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Abstract This paper investigates the persistence and existence of almost periodic solutions
for a discrete competitive system with feedback controls based on the comparison theorem of
the difference equation and constructing appropriate Lyapunov function, and several sufficient
conditions for the existence of positive almost periodic solutions for the model are obtained.
Finally, a numerical example is given to illustrate effectiveness of our main results.
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1. Introduction

In the past ten years, the study on the dynamics of dynamic population has attracted many

researcher’s attention [1-11]. The simple two competitive species model can be written as follows

[3]:

{imﬂ:xmﬂml—mxﬂﬂ—cwﬁﬂ—dwﬁﬂL
Ig(t) = Ig(t)[ag — bQ.IQ (t) — C2X1 (t) — dQI%(t)],

where x1(t), x2(t) can be interpreted as the density of two competing species at time ¢, respec-
tively. a1 and a9 stand for the intrinsic growth rates of two species, b1, d1, by and ds represent the
effects of intra-specific competition, ¢; and ¢y are the effects of inter-specific competition. How-
ever, realistic models require the inclusion of the effect of changing environment. Tang et al. [10]

discussed the following non-autonomous competition system with impulsive perturbations:

a1 (t) = 1 (t)[ar(t) — bi(t)ar(t) — cr(t)a2(t) — di()ai (b)), t# 7,
o (t) = 2 (t)]az(t) — ba(t)aa(t) — ca(t)ay (t) — da(t)a3(t)], ¢ # T,
() = A+ mp)za (), t=m,

za(my) = (1 +yar)z2(m), t=1%, kEN

Received April 21, 2017; Accepted December 16, 2017

Supported by the National Natural Science Foundation of China (Grant No.11561070) and the Natural Scientific
Research Fund Project of Yunnan Province (Grant No. 2014FD049).

* Corresponding author

E-mail address: zhouhli@yeah.net (Zhouhong LI); liwu2017@yeah.net (Li WU)



260 Zhouhong LI and Li WU

Some conditions were derived that guarantee the sufficient conditions for the uniformly asymp-
totic stability of a unique positive almost periodic solution. Moreover, as we know, since the
discrete time models can also provide efficient computational models of continuous models for
numerical simulations, it is reasonable to study discrete time models governed by difference
equations.

Tang et al.[11] considered the following periodic discrete competitive system subject to

feedback controls:

y1(k +1) = y1(k) exp{ai (k) — by (k
y2(k + 1) = y2(k) exp{az(k) — b2(k
Avy = hi(k) — fi(k)vi(k) + g1(k)y
Avg = ha(k) — f2(k)va(n) + g2(k)y2

Sufficient conditions which guarantee the persistence of system (1.1) are studied. Moreover,
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assuming that the coefficients in the system are periodic sequences, they obtained the sufficient
conditions which guarantee the existence of a globally asymptotically stable periodic solution of
system (1.1).

As we well know, systems without feedback controls are very important in the models of
competitive populations dynamics. However, we note that ecosystems in the real world are
continuously distributed by unpredictable forces which can result in changes in the biological
parameters such as survival rates. In 1993, Gopalsamy and Weng [1] introduced a feedback
control variable into the delayed logistic model and discussed the asymptotic behavior of solutions
in logistic models with feedback controls, in which the control variables satisfy certain differential
equation. In fact, feedback control is the basic mechanism by which models, whether mechanical,
electrical, or biological, maintain their equilibrium or homeostasis. During the last decade, a
series of mathematical models have been established to describe the dynamics of feedback control
systems, we refer to [2,5-7,11-13]. Furthermore, more and more dynamics of the competition
system has important significance, for example, see [3,4], [9,10] and the references therein for
details. Moreover, many results about the existence of almost periodic solutions of a continuous
time system with impulsive effects, we can refer to [10] and the references cited therein. There are
few works that consider the existence of almost periodic solutions for discrete time population
dynamic model with feedback controls. However, on the other hand, studies on competitive
dynamical systems not only involve stability and periodicity, but also involve other dynamic
behaviors such as almost periodicity, chaos and bifurcation. In reality, almost periodicity is
universal than periodicity.

Stimulated by the above reason, we consider a non-autonomous discrete competitive system

with feedback controls:
z1(n+1) = z1(n) exp{ai(n) — b1(n
z2(n + 1) = z2(n) exp{az(n) — ba(
Aui(n) = hi(n) = fi(n)ur(n) + g1
Auz(n) = ha(n) — fa(n)ua(n) + g2

~ —

3
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where Au;(n) = u;(n + 1) — u;(n) (i = 1,2) are the first-order forward difference operators,
x;(n) (i = 1,2) stand for the densities of species x; at the nth generation, a;(n) represen-
t the natural growth rates of species x; at the nth generation, b;(n) and d;(n) stand for the
intraspecific effects of the nth generation of species z; on own population, and ¢;(n) mea-
sure the interspecific effects of the nth generation of species x; on species x;. The coefficients
{a;(n)},{b;(n)}, {ci(n)}, {d:;(n)},{e:(n)},{fi(n)}, {g:(n)} and h;(n) are all almost w-periodic se-
quences with 0 < f;(n) < 1,4,5 =1,2,i # j, ZT is the set of nonnegative integers.

To the best of our knowledge, though many works have been done for the population dynamic
systems with feedback controls, through most of the works deal with the continuous time models.
On the existence and stability of almost periodic sequence solutions for the discrete biological
models, some results are found in the literature, we refer to [1,7,8,12,13,15]. In the present paper

we will study the existence and uniqueness of almost periodic solutions for the system (1.2).

Remark 1.1 Let x;(n) = y;i(k), u;(n) = v;(k) (i = 1,2), system (1.2) reduces to the system
(1.1). As we know, ecosystems in the real world are often distributed by unpredictable forces
which can result in changes in biological parameters such as survival rates, so it is necessary to
study models with control variables which are so-called feedback control. Moreover, it is more
realistic to consider almost periodic systems than periodic systems.

Throughout this paper, we always assume that

(H1) {ai(n)}, {bi(n)}, {ci(n)}, {di(n)}, {ei(n)}, {fi(n)}, {gi(n)} and hi(n) for i =1,2

are bounded nonnegative almost periodic sequences such that
0 <al <ai(n) <aM, 0<bl <bi(n) <™, 0<cF<eci(n)<cM?,
0<dF <di(n)<dM, 0<el <ei(n)<eM, 0<fl < fin)<fM <1,
0< gl <gi(n) <gM, 0<hl<hi(n)<h".

Here, for any bounded sequence {6(n)},0M = sup,cn{0(n)} and 6 = inf,en{0(n)}. Further-

cxp(ag —1) ut = h; Jrgfwzif
L

exp(ay’—1) 0 £ (i =1,2), we need the following

more, denote z] = o T =
1

assumptions:
(Ho) af > cifas + effu,
(H3) af > cMat + edlus.
By the biological meaning, we focus our discussion on the positive solution of the model

(1.2). So it is assumed that the initial conditions of model (1.2) are of the form
z;(0) >0, u;(0)>0, i=1,2. (1.3)

One can easily show that all the solutions of model (1.2) with the initial condition (1.3) are
defined and remain positive for all n € Z7T.

The rest of this paper is organized as follows. Next section, we give some basic definitions
and necessary lemmas which will be used in later sections. In Section 3, the persistence of model
(1.2) is established. In Section 4, based on the persistence result, we show the existence and
uniformly asymptotical stability of an almost periodic solution to model (1.2). An example is

given in Section 5.



262 Zhouhong LI and Li WU

2. Preliminaries

In order to obtain the main results, we give the definitions and lemmas of the involved

terminologies.

Definition 2.1 ([14]) A sequence x : Z — R is called an almost periodic sequence if the

e-translation number set of
Ele,z} ={r€Z:|z(n+71)—x(n) <e, VYnecZ}

is a relatively dense set in Z for all ¢ > 0; that is, for any given € > 0, there exists an integer
I(e) > 0 such that each interval of length l(€) contains an integer 7 € E{e, x} such that

|z(n+7) —2x(n)| <€, VnezZ,
7 is called the e-translation number of x(n).
Definition 2.2 ([12]) Let f : Z x D — R*  where D is an open set in R*, f(n,z) is said to be
almost periodic in n uniformly for x € D, or uniformly almost periodic for short, if for any € > 0

and any compact set S in D, there exists a positive integer (e, S) such that any interval of length

I(e,S) contains an integer T for which
|fin+71,2) — f(n,x)| <€, VneZ, x€S.
T is called the e-translation number of f(n,x).
Lemma 2.3 ([15]) {z(n)} is an almost periodic sequence if and only if for any sequence {h}.} C Z
there exists a subsequence {hy} C {h}} such that x(n + hy) converges uniformly on n € Z as

k — oo. Furthermore, the limit sequence is also an almost periodic sequence.

Zhang and Zheng [14] consider the following almost periodic delay difference system
z(n+1) = f(n,z,), neZ", (2.1)
where f : ZT x Cp = R, Cp = {¢ € C : ||¢|| < B}, C = {¢ : [-7,0]z — R} with ||| =

SUPse(—r,05, |9(8)]; f(n,¢) is almost periodic in n uniformly for ¢ € Cp and is continuous in ¢,
while x,, € Cp is defined as z,(s) = z(n + s) for all s € [—7,0]z.
The product system of (1.2) is in the form of
z(n+1) = f(n,zn), yn+1)=f(n,yn). (2.2)

A discrete Lyapunov functional of (1.2) is a functional V : ZT x Cp x Cp — RT which is
continuous in its second and third variables. Define the difference of V' along the solution of
system (1.2) by

A‘/(1.2) (TL, (bv 1/)) = V(n + 17 $n+1(n, ¢)a yn+1(na 1/})) - V(TL, (bv 1/))7

where (z(n, ¢),y(n,v)) is a solution of system (1.2) through (n, (¢,v)), ¢, € Cp.

Lemma 2.4 ([14]) Suppose that there exists a Lyapunov functional V(n,$,) satisfying the
following conditions:
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(1) a(|6(0) — $(O)]) < V(1 6,9) < b{l6 — 6}, where a, b € P with P = {a : [0,00) =
[0,00)|a(0) = 0 and a(u) is continuous, increasing in u}.
(2) |V(n,é1,%1) — V(n, d2,2)| < L(||p1 — ¢2|| + ||¢1 — 12]|), where L > 0 is a constant.
(3) AV(1.9)(n,¢,9) < =V (n, ¢,¢), where 0 <y < 1 is a constant.
Moreover, if there exists a solution x(n) of (1.2) such that ||z, | < B* < B for all n € Z*, then
there exists a unique uniformly asymptotically stable almost periodic solution p(n) of (1.2) which
satisfies |p(n)| < B* for all n € 1. In particular, if f(n, ) is periodic of period w, then (1.2) has

a unique uniformly asymptotically stable periodic solution of period w.

3. Persistence

In this section, we establish a persistence result for system (1.2).
Proposition 3.1 Assume that (Hy) holds. For every solution (z1(n),z2(n),u1(n),ua(n))? of
system (1.2),

limsupx;(n) < zf, limsupu;(n) <wu;, i=1,2. (3.1)

n—oo n—roo

Proof We first present two cases to prove that

limsup zi(n) < zj. (3.2)

n—oo

Case 1 By the first equation of system (1.2), from (H;y) and (1.3), we have

Then there exists lp € N such that z1(lp + 1) > z1(lp). So, 1 — M?l)(l“) > 0. Hence,

a1 (lo

x1(lo + 1) < z1(lo) exp{ai(lo) — b1(lo)z1(lo)}
bl(lo).Il (lo)} }
aq (lo)

=z}, (3.3)

< x1(lo) exp {a{v[ [1 -

exp(ay’ — 1)
< oL
Here we used max,cg+ zexp(a — bz) = exp(a —1)/b for a,b > 0 and R* is the set of all positive
real numbers. We claim that z1(n) < a7 for n > lo.
In fact, if there exists an integer m > ng + 2 such that z;(m) > z7, and let my be the
least integer between ng and m such that z1(m) = max,,<n<m—1{x1(n)}, then m; > ng + 2
and z1(m1) > x1(mq — 1) which implies x1(m1) < 2} < x1(m). This is impossible. The claim is

proved.

Case 2 z1(n) > z1(n+1) for n € N. In particular, lim,,—, o, 1 (n) exists, denoted by Z;. We claim

that Z; < z}. By way of contradiction, assume that Z; > z7. Take lim, oo (1 — %) =0.
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Noting that M < z7, we have

b1 (n)xl (n) b%{fl
1-— <1- <0, 3.4
mm =T 4

for n € N, which is a contradiction. This proves the claim.

Similarly to the above analysis, it is not difficult to get limsup,,_, . z2(n) < x3, where

* exp(a2 - 1)
Iz —_— T.
2
In the following, for all ¢ = 1,2, we prove that lim, 4 u;(n) < u}. For any € > 0, there
exits an integer ng € ZT such that z;(n) < zf + € for all n > ng. By the third and fourth
equations of system (1.2), we can get

n—1 n—1

Uz() ;l:](:)(l_fz())[ ()+ZOHJ O(I—fz.]))

(
<=2 w0+ 3 W} + 0ol + ol 3 T] -0

)
no—1 , i ) n—1 .
im0 1lj=o(1 = fi P

e~ A

hi(i) + gi(i)x z(i)}

Since 0 < f& < 1, we can find two positive numbers A; such that 1 — ff =  using Stolz’s

theorem, we have

n—1 _A;(i+1)
. _ eLyn—i-1 _ 7 iz, € _ 1 _ 1
nh~>ngo zzn (1 fl ) o nh~>ngo ehin S l—e M flL '
=no
. hM+gM(z’f+e) . . . .
Hence limsup,,_, . u;(n) < . Since € is arbitrary, let € — 0, we obtain that
hM M %
lim sup u;(n) < LLQZ% =u;, i=1,2. (3.5)

Then limsup,, ., ui(n) < uf is valid. So the proof of Proposition 3.1 is completed. [J

Proposition 3.2 Assume that (Hy)—(Hs) hold, where xf and u} (i = 1,2) are the same in
Proposition 3.1. Then

liminf x;(n) > x4, Iminfu;(n) > up, i=1,2, (3.6)
n—oo n—oo
where
z1, = Ayexp{al — oMot — May — aM ot — eMui),
Tos = Ao explal — ) as — Ml at — all 3% — el 3},
hE+ glwi,
Uix = lfi}\g;l*, 1= 1,2.

Proof Firstly, we also present two cases to prove that

liminf 21 (n) > ..
n—o0
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For any € > 0, according to Proposition 3.1, there exists ng € N such that

zi(n) <zl +e wi(n) <u+e =12, (3.7)
for n > nyg.

Case 1 There exists a positive integer lo > ng such that z1(lp + 1) < z1(lp). Note that for

n > ng, we have

z1(n + 1) = z1(n) exp{ai(n) = bi(n)z1(n) = e1(n)za(n) — di(n)ai(n) — er(n)ui(n)}
Cbhi(n)zi(n)  a(n)za(n)  di(n)zi(n)  ei(n)ui(n)
B Y B ) ) R Y R

In particular, with n = lp, we obtain

L Wanlo) ef(az+e)  difai(l) el'(uite _
ay ay ay ap

which implies that
o~ 4+ VoI — 4d} (e} (@5 + €) — af” + e (uf + €))

Il(lo) = 2dM = Ai’_&,
1

> _b{w \/bM2 4dM C{V[(% +€) — al +e (Ul +¢€)) — A

= AL,

!
z1(lo) = 24

Since —b}f — /bM2 — 4dM (M (x5 + €) — al + e} (ul +€)) < 0, it follows from (Hy) A}, < 0
and z1(lp) < 0. From system (1.3), we get
bM * M (% dM * 2 M (, *
w1l +1) > A exp{aF[l — 2L (951L+5)_C1 (952L+6)_ 1 (le—i—e) ! (U1L+6)]}
ay ay ay ay
= X1 (3.8)

We claim that z1(n) > z1 for n > lo.
By way of contradiction, assume that there exists po > lp such that z1(pg) < x1.. Then
po > lo+2, let p1 > lop+2 be the smallest integer such that z1(p1) < 1. Then z(p1 —1) < z(p1).

The above argument produces that x1(p1) > 1, a contradiction. This proves the claim.

Case 2 We assume that z1(n + 1) > z1(n) for all large n € N. Then lim,,_,~ x1(n) exists,
denoted by z;. We claim that z; > A{.. By way of contradiction, assume that z; < Aj,. Take
lim (1 — bi(n)zi(n)  ci(n)za(n)  di(n)ai(n) el(n)ul(n)) _0
n—o0 ax(n) ax(n) ax(n) a1 (n) ’

which is a contradiction, since

bi(n)zi(n)  ci(n)za(n)  di(n)af(n) el(”)ul(n))

lim (1 — - -

n=y00 ay(n) a1(n) ai(n) ay(n)
bfai(n)  clf(z3+e¢)  dif(af+¢)? el (uf +e)
>1- L - L o L - L > 0.
ay ay ay ay

Note that z7 > a{‘/f > alL, we see that Afe > X1e, and lime_o 1 = x1.. We can easily see that

liminf, e z1(n) > x1. holds. Similarly, we can prove that liminf,, o x2(n) > z2.. Thus for
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any € > 0 small enough, there exists a positive integer ng, such that z;(n) > z;x — e > 0 for all
e>0.

Next, we will prove that liminf,, o u;(n) > u;. for all i = 1,2. For any e > 0, there exists
an integer ng € ZT such that z;(n) > 4 — € for n > ng. We have from the third and fourth
equations of system (1.2) that

o +gz Z(z)
u;(n 1— i
=TT~ [uto +Z Tl

no—1 (5 ; i n—1 n—1
2(1_fz]w)n[uz(0)+ ZO W}—’—[hL—’—gz Tix — € Z Hll_fz
1= J= i=no j=i+

)
no—1 n—1
> (1= [ui(O) + Z; %} + [hf + gf (win — ©)] Z (1 — fMyn—i-1,

Since 0 < fM < 1, we can find two positive numbers T; such that 1 — fM = e~Ti. Using Stolz’s

theorem, we have

n—=1 T;(i+1)
: Myn—i—1 _ 1 D iy © 1 1
Jim (1 M) B T w iy g

i:no

hl+gl (ziv—€)

Hence lim inf,, o u;(n) > . Since ¢ is arbitrary, let € — 0, we obtain that

7
hggloréf u;(n) > T = Uy (3.9)

So the proof of Proposition 3.2 is completed. [J
Remark 3.3 Similar results have been obtained by Tan [11, Lemmas 1 and 2].
Now the main result of this section is obtained as follows.

Theorem 3.4 Assume that (Hy)-(Hs) hold. Then system (1.2) is persistent.
4. Main result

According to Lemma 2.4, we first prove that there exists a bounded solution of system (1.2),

and then construct an adaptive Lyapunov functional for system (1.2).
The next result tells that there exists a bounded solution of system (1.2).

We denote by € the set of all solutions X (n) = (x1(n), z2(n), u1(n),uz(n))? of system (1.2)
satisfying z;. < x;(n) < o}, up <wui(n) <wuf foralln € Z7T.

Proposition 4.1 Assume that (H;)—(Hs) hold. Then Q # &.
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Proof It is now possible to show by an inductive argument that system (1.2) leads to
z1(n) = x1(0) exp jz_::{al(l) — bz () — cr(Dw2(l) — di (D7 (1) — ex(Dur (D)},
n—1
w2(n) = x2(0) exp lgo {az(l) = ba(l)x2(l) — ca(Dz1 (1) — da(D)23(1) — ea(l)ua(l)},
n—1
u1(n) = u1(0) — go{—hl(l) + filur(l) — g1(D)z1 (D)},
n—1
uz(n) = u2(0) — go{—’w(l) + fo(Dur(l) = g2(Dz1 (1)}

(4.1)

From Propositions 3.1 and 3.2, any solution X (n) = (x1(n), z2(n), u;(n), uz(n))? of system (1.2)
with initial condition (1.3) satisfies system (4.1). Hence, for any € > 0, there exists ng such that

if ng is sufficiently large, we have
Tix —e<xi(n) <zf € wm—e<u(n)<ul+e Vn>ng, i=1,2. (4.2)

Let {t,} be any integer-valued sequence such that ¢, — 0o as n — co. We claim that there

exists a subsequence of {t,}, we still denote it by {¢,,} such that
xi(n+1t,) = 2} (n) (4.3)

uniformly in n on any finite subset B of Z as n — oo, where B = {ay,a9,...,am}, ap € Z (h =
1,2,...,m) and m is a finite number.

In fact, for any finite subset B C Z, when a is large enough, ¢, + ap > ng, h =1,2,...,m.
So

Tix —€<mi(n+1ty) <af+e upw—ec<u(n+t,) <u +e (4.4)

That is, {z;(n + tn)}, {ui(n + t,)} are uniformly bounded for large enough n.

Similarly, for as € B, we can choose a subsequence {t2} of {t.} such that {z;(as +
t2)}, {ui(az + t2)} uniformly converges on ZT for n large enough.

Repeating this procedure, for a,, € B, we obtain a subsequence {t™} of {t™~!} such that
{zi(am + ™)}, {ui(am + t7)} uniformly converges on Z* for n large enough.

Now pick the sequence {¢"} which is a subsequence of {t,}, we still denote it by {¢,}, then
for all n € B, we have z;(n + ¢,) = 2 (n), u;(n + t,) = uf(n) uniformly in n € B as p — .

By the arbitrariness of B, the conclusion is valid.

Since {a;(n)}, {bi(n)}, {ci(n)}, {di(n)}, {ei(n)}, {fi(n)}, {g:(n)} and {hi(n)} (i = 1,2) are
almost periodic sequences, for the above sequence {7,},7, — o0 as p — oo, there exists a

subsequence still denoted by {7,} (if necessary, we take a subsequence) such that
ai(n+ 1) = a;(n), bi(n+1,) = bi(n), ci(n+7p) = ci(n),
di(n+ 1) = di(n), e;(n+m) —e(n), filn+m)— filn),
gi(n+7) = gi(n), hiln+1p) = hi(n), forall i=1,2,

as p — oo uniformly on Z*. For any o € Z, we can assume that 7, + o > ng for p large enough.

Let n > 0 and n € Z*. Using an inductive argument of system (1.2) from 7, + o ton+ 7, + o
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leads to
n+7p+o—1
zi(n+ 7 +0) =x1(1, + 0)exp > {al —b1(Dz1(l) — cr (D2 (l)—
I=Tp+o
di(Da3 (1) — el(l)ul(l)}a
n+rp+o—
zo(n+ 7 +0) =x2(1p +0)exp > {CLQ —ba(D)x2(l) — c2a(D)z1(1)—
b=mpto (4.5)
do(1)x5(1) — ea(lua(l) },
n+7p+o—1
u(n+7p+0)=ui(rp+o)— X {-=m@)+ HOu() - gz ()},
l=Tp+0o
n+7tp+o—1
us(n+7p+0) =ua(rp+0) = 3 {=ha(l) + fa(Dua(l) — g2(D)x2 (1) }.
l=Tp+0
Then, for ¢ = 1,2, we have
n+1p+o—1
zin+7p+0o)=x1(1p +0)exp > {al(l—i—Tp) —bi(l+ 7))z (I 4+ 7p)—
l=Tp+0o
C1 (l + Tp)x2 (l + Tp) —di(l + Tp)xi(l + Tp) —€ (l + Tp)ul (l + Tp)}a
n+1p+o—1
za(n+7p+o)=a2(p+o)exp > {ac(l+7p) —bo(l+ 1p)w2(l+7p)—
l=Tp+0o
02(l + 7—10)551 (l + Tp) —do(l + Tp)xg(l + Tp) - 62(l + Tp)u2 (l + Tp)}a
n+tp+o—1
untmpto)=u(np+o)— X {-hl+5)+A0+5)ul)-
l=Tp+0o
g1 (l + Tp)xl (l + Tp)}v
n+tp+o—1
ur(n+mp o) =un,+o) = 3 { = ha(l+ 1)+ foll + mp)uz(l+ 1)~
l=Tp+0o
g2(l 4+ 1p)za(l + Tp)}.
(4.6)
Let p — oo, for any n > 0,
n+1p+o—1
win+mpt+o)=ai(mp+o)jexp 3 {a(l) = bi()zi(l) — er(Dr3(l)—
l=Tp+0o
di(Dz1?(1) — ex(Dui(D) },
n+1p+o—1
as(n+mp+0)=a3(r,+o)exp > {aa(l) = ba(Da5(l) — c2(D2F(1)—
[=rpto (4.7)
da (D32 (1) — ea(uz (D)},
n+7tp+o—1
uiln+1p+o) =ui(np+o) - ¥ {=h(O)+ AOui) — a1 (D2i (D)},
=Tp+o
n+7p+o—1
uz(n+7p+0) =uz(m+o0) - l > { =)+ f2(Dus) = ga(Dz3(0) }-
=Tp+o

By the arbitrariness of o, X* =
It is clear that 0 < x4 < 7 (n) <
Proposition 4.1 is valid. [

(z3(n), x3(n), ui(n),us(n))T is a solution of system (1.2) on Z7.
25,0 < up <uf(n) <wuf,foralln e Zt,i=1,2. So Q # 2.

The main results of the following theorem concern the existence of a uniformly asymptoti-
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cally stable almost periodic sequence solution of system (1.2).
Theorem 4.2 Assume that (Hy)-(Hs) hold. Suppose further that (Hy): 0 < © < 1, where
O1=1-W1 -2 —g"&(n)(2 - f1),
Oz =1- W2 — Qo — 936 (n)(2 - f2),
O3 =2fi — fi* —gi'&(n)(1 = fi) = Ws,

@4:2f2 12—92 §2(n )(1_f£>_937
0= min{®17®27®3a®4}7

then there exists a unique uniformly asymptotically stable almost periodic solution X (n) =
(z1(n), z2(n), u1(n),uz(n))? of system (1.2) which is bounded by § for alln € Z.

Proof Let p;(n) =Inz;(n) (i =1,2). From (1.2), we have

pi(n+1) = pi(n) + ar(n) = by (n)e” ™ — c1(n)e*™ — dy (n)e* ) — ey (n)us (n),
) = p2(n) + az(n)

p2(n+ 1) = pa(n) + az(n) — by(n)e’*™ — cy(n)e™ ™ — dy(n)e**™ — e5(n)us(n),
Aui(n) = hi(n) = fi(n)ui(n) + gi(n)e? ™),
Auy(n) = ha(n) — fa(n)ug(n) + g2(n)eP2™, n e Z*. (4.8)

From Proposition 4.1, we know that system (4.8) has a bounded solution Y (n) = (p1(n), p2(n),
u1(n),uz(n))? satisfying

Iz <pi(n) <lnzf, w <ui(n) <ul, i=1,2,neZt. (4.9)

]

Hence, |p;(n)| < Ai,|ui(n)| < B;, where A; = max{|Inx;|,Inz}}, B; = max{u;,ul},i=1,2.
For (X,U) € R**2, we define the norm ||(X,U)|| = Y0, || + 320, [uil.
Consider the product system of system (4.8)

pi(n+1) =pi(n) + a1 (n) — bi(n)eP™ — ¢ (n)eP2(™ — dy(n)e?P1 (™) — eq(n)uy(n),
p2(n+1) = p2(n) + az(n) — ba( )€p2 (") — co(n)ePr ) — dy(n)e?P>(™) — es(n)us(n),
Aui(n) = hi — fi(n)ui(n) + gi(n)eP i=1,2,
a(n+1)=aq(n) +ai(n) - bl(”)e‘“(" —c1(n)e?™ — dy (n)e*m ™) — e (n)v:(n),
@2(n + 1) = ga(n) + az(n) — ba(n)e™) — co(n)e ™) — dy(n)e?> ™) — es(n)va(n),
Avi(n) = h; — fi(n)vi(n) + gi(n)et™, =12

n

e42 (n

(4.10)

Suppose that P = (pi(n), pa(n), w1 (1), uz(n)T, Q = (q1(n), @a(n), va(n), va(m)” are any
two solutions of system (4.10) defined on Z* x S* x S*. Then ||P| < B, ||Q| < B, where

2
B=Y {Ai+B},
i=1

S* = {(p1(n),pa(n), ur(n),uz(n)) : Mz < pi(n) <naj, wp <ui(n) <uj,
i=1,2,neZt}. (4.11)
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Choose Lyapunov function defined on ZT x S§* x S* as follows:
(n, P,Q) = Z{ pi(n) = ai(n))* + (ui(n) — vi(n))*}. (4.12)

It is easy to see that the norm ||[P — Q|| = 3_7_ {|pi(n) — @i(n)| + [u;(n) — vi(n)|} and the norm
[P = Q. = {37 {(pi(n) — ¢i(n))? + (ui(n) — v;(n))?}}'/? are equivalent, that is, there exist
two constants Cy > 0,Cs > 0 such that

GlP-Ql <[P -Ql«<CafP-@Ql, (4.13)

then
(CLlIP = QI)* < [P = Q. < (C2|lP = Q)™ (4.14)
Let a € C(RT,R"),a(z) = C}22,b € C(RT,RT),b(z) = C32%. Thus condition (1) in Lemma
2.4 is satisfied.
In addition,

V(n, P,Q) = V(n, P,Q)|

2
= ‘ Z{ pi(n) = ¢i(n))* + (ui(n) — v;(n))*} — Z{(ﬁi(n) = Gi(n))? + (ai(n) — 0:(n))*}
< Z [((ps(n) — @i(n))® + (wi(n) = v:(n)*[ + D |(Bi(n) = @s(n))* + (@s(n) — 5i(n))?|
i=1

—Z{Ipz = ¢i(n)) + (Bi(n) = Gi())||(pi(n) — ¢i(n)) — (Pi(n) — Gi(n))}
Z{I(ui(n) = vi(n)) + (@i(n) — 0:(n))[||(ui(n) — vi(n)) = (@i(n) — v:i(n))[[}

< Z{ pi(n)] + lgi(n)| + [pi(n)| + 1Gi(n) ) (Ipi (n) = pi(n)] + lgi(n) = Gi(n)])}
Z{ (lui()| + [oi(n)] + [@i(n)] + [0:(n) ) (Jui(n) = @i(n)] + [vi(n) = :(n)])}

<L{Z{|pz n)] + () — @il |}+Z{|qz = Gi(n)| + | (m) — 5 (W]} }

= L{|P - P|+]lQ - Qll}, (4.15)

where L = 4max{A;, B;} (i =1,2). Hence condition (2) of Lemma 2.4 is satisfied.
Finally, calculating AV of V(n) along the solutions of (4.10), we can obtain

AViaa0)(n) =V(n+1) = V(n)

2
=> Alpitn+1) = qi(n+ D + (wi(n + 1) = vi(n +1))*} =

=1

Z{[p = qi(n)]* + [ui(n) — vi(n)]*}
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2

=Y At +1) —qi(n+1))* = (pi(n) — q:(n))*+

=1

(ui(n +1) = vi(n +1))* = (ui(n) — vi(n))*}

=Y Alpi(n +1) = @i(n + DI = (pi(n) = ai(n))* + [(1 = fi(n))(ui(n)—

i=1

vi(n)) + gi(n) (" — B )2 — (u;(n) - vi(n))*}. (4.16)
In view of system (4.1) and using the mean value theorem, we get

i) — ) = () (pi(n) — i(n), P =12, (4.17)

where &;(n) lies between eP«(") and e% (™),

[p1(n+1) — qu(n+ 1)
= [(p1(n) = q1(n)) — ba(n)(er W — B M) — ¢y (n)(eP2(M) — (W)
dy (n)(e2 (") — 20 — e (1) (uy (n) — v1(n))]”
= [(pr(n) = q1(1)) = ba(n)&1 () (p1(n) — q1.(n)) — ex(n)éa(n) (p2(n) — g2(n))—
20y (n)€1(n)(p1(n) — q1(n)) — ex(n)(ua(n) — v1(n))]?
= (1 - bi(n)€1(n) — 2d1(n)€1(n))2(p1(n) — q(n))? — 2((1 — bu(n)é1(n)—
241 (n)€1(n)) (p1(n) — q1(n))(c1 (n)&2(n) (pa(n) — ga(n))+
e1(n)(u1(n) — v1(n)))] + 3 (n)E3 () (p2(n) — g2(n))*+
2¢1(n)€2(n)es (n)(p2(n) — g2(n))(u1 (n) — v1(n)) + €3 (n)(ua (n) — v1(n))
< (1 - bheF —2aP6,(n))*[p1 (n) — qa ()] + 262(n) [p2(n) — g2 (n)]*+
2(bM ¢y (n) +2d37¢1 (n) — 1)eM €alpi(n) — @1 () [p2(n) — ga(n)|+
wamn>+2d¥fm ) = D)eMp1(n) — 1 (n)|lus (n) — v1 (n)|+
M2 (g (n) — v1(n))? + 26 €2(n)el [ua (n) — v1 (1) [p2(n) — ga(n)|
_O—%&(%ﬁﬁﬁfmm%wdﬂ4wﬁ&mﬂ 2(n) — ga2(n)]P+
(bM&1(n) + 247 €1(n) — Vel &2(n)[(p1(n) — q1(n))? + (p2(n) — g2(n)) ]+
(M €1(n) +2d37&1 (n) — Vel [(p1(n) — q1(n)? + (ua(n) — v1(n))2)+
eM2(ug(n) — v1(n)? + M & (n)ed [(ua(n) — v1(n))? + (pa(n) — ga(n))?)
= Wilpi(n) — q1(n)]* + Walpa(n) — g2(n)]* + Walus (n) — v1(n))?, (4.18)

where

Wi =(1 = bi&1(n) — 2d761(n))* + (017 €1(n) +2d1 &1 (n) — 1)ei’ €a(n) + (br(n)€1 (n)+
2d77€1(n) — 1)ey’,

Wy =c}65(n)” + (01761 (n) + 24 &1 (n) — Ve & () + ¢} &(n)el!

Wy =i + (b1 &1(n) + 2d1"€1(n) — 1)e’ + ' €a(n).
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Similarly, we also obtain

[p2(n +1) — ga(n + 1))?
= [(p2(n) — @2(n)) — ba(n) (€7 — e22(M) — cy(n)(ePr (M) — B
dz (n) (€272 — 22(M) — ¢y (n) (u(n) — va(n))]?
= [(p2(n > o n)(p2(n) — g2(n)) — e2(n)é1 () (p1(n) — g1 (n))—

2dy(n)€a(n)) (p2(n )—Q2(n))(02(n)€1( )(pr(n) — q1(n))+
e2(n)(uz(n) — v2(n)))] + c3(n)€F (n) (p1(n) — q1(n))*+
2¢a(n)&1(n)ez(n)(pr(n) — qi(n)

< (1= b&(n) — 2d562(n))*[p2(n

(u2(n) — v2(n)) + €3(n)(uz(n) — v2(n))*

)(uz(n
) = a2())? + &3€1(n) [p1(n) — a1 (n))*+
)

2(b3" €2(n) + 2d3"€2(n) — 1)y &1 (n)|p1(n) — qa(n)|[p2(n) — ga(n)|+
(bMéz(n)Jr?diw&( ) = 1)ez" Ip2(n) — g2(n)|luz(n) — va(n)[+
e3"?(uz(n) — v2(n))* + 2¢3" €1 (n)e3" Jua(n) — va(n)|[p1(n) — qu(n)|

< (1= b5&(n) — 2d56(n)[p2(n) — g2(n)]” + 3726 (n)[pr (n) — 1 (n)]+
(65" &2(n) + 2d5"Ex(n) — ey & (n)[(p1(n) — 1(n))* + (p2(n) — g2(n))*]+
(0" €2(n) +2d77 &1 (n) = 1)e3" [(p2(n) — g2(n))? + (ua(n) — va(n))?]+
e (ua(n) — va(n))? + ¢5"€1(n)eq" [(ua(n) — va(n))* + (p1(n) — a1 (n))?]
= Upi(n) — a1 ()] + Q2[pa(n) — g2(n)]* + Q3[uz(n) — v2(n)]%, (4.19)

where

0 =3"26(n)* + (05" &a(n) + 2d3" & (n) — 1)e3 61 (n) + 5" & (n)ed”

Q2 =(1 = b3&(n) — 2d562(n))* + (b &2(n)+
2d§”§2( ) = ey’ &i(n) + (03" €2(n) + 2d7 & (n) — 1)ey,

Q3 =3 + (0 &2(n) + 21" €1 (n) — Dey” + c3" &1 (n)ed”.

From system (4.10), we also obtain

[wi(n +1) = vi(n + 1)]* = [us(n) — vi(n)]?

= [(1 = fi(n))® = 1(ui(n) — vi(n))* + g7 (n) ("™ — e®(W)24
2gi(n)(1 — fi(n)(ui(n) — vi(n))(e" ") — et)
< (f7% = 2f5) (wi(n) — vi(n))® + "€ (n) (pi(n) — ai(n))*+
2" (1 = f1)&(n)|ui(n) = vi(n)l[pi(n) — gi(n)]

< (FF% = 2f5) (wi(n) — vi(n))® + g & (n) (pi(n) — 4i(n))*+
g (1 = fO)&m)[(ui(n) = vi(n))® + (pi(n) — q:(n))?]

= (fF2 = 2ff + g1 (1 = fH)& ) (wi(n) — vi(n))*+



Almost periodic solutions for a non-autonomous discrete competitive system with feedback controls 273

(9" (1= fFH)& () + g1 &(n)) (pi(n) — as(n))?, i = 1,2. (4.20)
From (4.16)—(4.19), we have

AViagy(n) <W1 + 0 + g6 (n)(1 = f1) + 96 (n) = 1][p1(n) — 1 (n)]*+
[Wa + Q2+ g3 &a(n)(1 = f3) + 95" 2(n) — 1] [pa(n) — g2(n)]*+
(Ws + f12 =21 + g1 & (n)(1 = fD)][ur (n) — o1 (n)]*+
Qs+ f5% = 2f5 + 63" &a(n) (1 — f3)][ua(n) — va(n))?
=—[1 =W =2 —g"&(n)2 — )]l (n) — 1 (n)]—
[1—Wa — Qs — g3"&(n) (2 — f3)][p2(n) — g2(n)]*—
2fF + 1% = gV & (n)(1 = f1) = Wal[ua (n) — 01 (n))*—
215 + 57 = 95" &(n)(1 = £37) — Qs][ua(n) — va(n)]?
2

<=0 {(uin) —vi(n)* + (pi(n) — a:(n))*}
i=1
=—0V(n),

where © = min{©;,02,03,0,}. That is, there exists a positive constant 0 < © < 1 such
that Aq)(n) < —OV(n). From 0 < © < 1, condition (3) of Lemma 2.4 is satisfied. Hence,
from Lemma 2.4, there exists a unique uniformly asymptotically stable almost periodic solution
X(n) = (z1(n),z2(n),u1(n),uz(n)) of system (4.10) which is bounded by S* for all n € Z*,
which means that there exists a uniqueness and global attraction of the almost periodic solution
X(n) = (z1(n),x2(n),us(n),uz(n))? of system (1.2) which is bounded by Q for all n € Z*. This
completes the proof. [J

5. Numerical example

In this section, we will present an example to illustrate the effectiveness of our theoretical

results.

Example 5.1 Consider the following discrete competition system with feedback controls:

z1(n +1) = 21(n) exp{0.7 4 0.03 sin(v/2n) — (0.6 — 0.02 cos(v/2n))z1(n)—
(0.02 + 0.01 sin(v/2n))x2(n) — (0.004 — 0.002 cos(v/2n))x? (n)—
(0.004 + 0.001 sin(v/2n))u(n)},
za(n +1) = 29(n) exp{0.8 — 0.2 cos(v/2n) — (0.8 + 0.06 cos(v/2n))xa(n)—
(0.06 + 0.002 cos(v/2n))x1(n) — (0.02 4 0.001 sin(v/2n))x3(n)—
(0.007 + 0.0001 sin(v/2n))ua(n)},
Auq(n) = 0.002 + 0.0001 sin(v/3n) — (0.4 + 0.001 cos(v/2n) )uy (n)+
(0.009 + 0.004 sin(v/2n) )z (n),
Aug(n) = 0.006 + 0.0002 sin(v/3n) — (0.45 + 0.003 sin(v/2n))ua(n)+
(0.004 + 0.0004 cos(v/2n))xa(n),n € Z*.

Then system (5.1) is persistence and has a unique uniformly asymptotically stable almost peri-
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odic sequence solution.

Proof It is easy to see that {ai(n)},{bi(n)},{ci(n)}, {di(n)},{ei(n)}, {fi(n)},{gi(n)}, and
{hi(n)} for i = 1,2 are bounded nonnegative almost periodic sequences. By calculation of
Matlab software, we obtain

21, = 0.4651, 27 = 1.6667, @, = 0.7222, z} = 1.1748,

urx = 0.0105, wuj =0.0596, uj =0.0343, wug. = 0.0146,

al — My — eMut =0.3645 > 0,

ab — c)ay — edul = 0.5864 > 0,
O ~ 0.2914, O ~ 0.7851, O3 ~ 0.5887, O, ~ 0.6851,

O = min{@l, @3, @3, @4} =0.2914.

Then 0 < ©® < 1. So we can see that all conditions of Theorem 4.2 hold. According to Theorem
4.2, system (5.1) has a unique global attraction of the almost periodic solution which is bounded
by Q for all n € Z*. In fact, by simulations, at least two trajectories with different initial sates
have been tracked, and their dynamics are illustrated in Figure 1, which are confirmed by our

theory. Figure 2 is dynamical behavior of system (5.1) with different initial state.
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Figure 1 Time response of the states z1(t) , x2(t) ui(t) and u2(¢) of system (5.1)
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Figure 2 Dynamical behavior of system (5.1): two-dimensional phase portrait
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