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Abstract In this paper we mainly give some characterizations for the boundedness of the
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1. Introduction

In the paper we are mainly concerned with some characterizations on the generalized Morrey
space. Precisely, our aim is to give some properties for the weighted Hardy operator, maximal
operator, potential operator and singular operator on the vanishing generalized weak Morrey
spaces. It is well known that the classical Morrey spaces named by Morrey were firstly introduced
in [1] (or refer to [2]). Later the classical Morrey spaces together with the weighted Lebesgue
spaces, were applied to study the local regularity properties of solutions of partial differential
equations [3]. In the local Morrey (or Morrey type) spaces and the global Morrey (or Morrey
type) spaces the boundedness of various classical operators were largely considered, for example,
maximal, potential, singular, Hardy operators and commutators and others, here we may refer to
Adams [4], Akbulut et al. [5], Adams and Xiao [6,7], Burenkov et al. [8,9], Guliyev et al.[10,11],
Chiarenza and Frasca [12], Kurata et al.[13], Komori and Shirai [14,15], Lukkassen et al. [16],
Nakai et al. [17,18], Persson et al.[19,20], Softova [21], Sugano and Tanaka [22] and references
therein. However, in the classical harmonic analysis the vanishing Morrey space was firstly
introduced by Vitanza [23] to study the regularity results for elliptic partial differential equations,
and more than nearly two decades later Ragusa [24] and Samko et al.[25,26] and references
therein systematically discussed the boundedness of various classical operators in such these

type of spaces. Inspired by the above statements, we continue to study Samko’s results from
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[25,26] on the vanishing generalized Morrey spaces, and correspondingly obtain the related results
under the weak versions, which are similar to the ones with constant exponent from Kokilashvili
et al. [27,28] and Guliyev et al.[29,30]. Since the set € is bounded, we do not completely employ
the methods of Samko, which is the real hard part of this paper. For the convenience of the better
statements about our results, the remainder of this paper is organized as follows. In the rest
of this section we will introduce some notation and background about the vanishing generalized
Morrey spaces. In Section 2 we will be ready for some necessary lemmas. In Section 3 we will
chiefly deal with our main theorems and provide their detailed proofs.

Given a non-empty measurable subset  of RV, let f be a measure function on Q with the

following norms:

Il = ([ 176 a)", 0<p< e,

[fllLe (@) == sup{B : {y € Q: [f(y)| = B} > 0}

For x € Q and r > 0, denote by B(x,r) an open ball with  and radius . Let II C Q. The
classical Morrey type space £L57(Q) is introduced as the space of all functions f satisfying the

next norm

_1
1£lego = s (@)™ I lloae.n) < oo

xell,

where B(z,7) = B(z,r) N Q and 1 < p < oo. Here ¢(z,7) belongs to the class 3 = J(II x [0,))
of all non-negative functions on II x [0, ), which are positive on II x (0,¢) with ¢ = diam .
Moreover, when II = {20} and II = Q, E?;‘z}(ﬂ) and L57(Q) are called the local generalized
Morrey space and the global generalized Morrey space, respectively. If p(x,r) = r* and II = Q,
then L£5% () is exactly the classical Morrey space £P*(Q) for 0 < A < N. For A\=0and A = N,
we know that £P9(Q) = LP(Q) and £V (Q) = L>(Q), respectively. As for A < 0 and A > N,
we know L£P*(Q) = ©, where O is the set of all functions equivalent to 0 on (2.
Denote by WL () the weak Morrey space of all functions f € LY (£2) via the norm

loc

1
f pe(q) i= Sup x,r)" 7| f p(Blor)) < OO
H ||WLH () er,DO‘P( ) || ||WL (B(z,r))

where W LP(B(z,r)) is the weak LP-space of measurable functions f on B(z,r) with the norm
~ 1
@) = X3 o) = supilfy € Blaar) s 1)) > 13
1 *
— Supth (Fxan) () < o0,
>0 ’

here ¢g* is the non-increasing rearrangement of the function g.
Moreover, the vanishing generalized Morrey space VL% () is defined as the spaces of all
functions f € £%7(9) such that

. _1
}g%ilelgw(xw) PNl o By =0 (1.1)

Correspondingly, the vanishing generalized weak Morrey space VIV LE?(Q) is defined as the
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space of all functions f € WL%?(Q) such that

. 1

fig sup @)™ Wi = O (12)

Clearly, it is appropriate to impose on (z,r) with the following extra conditions:

N
lim sup —— =0 1.3
raoxeg o(z,T) (1.3)
and
f >0, 1.4
(AL, sup () 14

where (1.4) must be imposed when € is unbounded. From Egs. (1.3) and (1.4), we easily know
that the bounded functions with compact support belong to VL%#(Q) and VIV LE?(Q).
In the paper we firstly consider the multi-dimensional weighted Hardy operators as follows.

Mg @) = el Yt [ TP ) < e [ O

wi<le| @(yl) sz YN w(y])

where a > 0. When N = 1, the Hardy operators above may be read either as R! or RL with
f dy f dy

Hg f(x) HEf(x x> 0.

If w(t) = t%, then the operator above is denoted by

e _ a+B—N f(y)dy e _ a+pB f(y)dy
@ () = Ja] /|| Ly hw) = /M Vs

and the one versions

r d o d
1 1 (a) = a0t [ IO sy — e [TIUY o

Besides this we also consider other classical operators, and we list them as follows.
e For f € L (), the centered Hardy-Littlewood maximal operator M f of the function f
is defined by

1
Mf=sup ———
r>0 |B( )‘ B(-,r)

where the supremum is taken over all the balls B(-,r) in Q.

|f(y)|dy,

e The potential type operator I*f with order « is denoted by
I“f = / y)dy, 0<a <N,
where I(-y) =| - — y [*~N.

e The fractional maximal operator M® f with order « of the function f is defined by

Mef=sup | B [ ()l 0<a <N,
r>0 B(~,’r’)
where the supremum is taken over all the balls B(-,r) in €.

e The Calderén-Zygmund type singular integral operator is denoted by

Teyf = /Q K(-9)f(y)dy,
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here K(-,-) is the standard singular kernel. That is to say, K(x,y) is a continuous function on

{(z,y) € Q x Q:z # y} and satisfies the following conditions:

|K (z,y)| < Clz —y|™" forall z+#y,

K(z,y) - K(@,2)| < 042" 550, i [x—y| > 2ly - 2,

T m—yNte
lz — &7 :
|K(Jc,y)—K(§,y)\§CW,0>O, if |z —y|l>2z—¢.

Let f be a non-negative function on [0, £]. If there exists a constant C' > 1 such that f(z) <
Cf(y) for allz <y or z > y, then f is named almost increasing or decreasing function. Moreover,
if f and g are the two almost increasing or decreasing functions and satisfy ¢; f < g < cof for

c1,c2 > 0, then they are equivalent.

Definition 1.1 Let 0 < ¢ < oc.

e Denote by W = W ([0, ¢]) the class of continuous and positive functions ¢(r) on (0, f] such
that the limit lim,_,o ¢(r) exists and is finite;

e Denote by Wy = Wy([0,£]) the class of almost increasing functions ¢(r) € W on (0, £);

e Denote by W = W ([0, £]) the class of functions ¢(r) € W such that r®¢(r) € Wy for some
a=a(¢) €R;

e Denote by W = W([0,£]) the class of functions ¢(r) € W such that r~¢(r) is almost

decreasing for some b € R.

2. Some necessary Lemmas

In the section we are prepared to provide and prove the related lemmas. At first we give
two results being similar to the ones from Persson and Samko [19, Propositions 3.6 and 3.8].
Lemma 2.1 For1 <p<o00,0<s<pand0</{<oo,letv(t)e W(0,4), v(2t) < Cv(t),
% e W([0,4]) for x € II. Then

( / TG 42) " < Dl flegrione 0 < Iyl <.

ERAED)

where C' > 0 does not depend on y and f, and

_ " N(l—%)—l@i(xat) g
D(r) (/Ot o dt) for z € IL.

Lemma 2.2 For 1 <p < oo and0<s<p,let ¢(r) > Cr" and v(t) € W(Ry). Then
(/II | ‘|f(Z)|SV(IZI)dz)S < CE(DI fll cpoays ¥ #0,
z|>|y

where C' > 0 does not depend on y and f, and

£(r) = (/ NP5 tu(n)dr)” for z L

T



Characterizations of some operators on the vanishing weak Morrey type spaces 187

Next we state the lemma below, which is similar to the result from Samko [26, Lemma 3.4].
Because £ is finite, here we have to modify slightly the procedure of Samko and give our proof

in detail.
Lemma 2.3 For 1 <p<oo,a€R,z€Q and 0 <r < diam(Q2). Then

14
/ M@ <o [ Ml Bends
Q

N— — N —
\B(z,2r) |:]C - y| * r sP tl-o

where C' > 0 does not depend on z, f and r.

Proof For x € (), we may take g > max{% — «, 0} and specifically proceed as follows:

/ |f(y)] dy = 328 / |f(y)</2x_y| ds )dy
O\B(z,2r) [T — Y|V 20 =1 Jo\B(ear) [T —yIN 70PN gy sPH
|f(y)] /% ds
< — d
N y|N_a_5< lz—y] 85"'1) y

Q\B(z,2r) |J) - x

20
1 |f(y)|dy
<cf w=(/ R
o {yeQ,2r<|z—y|<s} Yy

L
= C/ sTP M e splllz =yl N 1o (B(asyds

l
_N_
<c / S Fll Lo B(e.s)) 45,

where % + i =1, and C' > 0 does not depend on z, f and r. J

3. Statements of main results

Next we start to state our main theorems and their proofs. Firstly we consider the bound-

edness of weighted Hardy operator in the weak Morrey type spaces.

Theorem 3.1 Let 1 <p,q < oo and ¢ € 3 satisfy (1.2)—(1.4).
(I) Suppose that

w € W([0,4), w(2t) < Cuw(t), pr(@,) o w([0,4]).

w
If
1 / 9(|y|) y| 2= /lyl tﬁil@%(x’t)dt ‘d (3.1)
sup ———— w Y)Y ( e ) y < 00, .
zelr>0 P(T,7) J Bz 0 w(t)

where &+ = 1, then the weighted Hardy operator Hy, is bounded from V L3;*(Q) to VW LE? (2).
(II) Suppose that

w € ([0, ) and w(2t) < Cw(t) or 5 e W ((0,4).

If

1 / £y i or(x,t) q
sup wi(|y)) |yl / —————=dt) dy < o0, 3.2
vetlr>0 P(2,7) JB(a,r) (luDlsd ( ly| w(t) ) 3.2)
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then the weighted Hardy operator operator H2 is bounded from VL% (Q) to VIWLE? ().

Proof Note that
IHE fllw za) S IIHG fllzao)-

Set s =1 and v(t) = w(t) in Lemma 2.1. Then

[yl t§*1 i z,t
[HS f(y)] < Cw(|y|)|y|a7N/O #

W(t) dt”f”[:%“‘o(ﬂ)

for y € B(z,r) with o € II, and we obtain

< g w7 o) e 3.3
A1, o e S /g@,m”('y')'y' (| =) e

That is to say

N 1
1 Ctv b (1) | N4
H* a0 < — q q(a_N)(/ 7’(115) dy. 3.4
By ooy S 500 s /g(m“ o 0 g (34)

Hence HJ, f € WLL? (). On the other hand, by the inequality (3.3) and Eq. (1.3) we get that

lim sup ©- (x, 7“)|\Hgf||WLq(§(w,)) =0

r—0 4

which implies HY, f € VW LE7(Q), i.e., the operator HY, is bounded from V L7 (Q) to VIW L7 ().

Similarly, once we apply Lemma 2.2 into HS, we have that

£ 7%71 %.’E
HE £ ()] < Cuo(lyDlyl” /| | w

for y € B(z,r) with « € II, and we know that

dt[| fll zz#

0~
t (pp(:]j’t) q
Uy iy [, bl ([ =) o (35)
z,r

yl
Therefore,

1 C YT on (2,t) L\
HEf 0o sup 7/ wa(ly])|y]9¢ / — T 7 dt) dy (3.6)
IHE Py ooy S Dl ( s )

z€Mr>0 P(T,7)
holds, and so follows HEf € WLE?(2). Moreover, with the inequality (3.5) and Eq. (1.3) we
obtain that
: _1 o - B
i sup " @, PHS o (B, = 05

which implies HE f € VW LE?(Q). Then we may conclude the operator H is also bounded from
VLEE(Q) to VIWLE?(Q). O

Now we recall the definition of p-admissible singular operator. A sublinear operator T, that
is tosay |[T(f +9)| <|Tf|+ |Tg|, is called p-admissible singular operator if it satisfies the next
two conditions:

o T satisfies the size conditions of the form as

Xt (TP xes se2) ()] < Cxpom (2) /
RN\ B(z,2r) ly

[/ (y)ldy

— ZlN
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for x € RY and r > 0;

e T is bounded in LP(RM).

For two similar concepts: ®-admissible singular operator and (®, ¥)-admissible potential
operator, we refer to [31] and references therein. Here we remark that the maximal operator
M and the Calderén-Zygmund type singular integral operator Tz with standard kernel are

p-admissible singular operators.

Theorem 3.2 Let ¢ € 3 satisfy (1.2)—(1.4). Every sublinear p-admissible singular operator T
is bounded from the vanishing generalized Morrey space V L} () to the vanishing generalized
Morrey space VW L?(Q), if the quantity

Vi 1

- v (x,t)dt

Cs := /5 Sup“Lel_;f+l(m ) < o0 (3.8)
P
for each 6 > 0 and . )
or (z,t)dt pr (z,7)

/ tﬂJrl S CO N 9 (39)

r P TP

where Cy does not depend on x € II and r > 0.

Proof For arbitrary = € II, let B(xz,r) = B(z,r) N Q for the ball B(x,r) centered at 2 and
of radius r, where r < diam(Q2)/2. Now we write f = f; + fo, where f; = fXg(x o) and
fo= fXQ\E(a; 2" Therefore, we know that

= 1
1T f vy o (B, =suptl{y € Bla,r) : [Tf(y)] > t}[»
(Bla,ry) = S0P
~ 1
Ssuptly € Bla,r) : [Thly)l > t/2} 7+
~ 1
supt{y € Blz,r) : [Th(y)| > /23>
zlle1|‘WLl’(§(;p7r)) + ||Tf2||WLp(§($,T))~
From the boundedness of T in LP(RY) it naturally follows that
||Tf1HWLp(§(g;7r)) < ||Tf1||Lp(§(w}r)) < HTfIHLP(RN) < OHleLP(]RN) = CHfHLp(E(w)gT))-

Since ¢
N _N_
Hf”LD(E(g;’QT)) Sre / tor lllf”Lzz(E(ac,t))dt’

we declare that " s
Il ooy S5 [ 0t (3.10)
holds. On the other hand, for z € B(z, r) we have
£ (y)ldy

Tfa(z) <C i

O\ B(z,2r) ly — 2|V

Observe that the inequality ‘y;'zl <l|lz -yl < w holds for z € B(x,7) and y € Q\ B(z,2r).

Therefore,

|f(y)ldy

1T ollw 1o (Bay) <€ T | XB@n lweeo@:
WLr(B(@:n) O\B(z,2r) [ —y|V Blan WL
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Since ||X§(w)r) o)) ~ T%, by the Holder inequality or Lemma 2.3 it follows

N ¢ _N_q
||Tf2HWLp(§(x7r)) <Crv» i e Hf”LP(E(x,t))dt'
So

v 1
N or (z,t)
”Tf?”LP(E(x,r)) 5 TP /7» {}Tdt (311)

By the inequalities (3.10) and (3.11) we see
¢ L1
~ <X e (2,1)
Tl o By ST / o d

Together with the inequalities (3.8) and (3.9), it easily follows that the p-admissible singular
operator T is bounded from the vanishing generalized Morrey space VL% (2) to the vanishing
generalized Morrey space VW LE#(Q). O

Because the maximal operator M and the Calderén-Zygmund type singular integral opera-
tor Toz with standard kernel are p-admissible singular operators, by Theorem 3.2 we may obtain

the following corollary.

Corollary 3.3 Let p(z,t) satisfy (1.2)—(1.4), (3.8) and (3.9). Then the maximal operator M
and the Calderon-Zygmund type singular integral operator Ty with standard kernel are bound-

ed from the vanishing generalized Morrey space VLY () to the vanishing generalized Morrey
space VW L7 ().

Theorem 3.4 Let 0 <a < N,1<p< % = % — & and ¢,¢ € 1 satisfy (1.2)-(1.4). If the
quantity
Y S
p(x,t)dt
Cs = / S”pweﬂl‘iﬂ(w ¢ (3.12)
s 7T

for each § > 0 and

/@ e (@, )dt _ it ()

N — N b
tita ra

(3.13)

where C' does not depend on z € Il and r > 0, then the operators M® and I* are bounded

from the vanishing generalized Morrey space V LY? () to the vanishing generalized weak Morrey
space VW LEY ().

Proof Since M®f < CI%(|f]), here we only have to consider the case for I*. As the same
methods in Theorem 3.2, we also split the function f into the forms f = f; + f5 so that

I°f =1%f1 + 1% f.
Clearly, we see that
HIOLJCHWLq(E(x,T)) S ||Iaf1HWLq(§(m7r)) + HIO(JCZHWLq(E(m,r))

for each x € II. By the classical Sobolev theorem we get

HI(XfIHWLq(E(LT)) 5 ||Iaf1||Lq(§(w,r)) < HlaleLq(Q) < C||f1||LP(Q) = CHf”Lp(E(LzT)y
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Therefore,

Y 1
o x [T pr(xt)
”I f1||WLq(§(z}r)) S /T Wdt' (3'14)

Since the inequality 2221 < |z —y| < w holds for z € B(z,r) and y € Q\ B(z,2r), we infer

2
that

x £y
1% Fall oo scrq/ T wldy
Le(B(ar) N\Ba2r) [T —yN e

By Lemma 2.3 it follows that

- N ¢ _N_q
HI f2||Lq(§(:c,r)) S Cra | t ”f”LP(E(z,t))dt
Hence

¢ 1
o N o7 (z,t)
11 fzIILq(E@,T))S“/T e dt. (3.15)

From the inequalities (3.14) and (3.15), we obtain that
Y 1
a X ¢? (z,1)
11 f”WLfI(E(x,r)) S /T Wdt
In view of (1.2)—(1.4), and the inequalities (3.12) and (3.13), it follows that the potential operator

I is bounded from the vanishing generalized Morrey space VL57(€Q) to another vanishing

generalized Morrey space VLY (Q). O

Corollary 3.5 Let 0 < a, A< N, 1 <p< % and % < %— + - Then the operators M® and I
are bounded from the vanishing generalized Morrey space VE%’A(Q) to the vanishing generalized
weak Morrey space VW L (Q), where & < %.

Proof Let p(z,7) =7 and ¢(z,r) = r* in Theorem 3.4. Then we know

“w

£

N-— _N_

I fllw egey <€ sup 17 /t i P
zell £>r>0 r

<C|lfl s N /Zt*—N—ldt
< A up 1« poa
L’r’[ () x€ll £>r>0 r

< Cllfll gz
and
. TR, ~ . S ~ _
711_%2161?{7" o || f”WLq(B(z,r)) < C}'l—%ilel}r)lr ||f||Lp(B(m,r)) = 0.
Therefore, Corollary 3.5 holds. [J

Corollary 3.6 Let 0 < a,A < N and1 <p < NT”\ Then the operators M® and I* are
bounded from the vanishing generalized Morrey space VE%”\(Q) to the vanishing generalized

weak Morrey space VW LE" (), where N]Xf;p < q and % = % —a.

Proof By the classical Sobolev theorem we know that

A
P

2[R

I“ aney < C su P =~ <C , su r
| fHWﬁH Q) = meH,££r>0 ||fHLp(B(z,r)) > ||f||51€[*(g) rGH,Z£r>O
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N N
=C||f] fox sup  rea < CO|f|l e
Wletoo 308, Wlet> o

and

i sup T 11 o im 135 supr= 31l gen o, =
iy sup s Wl oy < €l sup 2 1l ey = 0
Hence, Corollary 3.6 follows. [J

Acknowledgements We thank the referees for their careful reading and some useful suggestions

which led to an improvement of our original manuscript.

References

[1] C. B. MORREY. On the solutions of quasi-linear elliptic partial differential equations. Trans. Amer. Math.
Soc., 1938, 43(1): 126-166.

[2] C. T. ZORKO. Morrey space. Proc. Amer. Math. Soc., 1986, 98(4): 586-592.

[3] A.KUFNER, O. JOHN, S. FUCIK. Function Spaces. Noordhoff International Publishing, Leyden; Publishing
House Czechoslovak Academy of Sciences, Prague, 1977.

[4] D. R. ADAMS. A note on Riesz potentials. Duke Math. J., 1975, 42(4): 765-778.

[5] A. AKBULUT, V. S. GULIYEV, R. CH. MUSTAFAYEV. On the boundedness of the maximal operators
and singular integral operators in generalized Morrey spaces. Math. Bohem., 2012, 137(1): 27-43.

[6] D. R. ADAMS, Jie XIAO. Morrey potentials and harmonic maps. Comm. Math. Phys., 2011, 308(2):
439-456.

[7] D. R. ADAMS, Jie XIAO. Regularity of Morrey commutators. Trans. Amer. Math. Soc., 2012, 364(9):

4801-4818.

V. I. BURENKOV, V. S. GULIYEV. Necessary and sufficient conditions for the boundedness of the Riesz

potential in local Morrey type spaces. Potential Anal., 2009, 30(3): 211-249.

[9] V. I. BURENKOV, A. GOGATISHVILI, V. S. GULIYEV, et al. Boundedness of the fractional maximal
operator in local Morrey type spaces. Potential Anal., 2011, 35(1): 67-87.

[10] V. I. BURENKOV, V. S. GULIYEV, A. SERBETCI, et al. Necessary and sufficient conditions for the
boundedness of genuine singular integral operators in local Morrey type spaces. Eurasian Math. J., 2010,
1(1): 32-53.

[11] V.S. GULIYEV, S. S. ALIYEV, T. KARAMAN, et al. Boundedness of sublinear operators and commutators
on generalized Morrey spaces. Integral Equations Operator Theory, 2011, 71(3): 327-355.

[12] F. CHIARENZA, M. FRASCA. Morrey spaces and Hardy-Littlewood maximal function. Rend. Mat. Appl.,
1987, 7(7): 273-279.

[13] K. KURATA, S. NISHIGAKI, S. SUGANO. Boundedness of integral operators on generalized Morrey spaces
and its application to Schrédinger operators. Proc. Amer. Math. Soc., 2000, 128(4): 1125-1134.

[14] Y. KOMORI, S. SHIRAI. Weighted Morrey spaces and a singular integral operator. Math. Nachr., 2009,
282(2): 219-231.

[15] S. SHIRAI. Necessary and sufficient conditions for boundedness of commutators of fractional integral oper-
ators on classical Morrey spaces. Hokkaido Math. J., 2006, 35(3): 683-696.

[16] D. LUKKASSEN, A. MEIDELL, L. E. PERSSON, et al. Hardy and singular operators in weighted gen-
eralized Morrey spaces with applications to singular integral equations. Math. Methods Appl. Sci., 2012,
35(11): 1300-1311.

[17] E. NAKAI. Hardy-Littlewood maximal operator, singular integral operators and the Riesz potentials on
generalized Morrey spaces. Math. Nachr., 1994, 166: 95-103.

[18] E. NAKAI Generalized fractional integrals on generalized Morrey spaces. Math. Nachr., 2014, 287(2-3):
339-351.

[19] L. E. PERSSON, N. SAMKO. Weighted Hardy and potential operators in the generalized Morrey spaces. J.
Math. Anal. Appl., 2011, 377(2): 792-806.

[20] L. E. PERSSON, N. SAMKO, P. WALL. Calderén-Zygmund type singular operators in weighted generalized
Morrey spaces. J. Fourier Anal. Appl., 2015, 22(2): 413-426.

[21] L. SOFTOVA. Singular integrals and commutators in generalized Morrey spaces. Acta Math. Sin. (Engl.
Ser.), 2006, 22(3): 757-T66.

[22] S. SUGANO, H. TANAKA. Boundedness of fractional integral operators on generalized Morrey spaces. Sci.
Math. Jpn., 2003, 58(3): 531-540.

8



Characterizations of some operators on the vanishing weak Morrey type spaces 193

(23]
(24]
[25]
[26]
27]
(28]

(29]

(30]

(31]

C. VIVANZA. Functions with Vanishing Morrey Norm and Elliptic Partial Differential Equations. In: Pro-
ceedings of Methods of Real Analysis and Partial Differential Equations. Capri, pp.147-150. Springer, 1990.
M. A. RAGUSA. Commutators of fractional integral operators on Vanishing-Morrey spaces. J. Global
Optim., 2008, 40(1-3): 361-368.

N. SAMKO. Weighted Hardy and singular operators in Morrey spaces. J. Math. Anal. Appl., 2009, 350(1):
56-72.

N. SAMKO. On Maximal potential and singular operators in vanishing generalized Morrey spaces. J. Global
Optim., 2013, 57(4): 1385-1399.

V. KOKILASHVILI, A. MESKHI. Boundedness of maximal and singular operators in Morrey spaces with
variable exponent. Armen. J. Math., 2008, 1(1): 18-28.

V. KOKILASHVILI, A. MESKHI. Maximal functions and potentials in variable exponent Morrey spaces
with non-doubling measure. Complex Var. Elliptic Equ., 2010, 55(8): 923-936.

V. S. GULIYEV, J. J. HASANOV, S. G. SAMKO. Boundedness of the maximal, potential and singular
integral operators in the generalized variable exponent Morrey type spaces. J. Math. Sci., 2010, 170(4):
423-443.

V. S. GULIYEV, J. J. HASANOV, S. G. SAMKO. Maximal, potential and singular operators in the local
“complementary” variable exponent Morrey type spaces. J. Math. Anal. Appl., 2013, 401(1): 72-84.

V. S. GULIYEV, F. DERINGOZ, J. J. HASANOV. (®, ¥)-admissible potential operators and their commu-
tators on vanishing Orlicz-Morrey spaces. Collect. Math., 2016, 67(1): 133-153.



