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Abstract Let {X7 Xn,n > 1} be a sequence of i.i.d. random vectors with EX = (0,...,0)mx1
and Cov(X,X) = o%I,,, and set S, = 2?21 Xi;, n > 1. For every d > 0 and a, =
o((log log n)fd), the article deals with the precise rates in the genenralized law of the iter-
ated logarithm for a kind of weighted infinite series of P(|S,| > (¢ + an)o/n(loglogn)?).
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1. Introduction and main results

Throughout this paper, let {X, X,, n > 1} be a sequence of i.i.d. random vectors with
EX = (0,...,0)mx1 and Cov(X, X) = 021,,, 0 < 0o, and set S, = >_;" | X;, n > 1, where I,,, is
unit m x m matrix, Cov(Xi, X1) = (0uv)mxm i the covariance matrix of X1 = (X11,..., X1m),
Ouy = E(X14X14). Let N be the standard m-dimensional normal random vector. We denote by
C a positive constant which may vary from line to line, and by A convergence in distribution.
For t = (t1,...,tm) € R™, |t| = (31", t2)1/2 denotes Euclidean norm. Let logz = In(z V e),
loglogz = In(In(x V €°)) and |z] = sup{/,¢ < x,¢ € Z*}. The notation a,, = o(b,) means that
an /by, — 0 as n — oo.

Gut and Spétaru [1] proved that when m =1,

P S
lim &2 Z nlognpﬂsﬂ > ey/nloglogn} = o?.
n=2

eN\0

Zhang [2] deduced that when m =1,
. (loglogn)®~ r'b+1/2)
lim 2 3 (oglosn) > co/2nlogl ===
lim < Z wTogn  F S 2 eoy/2nloglogn} = ===,
holds for every b > 0. Xiao et al. [3] established that when m = 1,

|N|b/d

— (logl
lim 5b/dz MP{\&J > (¢ + an)ov/n(loglogn)?} = A

N0 nlogn
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holds for b,d > 0 and a,, = o((loglogn)~9), if EX = 0 and EX? = ¢2. Furthermore, they also

obtained

oo

: > 1 P{|Sn| > (¢ + an)ov/n(loglogn)?} = 3

el\% —loge nlognloglogn

n=3
for d > 0, a,, = o((loglogn)~¢) and m = 1. The law of the iterated logarithm has been extended
by many authors, the interested reader could see Huang et al. [4], Jiang and Yang [5], Wu and
Wen [6].

It is natural to ask whether or not the results of Xiao et al. [3] still hold in higher dimensional
case. In this paper we try to give an affirmative answer to the question. The following are our

main results.

Theorem 1.1 For b,d > 0, and a,, = o((loglogn)~?), we have

2/COT(m/2 +b/(2d))
T(m/2)b - W

= (logl b-1
gi\r"% gb/d Z mﬂ”{ﬁﬂ > (¢ + an)ov/n(loglogn)?} =

Remark 1.2 In Theorem 1.1, if m = 1, a,, = 0, d = 1/2, put v/2( = ¢, then (1) reduces to

gigg)(o%; %Pﬂ& > (V2Q)o/n(loglogn)'/?} = w
which is consistent to the result in Zhang [2].
Theorem 1.3 For d > 0, a,, = o((loglogn)~%), we have
lim ! i ! P{|S,| > (¢ + an)ov/n(loglogn)?} = 1 (2)
eN0 —loge —= nlognloglogn d

The idea of the proof of our main results comes from that of Xiao et al. [3]. We need the following

lemma.

Lemma 1.4 Suppose E|X|% < 00, 1 < a < 2. Then for z,y > 0,

eE| X[ )m/wmy)' 3)

P10 > 2} < nmB{IX| > g} + 2mn V(B

Proof By [3,Lemma 1] (see [7,8]), we have

- x
P{|S| > 2} <) P{|Sni| > —=
E|X5,] o/ (V)
< P{|X1;| > y)} + 2n®/ (V) €
s Zz:; [n {1X] >y} n (TLE|X1¢|O‘ Jrftyo‘*l/\/ﬁ) ]
< nmP{|X| >y} + anz/(\/my)( cE[X| )m/(\/my)’

nE|X|* 4+ zy*—1//m
where S, ; = >0} Xji, Xj = (Xj1,... jm) throughout this paper.

In the following two sections, for M > 3 and 0 < € < 1, set b(e) = |exp{exp{Me~1/}}].
There is no loss of generality in assuming o = 1 for the proof of the two theorems.
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2. Proof of Theorem 1.1

Proposition 2.1 For b,d > 0, we have

: > (loglogn)b~1 222D (m /2 + b/ (2d))
lim 2t/ Y S P{IN| 2 e(loglogn)} = T2 . (4)
Proof By the monotonicity of % f;(log log )24 ;,L//zzril(mm)dx for y large enough, we

have

(log1l
lim £%/4 Z oglogn)” ]P’{|N| > £(loglogn)?}

N0 nlogn
— lim Eb/d/ (log logy)bfldy /OO g™/ 2 lem/2 A
eN0 ee ylogy e2(log log y)24 2m/2F(m/2)

') o ,.m/2—1_—x/2
— lim i/ tb/(2d)_1dt/ wdx
eNO 2d e2 t 2m/2F(m/2)
oo ,.m/2—1,—x/2 x
— ilim/ :r/e/dx/ $b/(2d)—1 34
2d e\0 o2 2m/2I‘(m/2) &2
1 0 xm/Qflefx/Q 1 00 ZL.'rn/2flefcr/2
e v b/(2d)d S b/d/ .
b 51{% / 9mI20(m)2) " TN L o (my2)
00 m/2 1 71:/2
/ L0/ g
b 5\0 2m/2F (m/2)
2b/<2d '(m/2+b/(2d))
L'(m/2)b

Thus this completes the proof of Proposition 2.1. I

Proposition 2.2 For b,d > 0, we have

. (loglogn)’~
lim £b/¢ P > log1 P{|N| > (log1 =0.
o <zb:> nlogn \ {ISn| > ev/n(loglogn)*} — P{|N| > e(loglogn)*}| = 0. (5)

Proof Let
A, = sup |P{|Snl/v/n > x} —P{IN| > z}]|.
fAS
Then A,, — 0 as n — oo since Sy, /v/n 4N (see [9, Theorem 29.5, p.398]). Application of The

Toeplitz lemma [3, Proposition 2.2, 10, Lemma 3.2.3, p.120] yields

log1
b/d Z wmﬂs | > ev/n(loglogn)?} — P{|N| > £(log log n)%}|

nsre) nlogn
< cb/d Z (loglogn)*~! A,
- nlogn
n<b( )
Z (loglog )"~ 1A —0, ase—>0
(log logb (loglog b(e))® nlogn " ’ '

n<b(e)

Thus the proof of this proposition is completed. [
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Proposition 2.3 For b,d > 0, we have

1 1 b—1
lim limsup /¢ Z MPHN\ > e(loglogn)?} = 0.
M=o o\ S5 nlogn

Proof We could obtain

1 1 b—1
lim sup /¢ Z MP{|N| > ¢(loglogn)?}
N0 nohe) nlogn

© (ool b—1 oo m/2—1,—x/2
< Climsup et/ / (loglogy)™™" / e da
eNo b(e) ylogy e2(loglogy)2d 2m F(m/Q)
l,m/2flefz/2

> b/(2d)—1 >
<C M2dt dt/t 2m/QF<m/2)d:tc—>OasM—>oo,

00 b)(2d)1 o m/271 —x/2 o) m/2 1 7r/2 b)(2d)-1
t “hdt 7d = 7d t dt
/ /t 27}'L/2F(m/2 x \/; 27n/2r( /

0o m/2+b/(2d) 1 —1/2 00 m/2 1 —1/2
<C C ——d
/ S (my2) T / 22T (my2) =%

since

where the above equality comes from Fubini’s theorem. Proposition 2.3 is established. [J

Proposition 2.4 For b,d > 0, we have

(loglogn)’~
lim limsup /¢ IP’ Sp| > ev/n(loglogn 0. 6
i syt 52 LERELE 5, etop ') = )

Proof When 0 < b < 2d, we conclude by Markov’s inequality that

log1 b—1
lim sup /¢ Z MPH&J > ey/n(loglogn)?}
e\0 no5te) nlogn

1 1 b 1-2d ™
<Chmsup5b/d 2 Z %ZE\&”
eNo n>b(e) nologn
1 1 b—1—2d
~ Climsupet/t2 3 %m
eNo n>b(e) niosn
< C'limsup %2 (loglog b(e))’~ 4
eNO0

< CMP % 50, as M — .

For b > 2d, by Lemma 1.4, we see that

3 MP{|sn|ze\/ﬁ(loglog”)d}

WS nlogn
loglogn)?—1
n>b(e)
(log logn)b—1 1
o Z (loglogn) = Ly + Lo,

nlogn  (loglog n)QdT/\Faﬂ/‘F

n>b(e)
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where T is a positive constant to be specified later. On the one hand, we have

log log n)b—1—2dT/m

lim sup e %Ly < lim sup Ce?/4=2T/vm Z (
eNo eN\o0 nobe) n log n

< limsup C’gb/d*QT/\/m(log log b(g))b*ZdT/\/m
N0

< CMb—2dT/Vm 0, as M —

for any T > y/mb/(2d). On the other hand, for L;, without loss of generality assume 7' = 1. It
is obtained that

oglogn)’—1
> Uoglogn)™™ ki 111X| > ev/mloglogn)i}}

Ly
logn

n>b(e)

(loglogn)®~1 & , d . . d
Z WmZE{I{e\/;(log log j)* < |X| < ev/j+ L(loglog(j + 1))%}}
n>b(e) j=n

log logn)b~1

S E{{e/(loglog)! < |X| < ey/TF L(loglog(j + 1))4) 3 ¢

ji>b(e) n>b(e)

logn

From (loglogn)®~!(logn)~! — 0, as n > b(g) — oo, it follows that

Ly<C Y jE{I{ey/j(loglogj)* < |X| < e\/j + 1(loglog(j + 1))*}}

J>b(e)
<Ce? ) E{|X[’I{e\/j(loglogj)* < |X| < ev/j + 1(loglog(j + 1))}}
J>b(e)

< CeB{|X[2I{|X| > ev/b(e) (log log (<))} }.

Consequently, for b > 2d, we have
limsup e®/?L; < limsup Ce® 4 2RB{| X |?I{|X| > M%\/b(c)/2}} = 0.
eN\0 eNo
Therefore (6) holds for every b,d > 0.

Proposition 2.5 For b,d > 0, and a,, = o((loglogn)~%), we have
0 log 1 b—1
limsupe/d 3 dosloan)
e\0 ot nlogn
[P{[Sn| > (¢ + an)v/n(loglogn)?} — P{|S,| > ev/n(loglogn)?}| = 0. (7)

Proof Choose n; large enough such that M?/3 > |a,|(loglogn)? for all n > n;. If ¢ is so small
that b(e) > nq, then

Md/?) > |an|(loglog n)d > |an|(loglog b(s))d > |an|MdE_1,n > b(e)

[SUR )

whence —|a,| > —¢/2, n > b(e). It follows that

log'1 b—1
Z MPH&J > (e + an)v/n(loglogn)?}
n>b(e) nlogn
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<y (oglogn)™ b o\ (e an ) v/ (log log )}

n>b(e) nlogn
(loglogn)®~* d
< § | W]}D{w > (£/2)v/n(loglogn)?}.
n £

Then from Proposition 2.4, it suffices to get
)b—l

Y (loglogn)”™"

lim limsupe
nlogn

M=oo eNo n<b(e)

|P{|Sn| > (¢ + an)v/n(loglogn)*} — P{|S,| > ev/n(loglogn)?}| = 0.

By a similar argument of Proposition 2.2, we have

log 1 b—1
limsupe?/d 3 wx
e\0 <o) nlogn

‘P{|Sn| > (e + an)v/n(loglog n)d} —P{|N| > (¢ + an)(log logn)d}‘ =0.

Hence, it remains to get

lim sup £%/¢ Z logl# |P{|N| > (¢ + an)(loglogn)®} — P{|N| > e(loglogn) }’ =0
N0 WS Mlogn

or an even stronger result
: b/d (loglogn)*~! d d
limsup e E ——————P{(e — |an|)(loglogn)® < [N| < (¢ + |an|)(loglogn)®} = 0.
EN0 n<be) logn

But the left hand side of the above equality is no more than

log1 b—1 p(etlan|)?(loglogn)?® Zm/2—1 _z/z
lim sup /¢ Z (loglogn) /
(

N0 n<he) nlogn e—lan )2 (log log n)2 2m/2F(m/2)

b—1 p(e+lan|)(loglogn)? —m—1,—a2/2
) / r° 2dz
(

. loglogn
<C1 b/d (loglogn)”™* Bl
- e Z nlogn e—lan|)(loglogn)d 2m/21"(m/2)

N0 n<b(e)
1 1 b—1
< Climsup®/? Z Ogcl)ima(loglogn)d
N0 n<b(6) niogn
(log -1
<Climsup ———— g Z (loglogn)™ ogn)” lan|(loglogn)?

~o0 (log logb nse) nlogn

= 07
by the Toeplitz lemma since |a,|(loglogn)? — 0 as n — oo. Therefore we have the desired
result.

Now by Propositions 2.1-2.5 and the triangle inequality, we obtain the proof of Theorem
1.1. O

3. Proof of Theorem 1.3
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Proposition 3.1 For d > 0, we have

oo

1 > : P{|N| > e(loglogn)?} = é. (8)

im
eNO0 —loge ‘= log nloglogn

Proof We obtain

o0

1 1
li P{|N| > £(loglogn)*
s{r(l)—logsznlognloglogn {IN] 2 e(loglogn)%}

i 1 0o 1 q oo m/2—1 7:1:/2d
751{% —loga /e ylogyloglogy y/gz(loglogy)zd 2m/21(m /2) v
0 1 pm/2—1g—2/2
= / / ————dz
2d 5\0 —loge 2m/2T (m)2)
0 m/2 le —x/2 T q
2d 6\0 — 10g€ /52 2m/2F(m/2) x‘/gz t

1 i 1 ooxm/Qflef:v/21 q | m/2 le 7:r/2d
=240 —1oge/52 om/20(m)2) o ‘Tﬁl{%d/g 9m/20(m)2)

1 1 1 oo ,m/2—1,—x/2
— = lim / T ogxdr
d
1
d

%s\.o—loga > 2M/2T(m/2)

Indeed, since

1 m/2—1 1 ,.m/2—1,—z/2 —1/2 1
/xilogxdmg/ Llogwdx 67/ :vm/%llogxdﬂv7
£

> 27m/2T(m/2) > 27m/21(m/2) 2m/21(m/2)
1 Ly
lim [ 2™/? llogzdr =lim [ —logxdz™/? = —(2/m)?,
N0 £2 N0 2 m

and so

1 o8 xm/27167I/2 | d 0
0 —log€/€z 9m/20(mj2) ot T

This establishes (8). O

Proposition 3.2 For d > 0, we have

1 1

li P{|S,| > log1 N _P{IN| > e(log! al=o.

i s > nlognloglogn\ {ISn| > ev/n(loglogn)?} — P{|N| > (loglogn)*}|
n<b(e)

Proof The proof of this proposition is similar to that of [3, Proposition 3.2], so the proof is
omitted. I

Proposition 3.3 For d > 0, we have

1 1
li —————P{|N| > ¢(loglog n)¢} = 0.
s%—loge ;s)nlognloglogn {IN| = e(loglogn)“}

Proof From the proof of Proposition 3.1, we deduce that

1 1
li > P{|N| > £(loglogn)*
s{r(l)—logg >b()nlognloglogn {IN] 2 (loglogn)}
n €
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<O 1 /oo 1 4 /oo m/2—1 —w/2d
im Y ———dx
N0 —loge Jy) ylogyloglogy 2(log log )24 2™/2T(m/2)

0o m/2 1 —r/2
<Cl ——————dz =0
El\r% 710g€/ 2a b / 2m/2F (m/2) v ’

pm/2—1g—2/2
——d
/2d t / 2m/2]_’* m/2) v

is integrable. Thus this proves Proposition 3.3. [J

since

Proposition 3.4 For d > 0, one has

LY P{JSu] > cvilloglogn) ) = 0.
(

lim
eNo0 —loge nlognloglogn
n>b(e)

Proof The proof of this proposition is similar to that of [3, Proposition 3.4], so the proof is
omitted. OJ

Proposition 3.5 For b,d > 0, and a,, = o((loglogn)~%), one has

o0

1
I
Hf\sélp —loge 7;) nlognloglogn><
|P{[Sa| > (¢ + an)V/n(loglog n)?} — P{|S,| > ev/n(loglogn)*}| = 0.

Proof The proof of this proposition is similar to that of [3, Proposition 3.5], so the proof is
omitted. OJ

Finally, by the triangle inequality and Propositions 3.1-3.5, we obtain the proof of Theorem
1.3.
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