

n+1

b @kw =Y > NinyTyy T

i=0 [7/=i
For a bounded linear operator T on (A%(B,))* and w € B, we define the operator £,,(T)

by
n+1

Lo(T)=> > NiySuy TS

=0 |y|=i
The operator L, (T) gives rise to an interesting characterization of dual Toeplitz operators on

the orthogonal complement of the Bergman space of the unit ball.
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Proposition 2.4 Let Sy be a dual Toeplitz operator on (A%(B,,))*, for f € L*°(B,,). Then

Ly(Sg)=S5_4 , forall we B,.

TR 12
Proof Fix w € B, we have
n+l n+1
Lo(Sp) =D > XNinSe1SrSzmr =D > AinSipp s = S,
i=0 |y|=i i=0 |y|=i
where
n+1
W) =1(2) D] ) Nialeh (@)
i=0 |y|=i
_ nt+l _ f(z)
= f(2)(1 = (pw(2), pu(2))) = K. w(Z)HQ' U

We also have the relationship between the operator £,,(T) and Hankel operators. It can be
obtained by (5) and Proposition 2.3.

Proposition 2.5 Let f and g be in L>°(B,,). Then we have

Lo(HpHZ) = (Hpky) ® (Hgka).

3. Bounded and compact dual Toeplitz operators

In this section, we will characterize the bounded and compact dual Toeplitz operators. The
dual Toeplitz operator Sy is densely defined by the formula S¢h = Q(fh), where f is in L?(B,,)
and h is in A?(B,,)(L>°(B,). For w € B, and 0 < s < 1 — |w|, let g, s be the function on B,
defined by gy,s = (21 — W1)Xw+sB, (2), for z € B,,. For any multi-index oo € N", we have

/ 2w, sdV (z) = / (z+w)*zdV(z) = 0.
n SBn
Thus gy, € (A%(B,))* and (71 — W1)gw.s € (A%(By))*. Let uy s = 7222, The function w, s

lgw,sl
is the unit vector in the space (A2(B,))" .

Lemma 3.1 The function u,, s — 0 weakly in (A%(B,))*, as s — 0%.

Proof Let ¢ € L?(B,,,dV). The Cauchy-Schwarz inequality gives

1
2

Wogwelal =] [ wim v @] < loal ([ wepave)”

so that

el < ([ pERavE)’,

w+sBy,

Thus w, s — 0 weakly in L?(B,,,dV) as s — 07, which gives the stated result, since (4%(B,))* C
L2(Bn,dV). O

=0.

Lemma 3.2 Let f € L*(B,,dV). For each w € By, lim, o+ |\H§uws|



Dual Toeplitz operators on the unit ball 715
Proof Fix w € B,,. For each z € B,, we have

Hioa) = | [ 1000 WV )

<ol [ ORIV’

([ rormpavm)”

Integrating with respect to z gives

1) = | [ | Hjuna2)Pav ()
By

<[ wor{ [ immpavehave)

n

Using [ [K.(N[AV(2) = [ [Ka(2)]?dV (2) = (Ka(2), Kx(2))2 = qyxpyees, We get
2
) < [ S

wrop, 0= PR
S T T o, PO

Since fw+an |F(NV)[2PdV (M) — 0 as s — 0, we can obtain the stated result. (J

dV(\)

Lemma 3.3 Let f € L*(B,,dV). For a.e. w € By, |f(w)| = lim, o+ ||Sfuw,s|-

Proof Note that Msu = Sru+ H§u, and S’fuJ_H%u for every bounded u € (A?(B,))*. Thus
IMpul® = |[Spul® + | Hyul*

Taking « = s in the above equality, by Lemma 3.2 we have

I?

. 1 2
sl—lgl+ HMfuw’S a sl—l>%l+ HSwa,sH '

We claim that

=|f(w)P,

o) <s )Pl — w2V (2)
lim || M, )% = lim Sl .
s—0+ ’ s—0+ f\z—w\<s |21 — w1 [2dV(2)

for a.e. w € B,,. Clearly this claim will prove the stated result. Using the fact that

/ v = / |1 2dV () =
z—w|<s

n

82n+2

n+1

and

V(B(w,s))_/zw<st(z)—52"/B dV(z) = s*",

n

we have
‘ flsz|<s If(2)|%21 — w1]?dV (2)
Jimw<s 121 — w12V (2)

(n+1)s? [, s [IF )P = [f(w)[*|dV (2)

~ )P < e

(n+1) [y I = | F@)laV (2)
V(Bw,s) |
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z 2_ w 2 z
Let A= {w € B, : lim,_,+ JBw.s) ||f‘(/();(w|£§) V) 0}. It is a classical theorem of Lebesgue

that the complement of the above set in B,, has volume measure 0 (see [21, Theorem 8.8]). O

Theorem 3.4 Let f € L?(B,,,dV). Then S is bounded if and only if f € L>(B,,), in which
case || S¢[| = || f]loo-

Proof If f € L*°(B,,), then Sy is bounded with ||S¢|| < | f]lco. To prove the “only if” part,
suppose that Sy is bounded. Then ||Sfuy s|| < [|Sf]], for all w € B, and 0 < s < 1. It follows
from Lemma 3.3 that || f]|e < ||Sy]. O

Theorem 3.5 For f in L>(B,,), Sy is compact if and only if f =0 a.e. on B,.

Proof Since u, s — 0 weakly in (A%(B,,))", if Sf is compact, then for each w € B,, we have
|Sfuw,s|| — 0 as s — 0T, and it follows from Lemma 3.3 that f =0 a.e. on B,,. O

Theorem 3.6 Let f and g in L>°(B,,). If S;S, is a compact perturbation of a dual Toeplitz
operator Sy, then f(w)g(w) = h(w) for almost all w € B, and HyH} is compact.

Proof Since S;S4 — Sp, is compact, then using (2), we see that the operator
ng—h — Hng = Sng — Sh
is compact. The function u,, s — 0 weakly in (4%(B,))*, as s — 0. Thus
[(Spg—n — HpHZ)t,s|| — 0.
By Lemma 3.2 we also have
| H p HZuy s|| — 0.

Thus
[1Sfg—nttw,s|| — 0.

Applying Lemma 3.3 we see that
[1S¢g—nvw,sll = |f (w)g(w) = h(w)],

for almost all w € B,,. Since f(w)g(w) — h(w) = 0 for a.e. w € B,,, we have that Sp,_j, = 0.
Hence HyH is compact. []

4. Symbol map on the dual Toeplitz algebra

The symbol map on the Toeplitz algebra in the Hardy space setting was described in
[12, Chapter 7]. Stroethoff and Zheng [11] obtained the existence of a symbol map on the dual
Toeplitz algebra in the Bergman space of unit disk. In this section, we will show the existence

of a symbol map on the dual Toeplitz algebra on the Bergman space of unit ball.

Lemma 4.1 If the operator S is in the closed ideal generated by the semicommutators of all

bounded dual Toeplitz operators, then

[1StUw sl = 0
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for allw € B,, as s — 0.

Proof If operator S is in the closed ideal generated by the semicommutators of all bounded
dual Toeplitz operators, then S can be approximated by a finite sum of finite products of dual

Toeplitz operators or operators of the form Sy, — SfS;. Noting that
Sty —SpSy = HyH,

Lemma 3.2 gives that
1(Srg — S¢Sg)thw,s|

for all w € B, as s — 0%. To prove the stated result, it suffices to show that for f,g,h1,...,hn €
L>(B,),

— 0,

1(Sfg — S§Sg)Shy - -+ Sh, tw sl| — 0,

for all w € By, as s — 0. This can be proved using induction. Let h = hq, repeatedly using (2)

we have
(Spg = 5759)Sh = SpgSh = SySgSn = SpgSn = Sy(Sgn — HgHy)
= ngSh — Sngh + SngH%
= (Sggn — SpSgn) = (Sygn — SgqSn) + SpHgHy
= HfH;—h — HypgHr + Sy HyHr.
Using Lemma 3.2 we conclude that |[(Syg — S§Sy)Shuw,s|| = 0, for all w € B, as s — 0F. The
case n > 2 can be proved similarly. The induction step follows from the observation that
(Sgg = S5Sg)Shy -+ Sh =(Sgg = S5Sg)Shy +++ Shy—2Sho_ihs
- (qu - Sng)Shl U Shanthle}t_n’

forn > 2.0

Proposition 4.2 For f1, fo,..., fn € L°°(B,) the operator
SpSpySp = Sifota
belongs to the closed ideal generated by the semicommutators of all bounded dual Toeplitz

operators.

Proof Writing
St Sy Sty = Stifafn =St (S Sty = Spaefn) + S Sac ot = Stifare s

the statement follows by induction. [J

Let B((A%)1) be the set of bounded linear operators on (A2(B,))*. If F is a subset of
L>(B,,), then we write Z(F) for the smallest closed subalgebra of B((A2?)+) containing {S; :
f € F}. The dual Toeplitz algebra is Z(L*°(B,,)). Let D be the semicommutator ideal of the
dual Toeplitz algebra Z(L*>(B,,)). We will show the existence of a symbol map from the dual
Toeplitz algebra Z(L*°(By,)) to L>®(By,).
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Theorem 4.3 There is a contractive C*-homomorphism p from the dual Toeplitz algebra
Z(L>°(By,)) to L>®(B,,) such that p(Sy) = f, for all f € L>°(B,,).

Proof First we define p on finite sums of finite products of dual Toeplitz operators. If S =
Z?:l Sfil SfiQ U Sfmiv we define

n
p(S) = Zfilfz? o fing-
i=1
We must prove that p is well-defined. Suppose that S has another representation:
m
S= Z Sgil Sgiz e Sgimi'
i=1

Let F = >" fifio:+ fin, and G = 37" gi1gi2* * * Gim,- We only need to show that F(w) =
G(w) a.e. on B,. Sp — Sg is in D, since S — Sp and S — S¢ are in the semicommutator ideal
D. By Lemma 4.1 we have

lim ||(SF — Sa)tw,sl| = 0

s—0t

for a.e. w € B;,. On the other hand, Lemma 3.3 gives that
|F(w) = G(w)| = lim_[|(Sp = S&)uw,s|-
s—0t

Thus F(w) = G(w) a.e. on B,. So that p is well-defined.
For each S € Z(L*°(B,,)) and a given positive integer n there is a finite sum F), of finite
products of dual Toeplitz operators such that
1
By the first part of the proof, p(F,) is well-defined. The sequence {p(F,)} in L>(B,) is a
Cauchy sequence, since
Ip(Fr) = p(Fm)lloe < [|Fn — Finll-

We define p(S) to be the limit of the Cauchy sequence {p(F),)} in L>°(B,,). It is easily seen that
p(S) does not depend on the chosen sequence {F),}.

The mapping p is clearly linear, and it is seen that p(S*) = W To prove that p is
contractive, it suffices to show that ||p(S)|ec < ||:S]] if S is a finite sum of finite products of dual
Toeplitz operators. Writing F' = p(S), the operator D = S — SF is in the semicommutator ideal

D, so that by Lemma 4.1, lim,_,o+ || Dty s|| = 0. Using Lemma 3.3 it follows that
18]l = [|SF + DIl = lim_[[(Sp + D)uw,s|| = [F(w)],
s—0t

for a.e. w € By, proving that indeed ||p(S)|lco = [|Floc < ||5]]-
To prove that p is a C*-algebra homomorphism, it suffices to prove that p(ST) = p(S)p(T),
for operator S and T which are finite products of dual Toeplitz operators. Clearly it will be

sufficient to show that
p(Sp -+ Sr.) = p(Sp) -+ p(St.),
for f1,..., fnin L>=(B,). O
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We call p the symbol map on the dual Toeplitz algebra Z(L*°(B,,)). Define the mapping
€: L=(B,) — B((A%)1Y) by &(f) = Sy, for f € L=(B,,).

Theorem 4.4 If D is the semicommutator ideal of the dual Toeplitz algebra Z(L*°(B,,)), then
the mapping £ induced from L™ (B,,) to Z(L*°(By,))/D by £ is a *-isometric isomorphism. Thus

there is a short exact sequence
(0) = D — Z(L=(B,)) & L>(B,) — (0)
for which £ is an isometric cross section.

Proof The mapping ¢ is obviously linear and contractive. To show that ¢ is multiplicative,
observe that for f and g in L*°(B,,),

§()E(g) —&(fg) = S¢Sy — Spg

is in the semicommutator D. Thus £ is multiplicative on L>(B,,).
To complete the proof, we show that ||S; + K|| > ||S¢||, for f € L>(B,,) and K € D, and
hence € is an isometry. Note that ||Sy|| = || f[|co- So it suffices to show that || Sy + K| > ||f]lco-

Since K is in the semicommutator, by Lemma 4.1 we have

lim || Kuys|| =0,

s—0t ’
for all w € B,,. By Lemma 3.3 we also have

= i S w,s ||
F)] = Tim 1S
for a.e. w € B,,. Thus
1S; + Kl = lim [[(Sy + K)uw,s| = [f(w)],

s—0t

for a.e. w € B,,. So this gives that ||.Sy + K|| > || f||oc, which completes the proof. O

Theorem 4.5 The semicommutator ideal D contains the ideal K of compact operators on
(A%(By))™

Proof First we show that D contains the rank one operator z* @ z°, for all a and § in N”.
As a special case of Proposition 2.5 we have
Ea ®EB = Hga(l ® 1) ;B = EQ(HEaHgg)

n+1
=33 Xiy Sy Hza Hs S

=0 [y
n+1
=D > Ny Seap Hae Hz S

i=0 |vy|=i

By (2),
Hga ;3 = Szazﬁ - SEO‘Szﬂ eD.

It follows from Lemma 2.2 and Proposition 4.2 that z* ® z° € D.
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Next, we will show that the set D is irreducible in (A%(B,))*. Let N be a closed linear
subspace of (A%(B,))* which is reducing for D. We have to show that ' = (A?(B,))*. We
first prove the following claim.

Claim. The functions z; € N, 1 <i < n.

Since A is nonzero, it contains a nonzero function ¢. Since the linear combinations of the
functions z®z? are dense in L?(B,,dV), ¢ cannot be orthogonal to all 22Z%, and thus there
exist multi-index @ and 3 such that (g, 2%2%)s # 0. Since ¢ € (A?(B,))* is orthogonal to the

function 2%, we must have § > 0, thus there exists some 5; > 0. Note that
(9, 2°2%)9%; = (2°2% 0, 2;)9%i = (Sza, 9, %27 = (21 © 7)) S0 0,
where 8" = (01,...,8j-1,8; — 1, Bj+1,-..,0n) = 0. By the first part of the proof, zZ; ® Z; € D.
Since D is an ideal, (Z; ®Zj)S;a s € D. Because N is reducing for every operator in D, we have
(@, 2°7%)9%Z; € N. Since (p, 222%)5 # 0, we conclude that Z; € NV, and our claim is proved.
Now let ¢ be a function in (A2?(B,,))* which is orthogonal to . If o = 0 and 3 = 0, where

we can assume 3; > 0, then (Z; ® Z;)S5a,s € D, and since N is reducing for D it follows that
(¥, 2927 )27 = (2i ®%;)Sz0,0 9

is orthogonal to A. Since Z; € N/, we must have (1, 24Z°) = 0. Note that this is also true if
B =0, since ¥ € (A%(B,))*. So v is orthogonal to functions z%Z°, for all o and 3 in N*. We
conclude that 1) = 0 a.e. on B, and hence N’ = (A2(B,,))+. This completes the proof that D is
irreducible. [J

Note that D contains the nonzero compact operator z* ® z° = (1 ® 1)HZ,. By
[11, Theorem 5.39], D contains the ideal K of compact operators on (A?(B,))*.

Theorem 4.6  The C*-algebra I(C(B,,)) contains the ideal K of compact operators on

(A%(B,))* as its semicommutator ideal, and the sequence
(0) = K — Z(C(By,)) — C(By,) — (0)

is short exact; that is, the quotient algebra Z(C(B,,))/K is *-isometrically isomorphic to C(B,,).

Proof Write S to denote the semicommutator ideal in the dual Toeplitz algebra Z(C(B,,)). By
the proof of the previous theorem, K is contained in S. For two continuous functions f and g on

By, by (2) the semicommutator

Sty —S§Sy = HyHy

is compact. Since S is generated by semicommutators of dual Toeplitz operators with symbols
in C(B,,), it follows that S is contained in K. Hence K equals the semicommutator ideal S. OJ

The symbol mapping can be used to obtain the following generalization of Theorem 3.5.

Theorem 4.7  Let fi,...,f, € L*(By,). If the product Sy Sy, --- Sy

is compact, then
fi(w) -+ fn(w) =0 for almost all w in B,,.
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Proof If Sflez < 'Sf

n

is compact, by Theorem 4.5, Sy, Sy, --- Sy, is in the semicommutator
ideal D. Using Proposition 4.2 we see that Sy, ,...,, is in D. It follows that p(Sy, fyep,) =
fifo--fn=0ae. on B,. 0O

5. Spectral properties of dual Toeplitz operators

In this section we discuss the spectrum and essential spectrum of dual Toeplitz operators

on the orthogonal complement of Bergman space of the unit ball.

Proposition 5.1 Let f be a function in L>°(B,,). If Sy is invertible, then f is invertible in
L>(B,,).

Proof Assume that for some § > 0 we have ||S;ul > 6, for all u € (A%(B,,))* with |jul| = 1.

By Lemma 3.3, for a.e. w € B,, we have
=1 Sty || > 0.
F@) = Tim (1S g >
This completes the proof.

Theorem 5.2 Let f be a function in L*°(By,). If Sy is invertible, then S;l is a dual Toeplitz

operator if and only if f is holomorphic or f is holomorphic.

Proof For the if part, assume that Sy is invertible. Using Proposition 5.1 it follows that f is
invertible in L>°(B,,). We first suppose that f is holomorphic. It follows from (4) that S¢S 1= 1.
Therefore, by uniqueness of the inverse, we infer that the inverse of Sy must be a dual Toeplitz
operator S%. Similarly, if f is holomorphic, by (4), we see that S% S¢ = 1, hence S;l = S%,
which is a dual Toeplitz operator as well.

For the only if part, suppose that 5’]71 is a dual Toeplitz operator S, for some bounded
symbol g. On the one hand, since S;le = 548 = I = 51 is a dual Toeplitz operator,
then either f is holomorphic or g is holomorphic by Lemma 2.2. On the other hand, since
SfSJ?l = S¢S, = I = 51, again using Lemma 2.2, we obtain that either f is holomorphic or g
is holomorphic. Now, if f is holomorphic, then we complete the proof. If f is not holomorphic,
then § must be holomorphic and nonconstant (if g is a constant A, then S, = S;l = A, which
means that Sy = %I Jle., f= %, which is holomorphic), it follows that g is not holomorphic. By
“On the one hand” conclusion, we must have that f is holomorphic, which completes the proof.
O

If f is a measurable function on B,,, then the essential range R(f) of f is the set of all A
in C for which {z € B,, : |f(z) — A] < &} has positive measure for every £ > 0. We have the
following spectrum inclusion theorem, completely analogous to the spectrum inclusion theorem

of Hartman and Wintner for Toeplitz operators on the Hardy space [11, Corollary 7.7].
Theorem 5.3 If f is in L*°(B,,), then R(f) C o(S¢).

Proof Since Sy — A = Sy_, for A in C, using Proposition 5.1 it follows that R(f) C o(Sf). O
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Corollary 5.4 The mapping ¢ : L>(B,,) — B((A%(B,))*) defined by &(f) = Sy is isometric,
for f € L*(B,,).

Proof By Theorem 5.3 and [12, Proposition 2.28], we have
[flloe = 1S¢ll = 7(Sy) = sup{[A[ : A € 0(Sy)}
= sup{|A| : A € R(f)} = || flloe;
for f in L*°(B,,). O

Recall that an operator T is called nilpotent if some positive integral power T™ is zero
and the least such power is the index of nilpotence. An operator T is called quasinilpotent if
o(T) = {0} (or equivalently if lim,,_,o ||T7]|% = 0).

Corollary 5.5 There are no non-zero quasinilpotents (and hence no nilpotents) dual Toeplitz

operators.

Proof From Corollary 5.4, if S¢ is quasinilpotent, then
. L
1871 = 1 flloe = r(Sp) = lim [T"* =0,

it follows that f =0.0
In the sequel, we also have the following useful additional fact about dual Toeplitz operators

on the Bergman space of the unit ball.

Corollary 5.6 Let f be in L*°(B,,). Then Sy > 0 if and only if f > 0.

Proof If f > 0, we have (Stg,9)2 = (Q(f9),9)2 = (fg.9)2 = [ f(2)|g(2)]2dV (z) > 0, for
g € (A%(By,))*. Conversely, suppose that Sy > 0, its spectrum lies in R, by Corollary 5.4, we

obtain R(f) C o(Sy) C R*, it follows that f > 0. O

Stroethoff and Zheng [11] proved that the spectrum of a dual Toeplitz operator on the
Bergman space is contained in the closed convex hull of essential range of its symbol. The same
argument as the proof of [11, Theorem 9.3] shows that this is also true for dual Toeplitz operator

on the Bergman space of the unit ball.

Theorem 5.7 Since f is in L>°(B,) we have o(Sy) C h(R(f)), where h(R(f)) is the closed
convex hull of R(f).

A bounded operator S on (A?(B,))* is Fredholm if and only if the operator S + K is in-
vertible in the Calkin algebra B((A%(B,))+)/K. The following proposition states that a dual

Toeplitz operator can only be Fredholm if its symbol is invertible.

Proposition 5.8 If f is a function in L*°(B,,) such that Sy is a Fredholm operator, then f is
invertible in L*°(B,).

Proof If S; is Fredholm, then Sy + K is invertible in the Calkin algebra B((A%(B,))*)/K.
Since Z(L*°(B,))/K is a closed self-adjoint subalgebra of B((A%(B,))*)/K, it follows from
[12, Theorem 4.28] that Sy + K is invertible in Z(L*°(B,))/K. By Theorem 4.5, K C D, so
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S¢ + D is invertible in the Calkin algebra Z(L>°(B,))/D. It follows that f = p(Sy) is invertible
in L*>*(B,). O

The essential spectrum of a bounded linear operator S on (A%(B,,))*, denoted by o (S9), is
the spectrum of S + K in the Calkin algebra B((A?(B,))*)/K. We have the following inclusion

theorem for the essential spectrum of a dual Toeplitz operator.
Theorem 5.9 If f is in L*°(B,,), then R(f) C o¢(Sy).
Proof Since Sy — A = Sy_y for A in C, using Proposition 5.8 it follows that R(f) C o.(Sf). O

Theorem 5.10 If f is in L>°(B,,) such that both Hankel operators H; and H7 are compact,
then R(f) = 0c(Sy).

Proof By the previous theorem it suffices to prove that o.(Sy) C R(f). If A € C\ R(f), then
for some € > 0 we have |f(z) — A\| > ¢, for a.e. z in B,,. Thus g = ﬁ is in L>°(B,,). By (2)

Sj;)\Sg =1- Hng* and SgSf,)\ =1- HgH%.

Since both HyHZ and HQH% are compact, Sy_x + K is invertible in the Calkin algebra, so that
AeC \ O'e(Sf). O

6. Quasinormal dual Toeplitz operators

The operator T is quasinormal if T' commutes with T*7'. As known to all, the quasinormal
operator is subnormal. Guediri [22] showed that there are no quasinormal dual Toeplitz operators
with bounded holomorphic or anti-holomorphic symbols on the sphere, which adumbrates a

famous conjecture of Halmos. Similarly to [22], we can get the following Theorem.

Theorem 6.1 Let f be a bounded holomorphic function on B,,. If Sy is quasinormal, then the
symbol function f must be constant.

For bounded anti-holomorphic symbols, we also have the following result.

Proposition 6.2 Let f be a bounded holomorphic function on B,,. If S + is quasinormal, then

the symbol function f must be constant.

Remark 6.3 If f is constant, then S is normal and quasinormal. Theorems 6.1 and Proposition
6.2 can also be expressed as follows: If f is a bounded holomorphic or anti-holomorphic function.
St is quasinormal if and only if f is a constant. Then we can show there are no quasinormal
dual Toeplitz operators with bounded holomorphic or anti-holomorphic symbols.

For a bounded pluriharmonic function f, f = g1 + gy, where g; and g, are holomorphic, if
g1 = g,92 = A\g, where A\ € C, g is a bounded holomorphic function, we can get the following

result.

Proposition 6.4 Suppose that f = g+ A\g, where g is nonconstant and bounded holomorphic

function, A € C. If Sy is quasinormal, then Sy is normal and A must be unimodular.
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