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The Eigenvalue Problem for p(z)-Laplacian Equations
Involving Robin Boundary Condition
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Abstract This paper studies the eigenvalue problem for p(x)-Laplacian equations involving
Robin boundary condition. We obtain the Euler-Lagrange equation for the minimization of the
Rayleigh quotient involving Luxemburg norms in the framework of variable exponent Sobolev
space. Using the Ljusternik-Schnirelman principle, for the Robin boundary value problem, we
prove the existence of infinitely many eigenvalue sequences and also show that, the smallest
eigenvalue exists and is strictly positive, and all eigenfunctions associated with the smallest
eigenvalue do not change sign.
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1. Introduction

In the last decade, the study of partial differential equations and variational problems with
variable exponent growth conditions has been a very attractive field. These investigations are
stimulated mainly by the development of the study of electrorheological fluids [1], image restora-
tion [2] and the theory of nonlinear elasticity [3-5]. The eigenvalue problem involving variable
exponent is one of the important research field as well.

Nonlinear eigenvalue problem for the p-Laplacian equations with Dirichlet, Neumann or
Robin boundary conditions has been extensively studied by many authors, and it has many inter-
esting results as explained in the works of [6-10] and references therein. The nonlinear eigenvalue
problem for p(z)-Laplacian equations which possesses more complicated nonlinearity than the
p-Laplacian equations is also considered, but there is still a gape existing in the literature. We
point out that Fan [11,12] has made contributions to the study of p(x)-Laplacian eigenvalue prob-
lem. Moreover, the Steklov and Robin eigenvalue problems involving p(x)-Laplacian equations
have been respectively studied by Deng [13] and Deng et al.[14]. These investigations mainly
have relied on variational methods and deduce there exist infinitely many eigenvalue sequences,
and also give some suitable conditions for which the infimum of all eigenvalues is either zero
or positive. Mihailescu and Rédulescu have also studied the variable exponent eigenvalue prob-

lem in different cases [15-17]. We notice that all results obtained depend on Rayleigh quotient
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of two modulars, which are similarly defined in the case of p-Laplacian equations. The main
shortcoming of this method is lack of homogeneity of Rayleigh quotient with variable exponen-
t. To overcome the above mentioned shortcoming scholars [11-14] imposed some constrained
conditions. In their view, the difficulty is to compare the minimizers obtained from different
normalization constants.

Furthermore, the definition of eigenvalues using the Rayleigh quotient of two modulars is
not a proper generalization of the constant exponent case. Recently, Franzina and Lindqvist s-
tudied the Dirichlet eigenvalue problem, which is based on replacing the modulars by Luxemburg
norms of the variable exponent Lebesgue space in the Rayleigh quotient [18]. This homogeneous
definition of first eigenvalue of the p(z)-Laplacian has been firstly introduced in [18] as an ap-
propriate replacement for the previous nonhomogeneous notions in the literature. Franzina and
Lindqvist proved that the first eigenvalue is positive, and all eigenfunctions associated with the
first eigenvalue are continuous and strictly positive. According to the definition of the Rayleigh
quotient introduced by Franzina and Lindqvist, the asymptotic behavior and stability of eigen-
value for variable exponent problem were studied in [19-21]. Motivated by [18], we discuss the
eigenvalue problem for p(z)-Laplacian equations with Robin boundary condition in this paper.

This paper is organized as follows. In Section 2, we recall some important notions concerning
the variable exponent Lebesgue and Sobolev spaces. In Section 3, we establish the Euler-Lagrange
equation for the minimization of a Rayleigh quotient of two Luxemburg norms. In Section 4, we

prove the existence of infinitely many eigenvalue sequences for Robin boundary value problem.

2. Preliminaries

In order to deal with the variable exponent eigenvalue problem, we recall the theory of
Lebesgue and Sobolev spaces with variable exponents [22-26].
Let Q ¢ RY, with N > 2 be a bounded domain with Lipschitz boundary 9. For any

Lipschitz continuous function p : Q — (1, 400), we denote

l1<p™ = 1r€1£lp(ac) <p(x) <supp(z):=p" < N, forall x€ Q. (2.1)
z z€eQ
We consider the variable exponent Lebesgue space LP(*)(Q) defined as follows
LP@)(Q) = { |uis a measurable function on 2 such that/ lu(z)[P@de < +oo}

This space is equipped with Luxemburg norm

d
ulyiey = it { A > 0 / e ”“") <1},
Let variable exponent Sobolev space Wl’p(””)(Q) defined by
WhP@)(Q) = {u € LP@(Q) : |Vu| € LP(Q)}
with its norm

l1ullp@) = |Ulp@) + 1VUlpe),
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which is equivalent to

. . e d
o = mf {2 > 0 [ 150+ | S < 1),

Proposition 2.1 ([22,23,25,26]) Both (LP®) (), |- |p(x)) and (WHP@(Q), ||| ,(x)) are separable

and reflexive Banach spaces.

Proposition 2.2 ([22,25]) Assume that u € LP(*)(Q), v € L1®)(Q) and ﬁw) + ﬁ =1 for all
x € ). Then

/ luvldr < 2|ulp(e)|v]g(a)-

Proposition 2.3 ([27]) Let oy (u) = [q[[u[?™® + |VuP®) I3 i). For any u,u;, € WHP®)(Q)
(k=1,2,...), then we have
(1) o) <1 (= 1> 1) © gy() <1 (= Li> 1),
+
@) Nullp@) <1 = llullpm) < opa () < lully,-
P
(3) Nullp@y = 1= lullp ) < ope (w) < Jlull}

p(z)”
(4) Nlur — ullp@a) — 0 0p(z)(ur —u) — 0.

Proposition 2.4 ([23-26]) If q(z) € C(Q) and 1 < q(z) < p*(z), Yz € C(Q), then there is a
compact embedding WP() (Q) — LI1)(Q), where p*(z) = ]\Z,Vflgg) ifp(z) < N and p*(z) = +o0
if p(x) > N.

Proposition 2.5 ([22,28,29]) Let f,, be a sequence of measurable function in LP®)(Q), if f,, — f
a.e. in Q, and |f,(z)| < g(z) a.e. x € Q with f,g € LP®)(Q), then f, — f in LP)(Q).
Let a : 02 = R be a real function with a € L*°(02) and ™~ := infyepq a(x) > 0, and we

define the weighted variable exponent Lebesgue space as follows

P (90) = {u|u : 9Q — R is a measurable and

a(x)

a(x)|u(z)[P®do < —l—oo},
1)

equipped with the norm
. u(x) do
U|(p(z), a(x :1nf{)\>0;/ alz)| 2L |p(e) §1}
|ul(p(a), a(e)) ” (@) =1 o)

where do is the measure on the boundary 0. Notice that it is easy to prove that LZ Ei;(@Q) is

a Banach space.

Proposition 2.6 ([13,22]) Let p,)(u) = [yqla( |u|p(“’)]%. For any u, uy, € LZEB (09) (k=
1,2,...), then we have

(1) |ulpa), a@) <1 (=15>1) & ppay(u) <1 (=1;>1).

@) [ulpe), o) <1 1l agen < Poty @) < 1l aioy-

(3) [ulpay, ae) = 1= [ull 0wy < ooy (@) < [0l ae-

(4) |ur = ul(p(a), a@)) = 0 € Pp(a) (ur —u) — 0.

Proposition 2.7 ([13]) Suppose that a(x) € L") (9Q), r(z) € C(9Q) with r(x) > m for

all z € 0. If g(x) € C(ON) and 1 < q(z) < pi(w)(:z:) for all x € C(0%), then there is a compact
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(09), where p'(z) = D=V2@) i ) « N and pl(z) = 400 if

N—p(z)

embedding WP (Q) — ngg

( )>N pr(m)( ) (T()x)lpl( )

3. The Euler-Lagrange equation

In this section we prove the existence of a non-trivial minimizer and the Euler-Lagrange
equation corresponding to the minimizer. Moreover, we show A; is the smallest eigenvalue and
the existence of the strictly positive first eigenfunction.

Define

B : 9Q — Rto be a real function with g € L°°(0€2) and 5~ := 1%fﬂﬂ( x) >0, (3.1)
€

and
'Vl p)y + Ul p), ¢ (@)

A\ =
uEW P (Q), w0 |ulp(a)

(3.2)

In the following theorem we establish the existence of a nonnegative minimizer.
Theorem 3.1 There is a non-negative minimizer u € W) (Q) and u # 0 for (3.2) and \; > 0.

Proof (1) In view of (3.2), we state that A\; > 0.

(2) We can choose a minimizing sequence {u,} such that
A= lim ([Vn|pee) + [tnlpa) p(2))

with [tn|p;) = 1. Note that the sequence {u,} is bounded in W1P(*)(Q). Then there exists
a subsequence which still denotes {u,} and a measurable function u € WP (Q) such that
Uy, — U In Wl’p(m)(ﬂ). Combining Proposition 2.4 with Proposition 2.7, we get u,, — u in
LP®)(Q), Vu,, — Vu in LP®)(Q) and u,, — v in LZ((?) (09)). Therefore, together with the weak
lower semi-continuity of the norm, we infer that |ul|,) = 1 and

A< Valp) + [l pa). pe)) < Bminf([Vunlp@) + [unlpe@).se)) = A
(3) If Ay = 0, then there exists a minimizer u with |u[,,) = 1 such that
0= A1 = [Vulpe) + [l ), s
It follows that
|vu|p(r =0, |u‘ (2).6(x)) = 0-

Hence u = 0, it is a contradiction with |u|,,) = 1, consequently A; > 0.
This shows that v € W) (Q) is a minimizer. If u is a minimizer, so is |u|, which can be
obtained from the definition of ;.

The following theorem is giving the Euler-Lagrange equation associated to a minimizer.

Theorem 3.2 The Euler-Lagrange equation corresponding to the minimization of the Rayleigh

quotient (3.2) is given by

{ div(| 75 P02 ) = M(Q)S(u) |55 PO 25ty s
o V”) 26“+ﬁ( )T (u)K (U)IHu)IP(” *Hey =0 on@Q
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where

K(u) = IVulp(m k(u) = |ulp@), H(w) = |ulp), s@)

| = i [P dz | = i [P dg
S(u) = %7 T(u) == % (3.4)
Jal E(uw) | faQ H( )|p do

Proof Assume that v € W'P(®)(Q) and € > 0 is small enough, let Q(z) = u(z) + ev(z) and we

write

f1(€) = IVQlpw), f2(€) = [Qlp(a) and f3(€) = [Qp(a), ()
If u € WHP()(Q) is a minimizer of (3.2), then
K@)+ Hu) _ fi(e) + )

A = k() < ) , Ve>0.
That is
4 )+ 5(E)) _ (HE) 4 AENAE) (1) + HEBE o o,
de®  fa(e) f3(e) ’
Thus we get

(£1(0) + f5(0))73(0)

!
10)+ f(0) = S (35)
pplying |18, Lemma A.1|, then for any v belonging to ’ , We obtain
Applying [18, L A.1], then for any v belonging to WP (Q) btai
fQ K( ) |p(x)=2 V“ Vvdx
/ o / u
0 = (K0} = 2o (3.6
Jo! & )| ‘ _Qk(u)vdaj
!/ / ’LL
2(0) = (K'(u),v) = - : (3.7)
Jo! & u) [P@)dz
faQ B(z)| % |p(m) H(u) vdo
f300) = (H'(u),v) = 3.8
0 = ) = P (33)
Recalling equations (3.5)—(3.8), we have
QIK K(u) faQ ﬁ($)| uu) |P(:C)—2Hu vdo
fQ p(2)dg fm B(z |H(u |p(ﬂc)d0
B (K(u )+H ) Jol k(u) |P(®)— k(u)vdx
u) Jo| O] P@)dz 7
so that
Vu Vu - Vo UV
p(@)-2 dz + T(u / p@-2 Mg,
/Q‘KU' K<> Ol o
—2 L(w)dx (3.9)

The proof of Theorem 3.2 is completed. (]

Definition 3.3 (1) A pair (u,\) € W'P(#)(Q) x R is called a weak solution to the following
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Robin boundary value problem

{ ~div(| i 9 ) = AWl MOy (3.10)
| =288 4 BT () K ()] e P2 gt =0 0 06,
i
Vu Vu - Vo U uv
pla)-2 dr+Tw) [ Bla pl)-2 W4,
L= Ly T L T
_ _U p(a)—2 YU Lp(x)
AS(u) /Q " e, W0 e WHHO(@), (3.11)

(2) If (u,\) € WP (Q) x R is a weak solution to problem (3.10), then u and A are
called eigenfunction and eigenvalue, respectively. Notice that w is a nontrivial eigenfunction
corresponding to A in the problem (3.10).

Remark 3.4 If p(z) = p, the problem (3.10) can be written

—div(|Vu[P2Vu) = (DHz@ p-1yyp=2y,  in Q,

|U‘Lp(sz)

|Vu[p~28% 4 ((FHE@ )p—1 g jyjp =20 = 0 on O,

[ulp
LB (02

(3.12)

Theorem 3.5 )\; is the smallest eigenvalue of problem (3.10) and the corresponding eigenfunc-
tions are strictly positive. Moreover, they are called the first eigenvalue and the first eigenfunction
of problem (3.10), respectively.

Proof (1) If u is an eigenfunction corresponding to the eigenvalue A of problem (3.10), then
(3.11) holds. Taking v = w in (3.11) and using (3.2), we obtain
K(u) 4+ H(u)

A= T

Z )\17

then A; is the smallest eigenvalue of problem (3.10).

(2) Obviously, if u is an eigenfunction corresponding to A1, so is |u|, thus the first eigen-
functions are non-negative.

Assume W = %<, Then W >0, VIW = Y% k(u) = k(W)K (u) and K(W) = 1. From

K (u) K(u)’
Vu Vu U U
_d; p(z)—2 _ p(z)—2
W™ ww) TR Ry
it follows that
—div(|[VW|P@=29W) = \d(z)|W [P 2w, (3.13)
where
1 1 o VW P@dg
— p(z)—1 JQ
d(x) (k(w))

fQ |% |P(w)dx -

Multiplying both sides of (3.13) by any test function ¢ € C§°(2) (¢ > 0) and integrating over

Q, we have

/ VW [P@ 2T W Vpdz = A / d(z)|[W[P@=2W pdz > 0, (3.14)
Q Q
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so that W is a weak supersolution of problem (3.13). By virtue in [30, Theorem 4.1], we obtain
W(z) = W*(x) for almost every z € Q, where W*(z) is a lower semi-continuous representative
of W(x).

Since ¢ = W + ¢ — W, from (3.14), we infer that

/ VW [P@O =2 W (V(W + @) — VIV)dz > 0. (3.15)
Q
Applying well-known Young’s inequality, we get
/ VWP dg g/ VWP 2 YWY (W + ¢)de
Q Q

g/ VW PE (W + )| da
Q

p(z) p(z)
< [NV ERT YV s [ W@ ds, (3.16)
Q p(z) o p@) Q

namely,

+
[owr@as < 2 [ vor+op i,
Q p-Ja

and W is a quasisuperminimizer in §.
In [30, Theorem 4.1] and [31, Theorem 5.3], we obtain W > 0 in €2, thus v > 0 in Q. This
completes the proof. [J

Remark 3.6 According to [32, Theorem 4.4], the weak solutions to problem (3.10) are locally

Holder continuous if p(z) is Holder continuous.

Indeed, let
Vu Vu U U
A — p(z)—2 B _ p(z)—2
(10, 90) = | s P72 s B, V) = XS () s P
then it follows that
1 + 1 -
) > mi pT—1 p -1 p(x)
A(x,u, Vu) - Vu > mm{(K(u)) ’(K(u)) HVu [P
1 _
< - ypt-1 1t \p-1 p(z)-1
A, V)] < mase{( ) ™ () IV
and
1 + 1 -
< + pT—=1 (_~ \p -1 p(z)fl.
B V)l <t max{ () ™ ()l

This shows that the assumptions in [32, Theorem 4.4] hold, and consequently the weak

solutions to problem (3.10) are locally Holder continuous.
4. Existence of infinitely many eigenvalue sequences for Robin problem

In this section we discuss the variable exponent eigenvalue problem for Robin boundary

condition.
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Obviously, the problem (3.10) is equivalent to the following problem
{ —dv(I 55" ) + Sl W) ity = mS@Is PO P gty i Q,
KVZ)|p(x —2 9u 1 B(2)T (u) K (u)| 7 (z)— QH?U):() on 0,
with A =p — 1.
For any u € WP (Q), let F(u) = K (u) + k(u) + H(u), where K(u), k(u) and H(u) are

seen in (3.4). Set

(4.1)

My = {ue W@ (Q) : k(u) = 1}

and
Y ={AC M;: Ais compact and — A = A}.

We denote v(A) (see [33-35]) the genus of A € X, which is defined as
v(A) = inf{k : there exists h : A — R¥\ {0} such that h is continuous and odd},

if there is no integer in the above definition, we set v(A4) = +oo and y(g) = 0.
Applying Ljusternik-Schnirelman principle [34], we obtain that the problem (3.10) has in-

finitely many eigenvalue sequences {\,} such that

An = Aezgl(fA) Sup(|Vu|p($) + [ulp@), pp)y n=12,.... (4.2)

The following Theorem is the main result in this section.

Theorem 4.1 We have 0 < A\, < A\p41 and \,, — +00 as n — oo. Moreover, the problem
(3.10) has infinitely many solution pairs {+u,, A,} such that k(+u,) =1, F(tu,) —1 = A\,
and A\, = K(uy) + H(uy,). In particular, \; is the same as in (3.2).

In order to prove the Theorem 4.1, we need the following statement.

Lemma 4.2 Suppose F, k : WHP(#)(Q) — R are even functionals and F, k € C*(W'?(®)(Q),R)
with F(0) = k(0) = 0. Then, for any v € WP()(Q), we have

(x)—2 _Vu _u_|p(x)—2_u
(F'(u),v) :fQ R(w) |p Ry Yvdz Jo |k(u) P oy vd
fQ R )| p(@)dg fﬂﬁpﬂ(z)dx

Joa B@) g5 P92 gy vdo

Joa B@) gy [P do

and X
Jo \%M)V’(’”)_ Ty vde

R =R

Proof (1) According to the assumption of Lemma 4.2, the terms (F’(u),v) and (k’(u),v) can
be deduced from (3.6)—(3.8).
(2) Proving that F’(u) € (Wl’p(‘”)(Q))* and k'(u) € (W“’(“)(Q))*.

Using Young’s inequality, we have

L < w8 L™ e L e ey




The eigenvalue problem for p(x)-Laplacian equations involving Robin boundary condition 71

The last two terms on the right hand side of the above inequality are equal to 1, then we have

fﬂ |ﬁ|p(r)daj

(K" (), v)| < k(v)f =
QlE(u

= ]p@) < 1V]lpea)-

Similarly,

(K" (u), 0)| < [V0lp@), [(H'(w),0)] < [0l(p(a),8(a))-

It follows that

[{F" (1), 0)] <[olp(a) + [VUlp@) + 0], s@) = [10lpe) + 10, s6)
<1+ O)|vllp@),
where C' > 0 is a Sobolev constant from the embedding of WP(#)(Q) — Lg@)(m) Therefore,
F'(u) € (W'(Q))" and K (u) € (WHPE)(Q))".
(3) Showing that F'(u), k' (u) : WHP@)(Q) — (Wl’p(x)(ﬂ))* are continuous.
Set
w) :/ |L)\p(m)da:, Yu € WP (Q),

z) dx  __
we observe that f(u) > fQ|k(u) |p g = 1.

Using Holder’s 1nequahty, then for any v € WhP(*)(Q), we have

:|fQ ta |P(®)=2 gy fg\ﬁw(@*k&)vdx

() R(un)
f(un) f(u)

ot Un pay2_Un LU gy v
< [ e R Ry~ 7 R

1 1 U
< _ p(z)—1
< [ Plgas — ot

(K (un) = &' (u), v)]

u

/ f|v| | (:E)fzk(uin) _ |k2‘u) ‘p(zmk(u)m
< I, +2CIs,
where u
B = [ Wl = ol e
I = [[vllp(a) HWW k(ujn) N |kzlu) |p(z)72kztu)|p€$?31

and C' > 0 is a Sobolev constant from the embedding of W) (Q) « LP)(Q).

Since u, — u in WHPE)(Q), then u, — u in LP®)(Q) and [Un|p@) = [Ulp(z), 1€ K(un) —
k(u) as n — oc.

Using [29, Proposition 2.67] and noting the fact that u, — u in LP(®) (), then there exists
a subsequence (which is still denoted {u,}), and a function v € LP*)(Q) such that u, — u and
|un| < |v| a.e. in  for all n. Then, for n sufficiently large and € € (0, k(u)), we have

Up, U
ple) 7|p(1) a.e. in ,
™ i)
| n |p(z) < max{( ! )p+ ( ! )p_}|v|p(‘”) € L'(Q) a.e. in Q.
k(un) B k(u) — T k(u) —¢
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In view of dominated convergence theorem, we get

_Unp() g / U ) dp as m— oo
/Q |k(un)| Q |k(u)| 7

From dominated convergence theorem, we can deduce that Iy — 0, as n — oco. Let

W, = |—tn_|pla)-2_Un Y pa)-2 Y

- ‘k(un) k() ) fe(u)

)
According to the above discussion, we can prove that

W, — W a.e. in §,
+ 1

Wl =iy < maX{(k(u)l—s)p v

p(z)
Consequently, from Proposition 2.5, we get W,, — W in L@ -1 (Q), i.e., Iy — 0. Thus, |(k'(u,)—

_ p(x
)P Y ulP@) =t e L7t (Q) a.e. in Q.

u) —€

E'(u),v)] = 0, as n — oo.
Similarly, we infer that [(F'(u,) — F'(u),v)| — 0, as n — oo.
Hence, F'(u), k'(u) : WHP@)(Q) — (WHPE)(Q))* are continuous.

Remark 4.3 According to the proof of Lemma 4.2, we have

(1) Vv € L@ (Q), [ (1), 0)] < [oly.

(2) Vv € L@ (Q), (K (), v)] < [Vl

(3) Vu,v e LY (09), [(H'(w),v)] < [o]pe), 5

As u € M, we can deduce that &'(u) # 0, and so M is a C'-submanifold of W?(*)((Q)
with codimension 1. We denote T, (M7) the tangent space at u € My, i.e., To,(M;) = ker k' (u) =
{v e W»E@(Q) : (K(u),v) = 0}, F : My — R the restriction of F on M, and F’(u) the
derivative of F at u € Mj, i.e., the restriction of F”(u) on T, (M) (see [11]).

It is well known that if u is a critical point of F' on M, then (u, ) is a solution to problem
(4.1) (see [35]).

Lemma 4.4 Suppose F is a mapping of type (Sy), ie., if u, — w in W'P®)(Q) and
limsup,, . (F"(un), un — u) <0, then u, — u in WHP*)(Q),

Proof Since
(F'(un),yun) = K (up) + k(un) + H(uy) = [unllp(z) + [tnl(p(),8(x))
and
(F'(un), u) =(K'(un),u) + (k' (un), u) + (H' (up), u)
<|Vulp(a) + [ulp@) + [ulpe), s))
=lullp@) + [l @), s@)
by using Remark 4.2, we have (F”(wy,), t, —u) > [t lp(z) +tnl(p@), B)) = Ullp@) = U] (p(2),8())

and

liHLSUP(HUan(z) + [unl(p@), @) = 1Ullp@) = [Ulpe@), se)) < 1iTILSUP<F/(Un),un —u) <0.
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Using Propositions 2.4 and 2.7 and noting that u,, — u in W'?®)(Q), we have u,, — u in
Lr@)(Q), Vu,, — Vu in LP@)(Q) and u,, — u in Lp ) (092). Therefore, together with the weak

lower semi-continuity of the norm, we get
tim sup(|funllp) + [unl o) p)) < ulpa) + [Vl + [elpe), pe)
< iminf (fun (@) + [Viin|p) + [tnl o), s)))
= timinf ([[un ooy + 10 5007) -

Thus it follows that lim, oo |[tn||p) = ||t]|p()- Consequently, the conclusion holds as W@ ()

is uniformly convex.

Lemma 4.5 For all c € R, F satisfies the (PS). condition, i.e., for every sequences {u, } C M
such that F(u,) — ¢ and F'(u,) — 0 has a convergent subsequence.

Proof Suppose that u € My and w = =y, it is easy to see that k' (u) # 0 and w & T, (My).
Thus
WhPE(Q) = T, (M) ® {ow : « € R}.

Let P : WhP(®)(Q) — T,(M;) be a natural projection. Then for any v € WHP(#)(Q), there
exists a unique o € R such that v = Pv + aw. Since (k'(u), Pv) = 0, it follows o = (k' (u), v).
Consequently,
(F'(u),0) = (F'(u), Pv) = (F'(u),v) = a(F'(u), w)
Fr(u), u)
— Fl _ k/ < ?
< (u)7v> < (u)7v> <k/(u),u> I

and
(F'(u),w)

(K" (), u)
For any sequences {u,} C M such that F(u,) — ¢ and F’(u,) — 0 , then F(u,) — c and there
is a sequence {¢,} C R such that F'(uy) — ¢,k (un) — 0, where

(F' (un), un)
Cp =~ —> ¢, aS N — 00.
(K (un), un)
Noting that F(u,) — ¢, we conclude that {u,} is bounded in W'P®)(Q), and there exists a
subsequence that we still denote {u,} such that u, — u in W' (Q) and u,, — u in LP)(Q).

Then, from Remark 4.3, we deduce that

F'(u) = F'(u) — K (u).

0 < [(K'(tn), un — u)] < |un — ulp) = 0.
Since

0 <[(F'(un), un — u) = en(k (un), up — u)

<||[F'(un) — an,(“ﬂ)”(m/lm(m)(g))* Un — UHWLP(M(Q) — 0,

we have, (F'(uy),u, —u) — 0. Since Lemma 4.4 holds, we deduce that u, — u in WP@)(Q).

By virtue of {u,} € M; and u,, — u in LP(*)(Q), we obtain u € M; and the proof is achieved.
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Let My, F, k and F be defined above. We consider

Cp = inf sup F 4.3
AGE’Y(A)>"u€B (). (4.3)

The fact that W1P(#)(Q) is a separable and reflexive Banach space, then there exist {en}r, C
Whr@)(Q) and {f,}or, C (WHPE(Q)) " such that

1, ifn=m,
fnlem) = .
0, if n#m,

WP (Q) = span{e, : n=1,2,...}, (W'P@(@Q)* =span” {f,:n=1,2,...}.

Set

(WhP)(Q)),, = span{e;, 1 <i <n}, Y, = PWP(Q);, Z, = PWr@(Q

Jj=1 j=n

Then we have the following conclusions.

Lemma 4.6 According to the definitions of My and Z,,, we have

Proof Since k(u) = |uly(z), k(0) = 0.
If u, — u in WHP(®)(Q), then the embedding theorem implies u,, — u in LP®)(Q). So that
we can deduce that [ty |y — |u[p). Hence, k : WP () — R is weakly-strongly continuous.
Assume that there exist ¢ > 0 and {u,} C Z, N M; such that ||u,|[p) < co for any n.
Then,
lim sup [k(u)| > lim sup |k(u)| > nhHH;O |k(un)] =1>0.

n—roo UEZn7Hqu(a:)SCO neo ueZﬂﬂMh”qu(z)SCO

In [17,Lemma 3.3], it is a contradiction.

Lemma 4.7 Suppose that (4.3) holds, for any natural number n, then 1 < ¢, < ¢,41 and

lim,, o ¢ = +00.

Proof (1) For each n, as v(A) > n+1, then also y(A) > n, thus by using (4.3), ¢, < ¢p41. Note
that for any v € 3, F(u) = IVulp) + 1+ |l (pa), s)) > 1. In fact, if Fu) =1, IVulpey =0
and [u|(p(z),8(z)) = 0, then u = 0, it is a contradiction with |ul|,,) = 1. Hence ¢,, > 1.

(2) Lemma 4.6, for any ¢ > 0, implies that there exists ng such that, as n > ng, ||ul/p) > ¢
and v € Z, N M;. On one hand, [34, Proposition 2.3] and statement (b) imply that for any
Aed>, v(ANY,_1) <n—1; on the other hand, the codimension of Z, is less than or equal to

—1, and so for each A € ¥ with v(A) > n, AN Z, is nonempty by using (g) of [34, Proposition

2‘3]. Then,

¢p = inf sup  F(u) = inf max{ sup F(u), sup F(u)}
AT e A y(A)>n Aex UEAN(X\Yn_1),7(A)>n wEANY,—1,7(A)>n
= inf max{ sup F(u), sup F(u), sup F(u)}

Aex wWEAN(X\Yy_1\Z0n),v(A)>n UEANZn,v(A)>n wWEANY,_1,7(A)>n
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= inf max{ sup F(u), sup F(u)}
Aex wEAN(X\Yn_1\Zn),v(A)>n WEANZn,v(A)>n
> inf sup Fu) > c.

T Aex wEANZy,y(A)>n
Due to the arbitrariness of ¢, the assertion is proved. [
From Lemmas 4.5, 4.7 and the Ljusternik-Schnirelmann principle [34], we can easily deduce

the statement given by the following theorem.

Theorem 4.8 FEachc, (n=1,2,...) defined by (4.3) is a critical value of F', 1 < ¢,, < ¢41 and
¢n — 400 asn — oco. Moreover, the problem (3.2) has infinitely many solution pairs {£uy, fn}

such that k(+u,) =1, F(f+u,) = ¢, and p, = % = K(u,) + H(un) + 1.

Remark 4.9 According to Theorem 4.8, we have

n=Cp = inf sup F(u) (n=1,2,...).
H AEE,'\/(A)ZnueIZ ( ) ( )

Indeed, pp = pin - 1 = iy, - k(un) = Hn - <k/(un)vun> = <F/(un)aun> = F(Un) = Cn.-
Therefore, from Theorem 4.8, Eq. (3.2) and Remark 4.9, we infer that Theorem 4.1 holds.

Remark 4.10 Using the same method, we can discuss the Neumann eigenvalue problem.
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