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Notes on McCoy Modules
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Abstract Let R be a ring with an identity and C(R) be the category of right R-modules. In
this paper we introduce the notion of semi-McCoy module. With this notion we show that
McCoy modules of C(R) are closed under kernels of epimorphisms, and they are also closed
under extensions and direct sums with certain conditions. We also get some results on the
subcategories of McCoy modules of C(R[z]) and C(R[z;z™]).
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1. Introduction

Let R be a ring with an identity and all modules are right R-modules. R[z]| denotes the
polynomial ring over R, M|z] denotes the polynomial module over M and R[z;x~!] denotes the
Laurent polynomial ring over R. We will use C(R) to denote the category of all right R-modules.
In 1942, McCoy [1] proved that if R is commutative, f(z) is a zero-divisor in R[z], then there
exists a nonzero element r € R such that f(z)r = 0. Rege and Chhawchharia [2] and Nielsen
[3] introduced the notion of McCoy rings respectively. In 2011, Cui and Chen [4] introduced the
notion of McCoy modules over R. McCoy module is the generalization of Armendariz module
[2,5]. In 2017, Anderson and Chun [6] showed that if R is commutative, then the modules over
R may not be McCoy modules [6, Example 3.1], and the direct sums of McCoy modules over R
may not be McCoy modules [6, Example 3.3], either.

In this paper, we introduce the notion of semi-McCoy module. And if R is commutative,
then all the modules over R are semi-McCoy. We discuss the short exact sequences of R-
modules, R[z]-modules and R[z;x~!]-modules, respectively. We show that all McCoy modules
over R (R[z], R[x,z~ ], resp.) are closed under kernels of monomorphisms, and then we give
a condition and show that all McCoy modules satisfying certain conditions are closed under

extensions and direct sums. But they are not closed under cokernels of epimorphisms.
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2. The extensions of McCoy modules

Let Z be the set of integers and N be the set of all nonnegative integers. The category of
McCoy modules contains the category of Armendariz modules. A McCoy ring R is a McCoy
R-module by the definition of McCoy module. That is, for any positive integer s,¢, M is called
McCoy if whenever m(z) = > ;_ mz* € M[z] and f(z) = Z;:O ajz? € R[z]\ {0} satisfy
m(z)f(x) = 0, then there exists r € R\{0} such that m(z)r = 0. The multiplication is defined
as m(z)f(x) = Z}JLE(ZHFIC m;a;)z*. Now we will consider a kind of R-module.

Definition 2.1 Let M be a right module over ring R. M is called semi-McCoy if m(x)g(x) = 0,
wherem(x) = 31" miz’ € M[z] and g(x) = Y7_, bja’ € R[z]\{0}, implies that m(z)rg(z) = 0
for any r € R\ {0}.

From the definition we can get that all the modules over commutative ring R are semi-
McCoy modules. Then module M in [6, Example 3.1] is a semi-McCoy R-module, but it is not
a McCoy module.

Let 0 - A — B — C — 0 be a short exact sequence with A, B, C' € C(R). We are interested
to know for the subcategory of McCoy R-modules of C(R), whether the short exact sequences are
closed under extensions, kernels of epimorphisms and cokernels of monomorphisms.. To answer

this question, we first give a relation between short exact sequences of C(R) and C(R[z]).
Proposition 2.2 Let R be a ring with an identity and A, B,C € C(R). Then
0545 BL C 50
is a short exact sequence if and only if
0= Afe] &5 Bl2] Y5 Cla] — 0

is a short exact sequence, where ¢'(3" a;x*) = > 1" o(a;)xt, 1/1’(2?:0 bjal) = Z?:o P(bj)z?
with each a; € A,b; € B and m,n € N.

Proof First we prove the necessity. We need to show that ¢’ is a monomorphism, 1)’ is an
epimorphism and Kery’ = Img’.

If ¢ (O gaix®) = > g pla;)xt = 0, then ¢(a;) = 0, and then a; = 0 for i = 0,1,...,m,
it follows that ¢’ is a monomorphism. For any polynomial ZZ:O cpx® with each ¢, € C, there
exists by € B such that ¢(b;) = cx, where t € N. Then w’(zzzo bpa®) = ZZ:O (b )z, that is,
¢’ is an epimorphism.

From ¢/¢' (307 aia’) = 3310 p(ai)z’ = 0, we have Tmy’ C Kery. Tf ¢/ (3°7_ bja?) = 0,
then 9(b;) = 0, and then there exists a; € A such that ¢(a;) = b; for j =0,1,...,n, it follows
that ‘P/(Z?:o ajzl) = Z?:O o(a;)z! = Z;L:O bjz?. That is, Kery)’ C Imy'.

Thus we get the conclusion that 0 — Alx] B [«] Yo [x] = 0 is a short exact sequence.

Now we prove the sufficiency. Take x = 0 for the polynomials in the short exact sequence
0 — Alz] LN Blz] v, Clx] — 0, then we can get the exactness of 0 — A 2 B Y0 0.0

If A,B € C(R), for any homomorphism ¢ € Hompg(A4, B), let f(z) = > a;z" € Alz],



Notes on McCoy modules 249

g(z) =377, r;x? € R[x], where m,n € N. We have

m+n m+n m—+n
¢'(f(x)g(x)) =¢/( > aiTj!EiJrj) = Y dlary)att = > glai)ratt
i+j5=0 i+5=0 i+j=0
=5 (et (zm )( ral) = ¢/ (fa)g(@). (%)
i+5=0 =0

In general, the extension of McCoy modules may not be a McCoy module. For example, if
0> A— A® B — B — 0 is a split exact sequence, where A and B are McCoy R-modules.
Then A & B may not be a McCoy R-module. Now we will consider McCoy R-modules with the

following condition.

Condition (U) Let R be a ring with an identity and n be a positive integer. For any
i =1,2,...,n, A; are all McCoy R-modules. Let fa,(x) € A;[z] and g(z) € R[z] \ {0}.
(fa,(x), fa,(z),..., fa, (x))g(z) = 0 implies (fa, (z)r1, fa,(z)re, ..., fa, (x)ry) = 0 with nonze-

ro elements r; € R for i =1,2,...,n, then ry7ro-- -1, # 0.

Theorem 2.3 Let R be a ring with an identity and C(R) be the category of R-modules. If
0= A% BY C =0 is ashort exact sequence with A, B,C € C(R), then

(1) If B and C are McCoy R-modules, then A is a McCoy R-module.

(2) If A and C are McCoy R-modules satisfying condition (U), and B is a semi-McCoy
module over R, then B is a McCoy R-module.

Proof (1) By [4,Proposition 2.3(1)], all submodules of B are McCoy R-modules, we can get
that A is also a McCoy R-module.
(2) From the short exact sequence 0 — A %5 B LNy 0, we have the short exact sequence

0— Alz] & B[x] -) C[z] — 0 by Proposition 2.2. Let fp(x) € Blz], g(x) € R[z] \ {0}, and
fB(x)g(x) = 0. We need to find a nonzero element u € R such that fg(z)u = 0.

If ¢/ (fp(x)) # 0, since C is a McCoy R-module and ¢'(fg(z))g(z) = ¢'(fs(x)g(x)) = 0,
there exists » € R\ {0} such that ¢'(fp(z))r = ¢¥'(fp(x)r) = 0. B is a McCoy R-module if
fB(x)r = 0. Suppose fg(z)r # 0, then there exists fa(x) € Alz] such that o(fa(x)) = fp(x)r,
and then ¢'(fa(x)g(z)) = ¢'(fa(x))g(x) = fe(x)rg(x) = 0 for the condition that B is a semi-
McCoy module. It follows that fa(z)g(z) =0. A is a McCoy module implies that there exists a
nonzero element r’ € R such that fa(x)r’ = 0. Notice that A and C satisfy condition (U), then
there exists u = rr’ # 0 such that fg(x)u = 0.

If ¢/ (fp(x)) = 0, then there exists fa(x) € Alz] such that ¢'(fa(x ) fB(z). Note that
P (£4(@)9(2)) = @ (F4(2))9(z) = fi(2)g(x) = 0 by (x). Then fa(x)g(z) =0, and A s a McCoy
module implies that there exists a nonzero element a € R such that fa(z)a = 0, thus there exists
u = p(a) # 0 such that fp(xz)u = 0. Thus B is a McCoy R-module. OJ

For the category of R[z]-modules, we can give the similar conclusions in C(R]x]).

Corollary 2.4 Let R be a ring with an identity. 0 — Alx] LN Blx] v, C[z] — 0 is a short
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exact sequence with A, B,C € C(R), then

(1) If B and C are McCoy R-modules, then 0 — Alx] Ll Blz] Y, Clz] — 0 is a short
exact sequence of McCoy R|z]|-modules.

(2) If A and C are McCoy R-modules satisfying condition (U), and B is a semi-McCoy
module over R, then 0 — Alz] <, Blz] LN Clz] — 0 is a short exact sequence of McCoy

R[z]-modules.

Proof (1) By Proposition 2.2, 0 — A % B % ¢ = 0is a short exact sequence. If B and C
are McCoy modules, then A is a McCoy module by Theorem 2.3. By [4, Theorem 3.2], A[z] is a
McCoy R[z]-module.

(2) By Proposition 2.2, 0 — A # B % ¢ = 0is a short exact sequence. If A and C
are McCoy modules satisfying condition (U), then B is a McCoy module by Theorem 2.3. By
[4, Theorem 3.2], B[z] is a McCoy R[z]-module. O

However, McCoy modules are not closed under cokernels of monomorphisms, we will give

an example to show this fact.

Example 2.5 Let Zs be the ring of residue classes modulo 2. Let

a a2 a3
R= 0 a a3 , Ay Q5 € Lo
0 0 a

By [7, Theorem 2], R is McCoy. Let

0 0 O
I= 0 0 as |[,a23€Zs
0O 0 O

be a right ideal of R. Then I is a McCoy R-module by [4, Proposition 2.3].
Take M = R/I. We next show that M is not a McCoy R-module. Let

110 0 0
m(z)=mo+miz=| 0 1 0 |+ 1 0 |ze Mz
0 01 0 1
and
0 0 1 0 0 0
f@y=10 0 1 |+ 0 0 1 |z€R[].
0 0 O 0 0 O

Then m(z)f(x) = 0.

Note that for any nonzero A of R, miA = 0 implies that A = . However,

o o O
o o O
S = O
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0 00
mo| O 0 1 | #0. It shows that M is not a McCoy module.
0 00

If R is commutative, then McCoy R-modules with condition (U) are closed under extensions,

and they are also closed under direct sums.

Corollary 2.6 Suppose R is a commutative ring, A and B are McCoy R-modules satisfying
condition (U), then A® B is a McCoy R-module. Moreover, the direct sum of McCoy R-modules
@, A; is a McCoy module, where Ay, A,, ..., A, are McCoy R-modules satisfying condition

(U)-

Proof For the short exact sequence 0 - A - A® C — C — 0, where A and C are McCoy
R-modules satisfying condition (U), then A ® C' is a McCoy R-module by Theorem 2.3.

For the finite direct sum of McCoy modules @, A;, where A; are McCoy modules for
i = 1,2,...,n, we will prove the conclusion by induction. If each A; is a McCoy R-module
satisfying condition (U), then A; @ Az is a McCoy R-module from the short exact sequence
0—> A - A & Ay — Ay — 0 by Theorem 2.3, and A; & Ay, Az, ..., A, also satisfy condition
(U). Suppose @?;11 A; and A,, are McCoy R-modules satisfying condition (U), then we consider
short exact sequence 0 — @7~ A; — @7, A; — A,. By Theorem 2.3, @7, A; is a McCoy
R-module. J

Let S be a multiplicatively closed subset of central regular elements of R and M be a S-
torsion free R-module, that is, ms # 0 for any nonzero element m € M and s € S. Then S™'M
becomes S~!R-module. Let R[z;z~!] be the Laurent polynomial ring over R and M[z;x~1] =
>, mia’ | myn € Z,m; € M}. For m(z) = >,mz* € Mz,a™'], f(z) = X, a527 €
R[x; 7], the multiplication is m(z) f(z) = Y, (>

usual. Then M[z;x~1] is a R[z; 2~ 1]-module.

itk m;a;)zk, and the addition is defined as

Proposition 2.7 Let R be a ring with an identity and A, B, C' be S-torsion free R-modules. S is
a multiplicatively closed subset of central regular elements of R. Then the following conclusions

are equivalent.
(1) 0-A% B Y5 € = 0 is a short exact sequence.

(2) 0— S71A S % g-1p 2% §-10 5 0 is a short exact sequence, where S~ (%) =
£ e A seS, and Sly(b) = @,b € B,teS.

S

—1 7 -1,/
(3) 0 — S™1A[x] LN S~1Bx] RN S~1CJx] — 0 is a short exact sequence, where
STl (3, wat)y =S 2@l i g e Ays; €8 fori=0,1,...,m, and S~1¢' (3", bt =

i=0 ; S; ]:0 tj

Z?:O %Z;")mj,bj €B,tjeSforj=0,1,...,n.
Proof The conclusions from (1) to (2) and (2) to (3) are true since S~! is an exact functor. We
just need to prove the conclusion from (3) to (1).

For any element a € A,b € B and ¢ € C, take = 0 in ¢ + Y7 %’ € S~1A[z],
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LD %mj € S~'Blz] and ¢ + 3, _, %z € S~1C[z]. The short exact sequence

0= S Alr] 224 §1Bla] 2 §710[] — 0

implies that 0 — A % B Yy ¢ = 0 is a short exact sequence. [
Let S = {1,z,2%,...}. Then S is a multiplicatively closed subset of central regular elements
of R[z]. For M € C(R), S™*M|[z] = M[z;x7!] and S™'R[z] = R[z;x~!], we can give a relation

of short exact sequences between modules of C(R) and C(R[z;z~1]).

Corollary 2.8 Let R be a ring with an identity and A, B, C be S-torsion free R-modules. Then
045 BY%C—0

is exact if and only if
0— Alz;z7Y %5 Blz; ™Y LN (3271 =0
is exact, where ' (3°12, azz’) = 30 p(ai)xt, (3072, biad) = D02, b(bj)a? with each
a; € A,b; € B and myi, ma,n1,n9 € Z.
Finally, we give conclusions of McCoy modules of the categories of R-modules, R[z]-modules

and R[z; 2~ !]-modules respectively from Theorem 2.3 to Corollary 2.8.

Theorem 2.9 Let R be a ring with an identity. Then

(1) The following conclusions are equivalent

(i) The McCoy modules of C(R) are closed under kernels of epimorphisms.

(ii)) The McCoy modules of C(R[z]) are closed under kernels of epimorphisms.

(iii) The McCoy modules of C(R|z;x~1]) are closed under kernels of epimorphisms.

(2) If the extensions of McCoy modules are semi-McCoy, then the following conclusions are
equivalent

(i) The McCoy modules satisfy condition (U) of C(R) are closed under extensions.

(ii) The McCoy modules satisfy condition (U) of C(R[z]) are closed under extensions.

(iii) The McCoy modules satisfy condition (U) of C(R[z;x~1]) are closed under extensions.
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