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Abstract In this paper, we obtain the integral representations and the coefficient estimates for
certain new subclasses of p-valent meromorphic functions associated with quasi-subordination.
Specially, we obtain the sharp estimates of Fekete-Szeg6 inequality.
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1. Introduction and motivation

Let A denote the class of functions, which are analytic in the open unit disk U= {z € C:
|z| < 1} and normalized by f(0) = f/(0) —1 =0.

Let 3, denote the class of meromorphic functions of the form
f)=2"+> a* P peN={1,2,..}, (1.1)
k=1

which are analytic and p-valent in the punctured open unit disk U* = {z € C: 0 < |2| < 1} =
U\{0}. In particular, we set 31 = X.
For two analytic functions f(z) and g(z), the function f(z) is subordinate to g(z), written

as follows
f(z) <g(2), 2€U,

if there exists an analytic function w(z), with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(2))
(see [1]). In particular, if the function g(z) is univalent in U, then f(z) < g(z) is equivalent to

f(0) = g(0) and f(U) C g(U).
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Let N be the class of all functions ¢(z) which are analytic and univalent in U and for which
¢(U) is convex with ¢(0) = 1 and Re{¢(2)} > 0,z € U. Also, let 2 be the class of analytic
functions w(z), normalized by w(0) = 0, and satisfying the condition |w(z)| < 1.

Cho and Noor [2] introduced the classes M S(n; ¢), MK (n; ¢) and MC(n, 8; ¢, 1) of the class
Yfor 0<n,A<1and ¢, € N as below

MS(i6) = (F(2) € s 1o (-3 5 - ) <o),
ME(6) = () € 22 (-4 L - <o)
and
MC(r. 5:6.) = {£(2) € £ 39() € MS(0), st~ L= ) <u),

The class M S(n; @), MK (n; ¢) and M C(n, B; ¢, 1) include several well-known subclasses of mero-
morphic starlike, meromorphic convex functions and meromorphic close-to-convex functions as
special case.

In 1970, Robertson [3] introduced the concept of quasi-subordination. For two analytic

functions f(z) and g(z), the function f(z) is quasi-subordinate to g(z), written as follows

f(2) <4 9(2), z€0,

if there exist analytic functions ¢(z) and w(z), with |p(z)| < 1,w(0) = 0 and |w(z)| < 1 such that
f(z) = p(2)g(w(z)). Observe that when ¢(z) = 1, then f(z) = g(w(2)), so that f(z) < g(z) in U.
Also notice that if w(z) = z, then f(z) = ¢(2)g(z) and it is said that f(z) is majorized by g(z)
and written f(z) < g(z) in U. Hence it is obvious that quasi-subordination is a generalization
of subordination as well as majorization. See [4-6] for works related to quasi-subordination.
According to the principle of quasi-subordination between analytic functions, we define the

following classes.

Definition 1.1 A function f(z) € ¥, of the form (1.1) is said to be in the class MS,, p, 4(1; ¢)

if and only if
1 (- 2f'(2) + pz* " (2)
p=n (L=p)f(z)+pzf'(z)
where 0 < < 1,0<n < p,d(z) e N,z € U*.

We note that

—n)—1=406(2) -1,

M, 56) = MSupai6) = 1) € By -2 (- ) 1,60 - )
and
o T T NV
M (156) = MS1pal0:9) = (12) € 5~ (=14 LBy ) 14, 06 - 1)

where 0 < n < p,¢(z) € N,z € U~

By the well known Alexander equivalence the following relation holds

f(z) € MKy 4(n;¢) & 2f'(2) € M S, 4(n; 9). (1.2)
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Definition 1.2 A function f(z) € ¥, of the form (1.1) is said to be in the class M C), 4(n, B; ¢, )
if and only if
1 (_zf’(z)
p=8" g2
Where g(z) € MSp,q(na ¢)70 S 7]7[3 < Pv¢(z)7¢(z) € sz S U*

—B) =1 =9(2) — 1,

Definition 1.3 A function f(z) € X, of the form (1.1) is said to be in the class MCK,, ,(n, B8; ¢, )
if and only if
1 (_(Zf’(z))'
p=8" g
Where g(Z) S Mkp,q(ﬁ»(b)ao S 777B < pa¢(3)7¢(z) S N,Z S U*

The bounds for coefficient give information about various geometric properties of the func-

—ﬁ)—1<q¢(z)—1,

tion. A sharp bound of the functional |az — Aa3| for univalent functions of the form f(z) =
z4+ Y e, apz® with real A (0 < A < 1) was obtained by Fekete and Szegd [7]. The functional has
since received great attention. Many authors have investigated the bounds for the Fekete-Szego
problem for various classes [8-16]. In particular, some authors start to study the Fekete-Szego
problem for various classes using quasi-subordination [17-22].

In this paper, we determine the integral representations and the coefficient estimates includ-
ing a Fekete-Szeg6 inequality of the above defined classes. Our results are new in this direction
and they give birth to many corollaries.

We need the following lemmas to prove our main results.

Lemma 1.4 ([23]) If ¢ is the function analytic in the open unit disk U, satisfying |¢(2)] < 1,
and let ¢(z) = co + c12 + 222 + -+ . Then |co| < 1, and |c1] < 1 — |col?.

Lemma 1.5 ([24]) Ifw € Q, and let w(z) = w1z +we2®+- -+, then |w1| < 1, and for any natural
number n > 2 |w,| <1 — |wi|?
Lemma 1.6 ([23]) Ifw € Q, then for any complex number t
|wa — tw?| < max{1, |t|}.
2

The result is sharp for the functions w(z) = z* or w(z) = z.

Lemma 1.7 ([25]) Ifw € Q, then

—t, ift< -1,
lwo —tw?| < 1, if-1<t<1,
&, ift>—1.

)

Whent < —1 ort > 1, equality holds if and only if w(z) = z or one of its rotations. If =1 < t < 1,

2

then equality holds if and only if w(z) = z* or one of its rotations. Equality holds for t = —1 if

and only if w(z) = zl)::;\zz (0 < A < 1) or one of its rotations while for t = 1, equality holds if

and only if w(z) = —z75% (0 < A < 1) or one of its rotations.
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Also the sharp upper bound above can be improved as follows when —1 <t < 1:
|wg — twi| + (t+ 1)]wi]* <1, —1<t<0

and
lwo — tw?| + (1 —t)wi|* <1, 0<t<1.
2. Integral representation
First, we give the integral representation of function in the classes defined in the paper.

Theorem 2.1 Let f(z) € MS, 4(n;¢). Then

where |p(2)| < 1,w(z) € Q,¢(2) € N.

Proof Suppose that f(z) € MS, ;(n;¢). According to Definition 1.1 and the relationship of

quasi-subordination, we have

L(fzf’(Z)
p—n f(z)

—n) =1 =¢(z)[pw(z)) - 1]. (2.2)

From (2.2), we get
'z p_ (=neR)dw(z) —1]

fz) = z
Integrating the both sides of the above equality, we obtain

log f(z) =logz"? — (p—1n) /Oz 0(&)[o(

Thus, we complete the proof of Theorem 2.1. (I

w(&)) —1]
3

Theorem 2.2 Let f(z) € MK, 4(n; ¢). Then

fe) = /0 IR (P /0 @(f)[¢(w§(£))—1l b, 23)

where |o(2)| < 1,w(z) € Q,¢(2) € N.

Proof From (1.2), zf'(z) € MS, 4(n; ¢), then by Theorem 2.1 we get

0 = (G- [ HOBED =10

or equivalently

F0) = Sy (g ) [ EOD =gy o)

Integrating the both sides of (2.4), we obtain (2.3). Thus, we complete the proof of Theorem
2.2.
Theorem 2.3 Let f(z) € MC, 4(n,5;¢,v). Then
RN SCEC IO (Y gLSCECIRL
0 0

tp+1 5

dg}dt, (2.5)



Some properties of certain subclasses of p-valent meromorphic functions 151

where |o(2)| < 1,]p1(2)] < L, w(2),wi(2) € Q,(z) e N

Proof Suppose that f(z) € MC, 4(n, B; ¢,). According to Definition 1.2 and the relationship

of quasi-subordination, we have

B ) 1= ) - 1 (2.6)
From (2.6), we get
o 2B De @) -1

z
Because g(z) € MS, 4(n; ¢), then by (2.1) in Theorem 2.1 we obtain

o0 = s resp g ) [ D Uy

Thus we have

o= 2EBDRCIBEN Tl o, [Ty g

Integrating the both sides of (2.7), we get (2.5). Thus, we complete the proof of Theorem 2.3. [

Theorem 2.4 Let f(z) € MCK, 4(n, 5; ¢,%). Then

/0 5 / =Rt EAOICEICIED P / %0<f>[¢<°2<f>>‘”dg}dtds,
(2.8)

where [p(2)] < 1,]p2(2)] < 1,w(2),w2(2) € 2,9(2) €N

Proof Suppose that f(z) € MCK, 4(n, B; ¢,1¢). According to Definition 1.3 and the relationship
of quasi-subordination, we have

1 (2f"(2))
e

= B) =1 =pa(2)[h(w2(2)) — 1]. (2.9)
From (2.9), we get

(2f'(2))" = [=p + (B = P)pa(2) [ (w2(2)) = 1]]g'(2)-
Because ¢g(z) € MK, ,(n; ¢), then by (2.5) in Theorem 2.2 we obtain

/(0= g (G- [ PN =y

Thus we have

(2 () = =2 (8 —p)sﬂiﬁ[iﬁ(m(ﬂ) “ U exp {(77 ) /O w(f)kb(wg(ﬁ)) —1] dg}.

Integrating the both sides of the above equality, we obtain

z tp+1 5

Integrating the both sides of (2.10), we obtain (2.8). Thus, we complete the proof of Theorem
2.4. 0
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3. Coefficient estimate

Throughout, let f(2) = 27P + a12' P +ag2? P+ ,g(2) = 2P + b2t 7P+ hp2? P 4o,
o(z) =cot+erzteaz?+, 01(2) =do+diz+dez? +---, 0a(2) =egterz+eaz? +-- -, w(z) =
wiztwez? 4+ wi(2) =tz +ta2? 4 wa(2) = s12+ 8022+ P(2) = 1+ Az + AgZ? -
#(z) =1+ B1z+ Byz? + -+, A1, B € R and Ay, B; > 0.

Theorem 3.1 If f(z) given by (1.1) belongs to MS, 4(n, ¢), then

la1| < (p — ) B, (3.1)
jaz| < P51 By + max{ By, (p — 1) B} + | B}, (3:2)

and, for any complex number \,
laz — Aaf| < ?[31 +max{Bu, (p — )2\ = 1|B} + |Ba[}]. (3.3)

The result is sharp.

Proof If f(z) € MS, 4(n, ¢), then there exist analytic functions ¢(z) and w(z), with |p(z)| <
1,w(0) = 0 and |w(z)| < 1 such that

L 2By = 0(2)(p(w(z)) —
T T T = e e) ). (3.4)
Since
L*Zfl(z)* —-1= 1az 2a— 1a2z2
p_n( f(Z) 77) 1 n—p 1 +(7’]—p 2 n—p 1) +
and
0(2)(p(w(2)) — 1) = Bicowiz + [Bieiwr + co(Biws + Bowi)]z? + -+, (3.5)

then, comparing both sides of (3.4) we see that
a1 = (n — p)Bicowr,

from which, by the inequality |co| < 1,|w;| < 1, we immediately obtain (3.1). Moreover we have

_n-p

a2 B)

[Biciwy + Bicows + co((n — p)Bico + Ba)wil.
Further,

%[Cﬂm +co(wz — ((n —p)(2A — 1) Bico — %)wl)]’

ag — \a? = i
1

then applying Lemmas 1.4 and 1.5, we get
By

-n)B
o2 = Al < LB oy — (- p) (23~ 1)Brco - P2l (3.
Using Lemma 1.6 to (3.6), we obtain
—n)B B
laz — Aaf| < %{1 +max{1,|(n — p)(2A — 1)Bico — B%f\}]- (3.7)

Observe that B Byl
|(n—p)(2X — 1)Bico — —2| < (p— n)[2A — 1| By + 22,
By B;
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and hence we can conclude (3.3). For A = 0 in (3.3), we have (3.2). The result is sharp for the

functions
f(z) = zPexp {(77 7p)/0 90(5)[(2525) —1] df}

and

f(z) = Z"’exp{(n—p) /0 @(g)[qs(;)_l]df}-

Thus we complete the proof of Theorem 3.2. [
Putting ¢(z) = 1 and w(z) = 1 in Theorem 3.1, we have the following two results.

Corollary 3.2 If f(z) € ), satisfies
1 z2f'(2)

P f(2)

—n) =< ¢(2),

then
il < (=B, s < P max{By,|(p — m) B} - Bal},

and, for any complex number \,
jaz = Aa?| < P max{ By, |(p — ) (2A — 1B} — Bal}.
Corollary 3.3 If f(z) € X, satisfies

RO
p—n f(2)

—n)—1<¢(2) -1,

then
ol < (=B, lazl < P (B + (p— 1) B + | Bl

and, for any complex number \,
p—
jaz = Aad| < B [B1 + (p—m)|2A = 1B} + [By)

Theorem 3.4 If f(z) given by (1.1) belongs to M Sy 4(n; ¢), then for any real number A and
co < 0,
E=DB 4+ (p—n)(2A = D) Bico + B2], A <o,
lag — Aai| < { (p—n)By, o1 <A< oo, (3.8)

E=DB[1 — (p— )2\ — 1)Brco — 2], A > 0.

Further, if 01 < A < 03, then

|az — Aaf| + kila1[* < (p — ) Br. (3.9)
IICO'3 S A S g9, then

lag — Xa3| + kala1|* < (p—n)By. (3.10)
For any real number \ and ¢y > 0,

C=PB1— (p— )2~ D)Bico — 2], A< o,
|02 - Aa:ﬂ < (p — T])Bl, o9 <A< o1, (311)

PB4 (p—m)(2A — DBieo + B2, A= ou.
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Further, if 0o < A\ < 03, then

laz — Aaf| + ko|a1|® < (p —n)Bi. (3.12)
IfU3 S A S a1, then
laz — Aa3| + kilai|* < (p —n)B, (3.13)
where
B, — B — p)B? B B — p)B? B — p)B?
ByeRoy= 2Bt 210) i . Bt Bt 2P) i . _Bat(n P)2 i
2(n —p)Bico 2(n —p)Bico 2(n —p)Bico
b= BLzBe— (= m@A-)Biey | Bit Byt (p—m)(2A ~ 1)Biey
2(p — n)Bic} ’ 2(p — n)Bic}

The result is sharp.

Proof Suppose that ¢y < 0. From (3.7), we have

(p —n)B1
2

laz — Aaf| < [1+ max{1, [¢[}],

where
By

t=(n-p)2A-1)Bico — 5=
1
If A <oy, then t < —1. Thus, by applying Lemma 1.7, we get the first inequality in (3.8).
Next A > o9, then ¢t > 1. Applying Lemma 1.7, we have the last inequality in (3.8).
Once more o1 < A < 09, then [¢| < 1. Thus applying Lemma 1.7, we obtain the middle
inequality in (3.8).
By an application of Lemma 1.7 and Theorem 2.1, bounds are sharp as follows. If A < oy
or A > o9, then the equality holds if and only if

f(2) = =P expl(n — p) / ) de}

or one of its rotations. When o1 < A < 03, the equality holds if and only if

 o(©e(€?) — 1

— P — d
12) = = expltn—p) | EEEE gy
or one of its rotations. If A = o1, then the equality holds if and only if
O)[p(€ y+€
f(z) =z exp{(n —p)/ POl ?”5) ]dE}
0

or one of its rotations. If A = g9, then the equality holds if and only if

Y+€
f(2) = 27 Pexp{(n — p)/o P(§)[o(— il-i_%) 1]

de}

or one of its rotations.
Last (3.9) and (3.10) are established by an application of Lemma 1.7. Also applying Lemma
1.6, we can prove (3.11)—(3.13) for ¢y > 0. Thus we complete the proof of Theorem 3.4. O

In Theorem 3.4, if ¢(z) = ng and ¢(z) = w, respectively, then the following

corollaries are obtained.
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Corollary 3.5 Let —1 < B < A < 1. If f(#) given by (1.1) belongs to M.S,, ,(n; iigz), then

for any real number X and ¢y < 0
= AZB 14 (p—m)(2A — 1)(A = B)eo — B, A <o,
laz — Aai| << (p—n)(A—B), o1 <A< oy,
(p—n)éA—B) M—(p—-—n@A—1)(A—-B)eg+ B], A>os.
Further, if o1 < A < 03, then
lag — Aai| + kalai[* < (p —n)(A - B).
IfO'g § A S agg, then
lag — Aaf| + kalai|* < (p —n)(A - B).
For any real number A and ¢y > 0,
EEBE=B1 — (p—n)(2A = 1)(A = B)eo + B], p < o3,
laz — Aaf| < { (p—1n)(A— B), o2 < p <oy,
L AB[1 4 (p—m)(2A = 1)(A = B)eo — B], > o1,
Further, if 0o < A < 03, then
lag — Aai| + kala1|* < (p — n)(A — B).

If o3 < XA < 0y, then
lag — Aaf| + kilai[* < (p—n)(A - B),

where
1 B+1 1 B—-1 1 B
By e Ryoy ==+ ,09 = — + o3 = -+ 7
? Y22 m(A Bt 2 20-n)(A-B)eo ° 2 2(p—m)(A- By
e 1+B 2N 1-B L2l
T2 -n(A-=B)& 2 7 20-m(A-B)@ ' 2¢

Corollary 3.6 Let 0 < o < 1. If f(2) given by (1.1) belongs to M.S, 4(n; w), then for

any real number A and cy < 0
20=n)(1—a)[l+(p—n)2A - 1)1 - a)cw], Aoy,
laz — Aaf| << 2(p—n)(1—a), o1 <A <0y,
—2(p —n)*(1 = a)*(2A = 1)eo, A> 0y
Further, if o1 < A < o3, then
lag — Aai| + karlas* < (p—n)(A - B).
If 03 < X < 09, then
lag — Aa3| + kolai* < (p—n)(A - B).
For any real number X and ¢y > 0,
2(]3—77)2(1_04)2(2/\_1)00; ASO'Qv
a2 = Aaf| < 2(p—n)(1—a), oy <A <oy,
20— —a)[l+(@—-n2A-1)(1-a)e, A=o1.
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Further, if 0o < A\ < 03, then

|az — Aai| + kalai|* < 2(p —n)(1 - ).
If o3 < XA < 04, then

lag = Aaf| + kilai|* < 2(p —n)(1 — ),

where
1 1 1 1

, 02 = - — ,03 = 5 — 9
T2 20—’ P2 4p-n-a)
22-1 1 LAl

T 2p -l -a)d T 20

Forp=1,a=0,n= %, cg = —1 in Corollary 3.7, we obtain the following result.

k‘ = —_—
! 260

Corollary 3.7 If f(z) given by (1.1) belongs to M Sy 4(%; 112), then for any real number A

8 1
9 A<3
a2 = Aai| < {4, 1<
5
A>3

The result is sharp. If A < % or A > %, then the inequality holds if and only if f1(z) = z7led? or
4 4
3e3%

one of its rotation; if £ < A < 2, then the inequality holds if and only if f(z) = 27 *(142) " 3e

or one of its rotation.

Theorem 3.8 If f(z) given by (1.1) belongs to MK, 4(n; ¢) for p > 3, then

/< P8, Jao] < BEZ 1 + max(Br, (v~ n)BE + Bl
and, for any complex number \,
— —n)|2pA(2 —p) + (1 — p)?
s — a2 < L= g gy, R WEPAC D) AP e

T 2(p-2)
The result is sharp.

(1-p)?

Proof From (1.2) zf'(z) € M S, 4(n; ¢), then (3.4) becomes

1 (_Z(zf’(z))’
p—n  z2f'(2)

—n) —1=¢(z)(6w(z) - 1)

or equivalently
R
p—n f'(z)

Using arguments similar to those in the proof of Theorem 3.1, we can obtain the required

—n) =1 =¢(z)(dw(z)) - 1).

estimates. Thus we complete the proof of Theorem 3.8. [J

Corollary 3.9 If f(z) € ), satisfies

L 2f"()
p—n( ! f'(2)
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then

p(p—n) p(p—n)B1 B
<L — 7 <L = 7 - — ——
las| < b1 By, az| < 20— 9) max{1, |(p —n)B1 BIH,

and, for any complex number \,

2
2 < Pe—n)B (p—m)[2Ap2-p)+(1-p)7], B
|a2 /\a1| = 2(]7_2) max{1,| (1_]7)2 Bl B1|}
Corollary 3.10 If f(z) € ¥, satisfies
1 zf"(2)
—-1- - —-1K¢(z)—1, p>3
p—n( f'(2) ) )
then
pp—n)B p(p —
o < PEZDB o) < BEZ D5 4 (p )5} + Bl

and, for any complex number \,

p(p —n) (P =222 —p) + (1 = p)?| 5

B B Bs|].
202 (=2 LB
Theorem 3.11 If f(z) given by (1.1) belongs to M K,, ,(n; ¢) for p > 3, then for any real number
Aandcy € R,co <0,

lag — )\a%| <

2
P(;(;Z);)?l = (p*n)[QP)(\?_*pl)?ng(l*P) ]Blco + %L u< oy,
lag — Aaf| < %, . o1 < p < oy,
p(2p(;j)21)91 1+ (p_n)pp)(\?,;];gﬂl_p) }3100 - %ﬂ» = o9.
Further, if 01 < u < o3, then
—n)B
4>~ Aa?| + I fon? < P2
If 05 < p < 09, then
—n)B
|(L2 — )\G%' + k2|a1|2 < %
For any real number p and ¢y € R, cy > 0,
_ _ _ _ 2
S P R
jas = Aaf| < ¢ HEomEL ] o2 < p <oy,
pg”(;i)jl 1- (p_")pp??__l,ﬁ}gﬂl_p) I Biey + %‘ﬂ, w>o.
Further, if 09 < p < 03, then
-n)B
laz — Aa2| + kolai|? < M
p—2
If o3 < p < 01, then
—n)B
laz — Aa2| + kilai|? < IM’
p—2
where
— )2 _ _ 2 )2 _ 2
ByeRoy= L=P)IBa=Bit(n—p)Bic] ~_ (A=p)][B2+ B+ (n—p)Bico]

2p(p —n)(2 — p)Bico 2p(p —n)(2 — p)Bico
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(1 =p)?[Bs + (n — p) Bico]
2p(p —n)(2—p)Bicy

pl(1 = p)*(Bi — B2) + (p — n)(2pA(2 — p) + (1 — p)*) Bico]
2(p — 2)(p — ) B33 ’

pl(1 = p)*(B1 + B2) — (p —1)(2pA(2 — p) + (1 — p)?) Bico]
2(p—2)(p —n)Bicy

Theorem 3.12 If f(z) given by (1.1) belongs to M S,, p.q(n, ¢), then

(p—n)|1 = (L +p)u| B
1 — ppl

03 =

k1=

ky =

jaa| <

)

(p—n)1 = (L +p)u|Bi
211+ (1 =pul

and, for any complex number p,

(p =l = (A +p)ulB:
21+ (1 =p)ul

The result is sharp.

(1 + max{L, (p— ) By + 1221y,

<
lag| < B

(p =)A= 1)(1 = up)® — 22|
(1 —pp)?

|Ba|
By

lag — Aa?| < (1 + max{1, B + ).

Proof If f(z) € MS, pq(n, #), then there exist analytic functions p(z) and w(z), with |p(z)| <
1,w(0) = 0 and |w(z)| < 1 such that

P O R i PN

Since

T (O R O N
pon T wf@ e !

= 1= pp ajz +| 20+ (1= plyl as — (1= pp)” a3z + - -

n—p)1 -1 +p)ul —-p)L—C+pu] ° (—p)1 -1+l

and

o(2)(d(w(z)) — 1) = Bicowrz + [Biciwi + co(Biws + ngf)]z2 + oy

then comparing both sides of (3.14), we get
(n—p)[L = (L+p)y]

ap = 1= p Bicown,
42 = (77 ;[f)f(; Elp—;j)u] [Breiws + Bieows + co((n — p)Bico + Ba)wi].
Further,
az — \a?
_=pl-0+puBy, =)A= DA—pp)® =207, B
= S+ (0= p) [crwy + co(w2 — ( (- )2 Bicy Bl) DI

We can proceed similarly as previous theorems and prove the hypothesis. Thus we complete
the proof of Theorem 3.12. [



Some properties of certain subclasses of p-valent meromorphic functions 159

Theorem 3.13 If f(z) given by (1.1) belongs to MC,, ,(n, 8; $,v) for p > 3, then

(p— B)A1 + p(p — n)B1
p—1

lai| <

)

(p—B)(p—n)A1 By
p—2

(pp—_ﬁ)Al n

| As|
ag| <—— |1 + max{l, —}| +
s S+ max(1, G2

p(p —n)Bi
2(p—2)
and, for any complex number \

a2l <cl=BAL e AB P2 )
|az — Aaj| < = [1+ {1, 1-p)?

2
12pA(2 —p) + (1 —p)*|+

(p—B)(p—n)A1 By
(p—2)(1—p)?
(n—p)[2pA(2 — p) — (1 — p)?] B,
1=p)? BlCOfoll}]-

B
[1 4+ max{By,|(p —n)Bico — §i|}]a

As
Aldo - A71|}]+

p(p—n)B1
2(p—2)

[1 4+ max{1, |
The result is sharp.

Proof If f(z) € MC, 4(n, 5; ¢,1), then there exist a function g(z) € M S, 4(n; ¢) and analytic
functions ¢1(2) and wy(z), with |¢1(2)] < 1,w1(0) = 0 and |w1(z)] < 1 such that

T ) 1= ) - . (315)
Since
1 2f'(2) o, _ (=pai+pbhi  (2—plaz+pbo — (1 —plaiby —pbf ,
=B g P, T B—p o
and
(,01(2)(¢(W1(Z)) — ].) = Aldotlz =+ [Aldltl =+ do(Altg + AQt%)]Z2 —+ . 5
then comparing both sides of (3.15), we get that
ar = ﬁ[(ﬁ — p)Ardots — pbi], (3.16)
ag = ﬁ[(ﬂ fp)(Aldltl + Aldotlbl + do(A1t2 + AQt%)) 7pb2]' (317)

Because g(z) € M S, 4(n; ¢), there exist analytic functions ¢(z) and w(z), with |¢(z)| < 1,w(0) =
0 and |w(z)| < 1 such that

1 zg'(2)
_ +n)—1=p(2)(Pp(w(z)) —1).
p—n( o) n) p(2)(o(w(2)) — 1)
Therefore by Theorem 3.1 we have
by = (n — p)Bicow, (3.18)
by = L;p[Blclwl + Bicows + co((n — p)Béco + Bo)wi. (3.19)

By (3.16)—(3.19), we have

1
ay = ﬂ[(ﬁ = p)Ardots — p(n — p)Bicowi],
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(6 p)Ai A
as — Aaj = — —————{dit1 + do[t2 — ( (- p)p2 dito — E)t%]}+
(6] —p)(n — p)A1 Bicodotiwr _ 2
(p—2)(1—p)2 [2pA(2 —p) + (1 = p)7]
pn=p)Bi, o (=p)2PA2—p)-(1=p], By o
2<2_p) {1 1+ 0[ 2 ( (1_p)2 BlO Bl) 1]}

We can proceed similarly as previous theorems and prove the hypothesis. Thus we complete
the proof of Theorem 3.13. [J

Theorem 3.14 If f(z) given by (1.1) belongs to MCK, ,(n, 8; $,v) for p > 3, then
pllp — B)A1 + p(p — 1)Bi]

S (1-p)? ’
p(p — B)AL [ A2\, pp— B)(p — n)A1By
las| < eop? “[1 4 max{1, == A H+ 2 p)?
Lt 1+ max(L (o — ) Baco — 2D,
and, for any complex number \
o) PP —B)A Ap(p — B)(2 —p)° A
lag — Aaji Sw[l‘F ax{1,| i=p) Aleo—ﬁ|}]+
p(p—B)(p—n)Ai1 B 2 4 o4
(2 _p)2(1 _ p) |2/\ ( ) (1 p) H‘
P*(p—n)B (n—p)22*(2 = p)* — (1 - p)*] B
2(2_p)21[1+max{1,| 0 Bicy — B%\}].

The result is sharp.
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