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Abstract The moment estimator has been widely used in extreme value theory in order to
estimate the extreme value index, however it is not location invariant. In this paper, based
on the moment-type estimator, we propose a new location invariant moment-type estimator,
and discuss its asymptotic normality under the second order regular variation. Finally, a
simulation is presented to compare this new estimator with another location invariant moment-
type estimator 4./ (ko, k) proposed by Ling, which indicates that the new estimator has good
performances.
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1. Introduction

Suppose X1, Xo,...,X,, are independent identically distributed (i.i.d.) random variables
with common distribution function (d.f.) F', and let X; ,, < Xa,, <--- < X,, ,, be the associated
increasing order statistics. If F' satisfies (1.1), we say that F belongs to the domain of attraction
of an extreme value distribution G, denoted by F' € D(G,), i.e., there exist real numbers a,, > 0
and b,, € R such that

P(X"+_b” < 2) = F'(an® + by) — G (), (1.1)

as n — 0o, where
G exp{—(l—i-'y:z:)_%}, for 1 4+~x > 0, if v # 0;
xTr) =
! exp{—exp(—z)}, forx € R, if y=0.

The shape parameter 7 plays here a central role, which measures the weight of the right
tail function defined as F = 1 — F. As a result, in applications of extreme value theory, dealing

with economic problems, such as risk management [1] and currency issue [2], the problem of
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estimating the tail index has received much attention by many researchers in statistics. There
are several common estimators of extreme value index.

When « > 0, the most famous estimator is the Hill [3] estimator:

=
=7 Z (log Xp—in —1og Xp—k.n) (1.2)
i=0

with an intermediate integer sequence k = k,, satisfying k¥ — oo, k/n — 0 as n — oo. For
general v € R, a well-known estimator is the moment estimator proposed by Dekkers et al.[4]

1 ()2

) = M 41— 51 = ) (13)

2
where

J)_

wl»—'

Z loan—i,n - IOan—k,n)ju .7 = 17 2.
=0

Note that Mr(Ll) is Hill estimator. The weak consistency and asymptotic normality of 42 (k) are
proved. Simulation and empirical analysis show that it is sensitive to the linear transform of data
set and the choice of threshold k, thus location invariant to estimator is a basic requirement.

The earliest location invariant estimator is Pickands [5] estimator defined as:

1 Xn— n - Xn— n
Ag( ) _ log k+1, 2k+1, 7 (14)
10g2 Xn72k+1,n - n—4k+1,n

although it is location invariant, it has a significant larger variance. Alves [6] proposed a location
invariant Hill-type estimator:

ko—1

nin_Xn k,n
H (Lo, k) § log . v>0, 1.5
0 n kgn_Xn k.n 7 ( )

here k — oo, kg — 00,k/n — 0,ko/k — 0 as n — oo. Ling et al.[7] transformed (1.3) into a

location invariant estimator as follows:

1 (MY (ko K))?

M _ @) 1
AM (ko k) = M) (Ko, k) +1 — =(1 — , 1.6
(ko k) (Ko, k) 5 D (ko) ) (1.6)

where
1Rl x, - X
MWD (ko k) = — S (log —2=bn — Znzkm yj 5 9,
3 (Ko, k) ™ ;( an—ko,n_Xn—k,n) j

and derived its asymptotic normality in [8]. Wang [9] proposed a new moment-type estimator

(Mr(Ll))Q

1 1
S (kY = (Z M2z — (11—

5 )L (1.7)

Combining with 4 (ko, k) in (1.6) and 42 )(k) in (1.8) proposed by Ferreira [10] as follows:

[y

2 MM
M®ys 41 -2 -2
M

§ ) (13)

320) = (

N |
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we propose a new location invariant moment-type estimator defined as:

2 MY ko, k)M (ko, k
AN (ko k) = MY (ko k) +1— = (1 — ( 07(3)) (o, k)
3 M (ko, k)

and discuss asymptotic properties under second order regular variation. And use Monte-Carlo
method to compare it with 42 (ko, k) defined in (1.6) above.

) (1.9)

2. The main results

Let Y7,Y5,...,Y, be iid. random variables with common Pareto distribution Fy (y) =
1—y ' y>1and Yi, <Yy, <.---<Y,, be the associated increasing order statistics.

Let E1, Fs, ..., E, be ii.d. random variables with common standard exponential distribu-
tion Fy(z) =1—¢*,2 > 0 and E1, < Ez, < --- < E,, be the associated increasing order
statistics.

Let ‘g’,‘—dﬁ and ‘%’ represent identically distributed, convergence in distribution and
convergence in probability, respectively.

We assume that F' € D(G,), which is equivalent to suppose that U = (1/(1 — F))* is

regularly varying with index v (U € RV ), notice that the following relations are true:
Xin £ U(Yin),
{%}fﬂal £ Veo-iho 120
logY;n 2 Eip, (2.1)
where sequences k and ky satisfy
k=ky,=o0(n), ko=o(kn), kn— 00, ko— 00, %’E — 0,

ko/logk,k/logn — oo, n — oo, (2.2)

k P
—Yy_kn — L.
n

The following conditions are equivalent

FeDG,) <= 1-F€cRV_,, <= UcRV,, v>0, (2.3)
if and only if there exists a function a(t) > 0, we say F' € D(G,), such that
U(te) - U(t 7T -1 U(te) = U(t
(tz) ()_>:v , ify=0, M—Hogw (2.4)
a(t) g a(t)
as t — 0o, where U = (125)*, as the inverse function of -1+ (see [11]). It is equivalent to
Ultx)-U() a7-1 Utx) —=U((t) logzx

if v =0, (2.5)

- , - .
Ulty) =U@) — y7 =1 Ulty) =U(t) ~ logy
We say {k(n)} is intermediate rank sequence if it satisfies

k(n) — 0, @ — 0, n—oc. (2.6)
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If there exist function a(t) > 0 and A(t) > 0 satisfying A(¢t) — 0,t — oo such that

Ul(tx)—U
. a)(t) @ D, (z)

i — — H(x), (2.7)
where
z7—1
0.
Dv(x):{ == v F0
Inz, ~v=0.

H(x) is not times of D, (z), we say that U(t) satisfies second order regular variation. From de

Haan and Ferreira [12], we know

xT +r_ xr ' —
Mt -5, <0, 7 #0;
Hix) %(xp;1 —Inx), p <0, v=0; 2.8)
X)) = .
@z — 2=, p=0, y#0;
3(Inz)?, p=r=0.

3. Asymptotic property of estimator 4. (ko, k)
Lemma 3.1 Ifsecond order regular variation (2.5) holds when p < 0, then for arbitrary e, § > 0,
there exists to = to(g,d) > 0 satisfying

In Y& -U®) 1y p (x) y+p+d
a(t) Y _ < xT
A(t) B%P(x)‘ — 8(1 + D.Y(:Z?) ) (3'1)

when t > tg,x > 1, where

pY TP
B _ V-’ly-p ;wp_llv ¥+ p #0;
vo(T) = 7
z7—1 1T, Y+p=0.

The proof easily follows from [13, Lemma 4.1].

Lemma 3.2 If second order regular variation (2.5) holds when p < 0, then
(i) Forallxz>1,y>1

B - 0B
i Y~ ~Y)
A, A(t) = Fy p(2,9) (3.2)
holds, where
1 zvte—q _ 1 yrtr '
F’Y p((E y) = { Dy(z) ~+p D,(y) ~+p ° Y+ p 7é 07
) ) 1 1
5, 1T Do) MY y+p=0.
(ii) For arbitrary €,6 > 0, there exists tg = to(e,d) > 0 satisfying
54 -
ty)—=U(t »

| - A(t) == Py ()] < Ty o2, y), (3.3)

when t > tg,x > y > 1, where

aan ] N yrteto
Dy(z) — Dy(y)

Ty p(z,y) =2+ )-
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The proof easily follows from [13, Lemma 4.1].

Theorem 3.3 If second order regular variation (2.5) holds, and k(n), ko(n) are intermediate
rank sequences, then for sufficiently large n,

(i) When v > 0,

(a) if v+ p#0, then

An (o, k) = + %P3 - iPz + (v - %)Pl + d(k—]i))*v + tA(%)(k_]Z)p_,_
Ko\ nyko, o (A
Op((?) )+OP(A(I€)(]€0) )+ op( ko)v (3.4)
(b) ify+ p =0, then
A (Ko, k) = + %Ps - iPz + (v - %)Pl + d(k—k;)*7 - tA(%)(kﬁo)*7 ln(k—]:)—i-
() + oAD" (D) + 0. (35)

where P; = kio Zfil(ln Y;)? — pj, pj =T(5 +1),j =1,2,3 and d,t are constants only related to

a, 7, P5
(ii) When v =0,

1 1 1 k n k
YN (ko, k) ==—=P3 — =P; — =Py + t(—)PA(+) + (In(—))*
n (ko k) =5 P — 5 PL— 2 Py (ko) (k)+(n(k:0)) +
n,, k 1
A(=)(—)?) + 0,(—=), 3.6
oA + o) (36)
where p;, Pj are defined as above;
(iii) When v < 0,
. 1—9)°1—-29)(1—3y) 1-3y 392(1—9) 3y
N ko k) = _( v Py — P —P
’Yn( 05 ) Y 6’73 ( 2 3 (1_27)(1_37) 1+ ) 2)"’
n,, k ~ k n,, k 1
tA(=)(—) — ——(—)" A(=)(— 3.7
where Pj = %Zfﬁl(l =Y — oy = %, j =1,2,3 and d,t are constants only
related to a, 7, p.

Proof (i) If v < 0, when n — oo, (22=:m)7 < ();f”“”" )" B 0 satisfying for all i = 1,2, ..., ko.

Yn—k,n n—k,n

Thus, from (2.1) and Lemma 3.2, one has

ko
(1) a bl U(Yoit1n) = U(Yn_kn)
M, (ko k) = Z (In U(Yn—tom) —U(Yn_tom) )

=1
ko (Yn7i+1,n )»y 1 (Yn7i+1,n )»erp 1 (Ynfk:o,n )»erp _1

1 Yn—k,n ’Y n Yn_k,n Yn_k,n
= 1 * + A= * - : 14 0,(1
kO Z ( n (Yn,ko,n )’Y . 1 ~ + p (k)( (Yn7i+l,n )’Y _ 1 (};:L—ko,n )'7 _ 1 )( 0;0( )))

n—k,n Yn—k,n

= (e Ly - Ay (4 g, ()4

n—k,n

Ynfkg,n
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ko

LAy e LS - (LY";:’:)””)G +0p(1))

=1

]i}() k()
k 1 ¥ n k. 1
=(—)"¢ = Y A (e _yote
Gl e o0 =Y+ = A 21X

1 ko v 1 ko Ntp
—Na-y& - —Na-yvtni
G0 B - s s
So
k (—1)7 547 n,, k n,, k 1
(J)f )9 P+t A(— P A= P
MY = G gy gy B A+ oA +onl 7))

satisfying for all j = 1,2, 3, where

2 1 1 1
b=ty = (1 - + );
y+p—1 YEp =y 1=9—=p 1-2y-p
3 242 1 2 1
ty=—1( 1 - + - ).
Y+p (1=71-2y) 1-=v-p 1-2y—p 1-3yv-p

Thus,

M) = (5 + s A G+ oA + enl )

M (Ko, k) — M (o, k)M (ko, k)

k sy —473 272
= (= P — P2t tad P
G T R T i A
n kN’ 1
A _
oA (1)) + ol
where t4 = t3 — %tz — % By Taylor Expansion, one has
(M, (ko,k> M1><ko k)M (ko, k)~
3y{ 1— 27)(1 -3y) ((1 —7)*(1 =2y)(1 —37))2
~3 43
2+2 ¥ n,, k k 1
P;— P — Py + ts A=) (—)° A —
(3 T e D o) A oA+ on )
where t5 = _((1—7)2(1;Y23v)(1—37))2t4, .
N o (=P =291 =3y =3y, 31 -9) 3y
Y (Ko, k) = 67 ( 5 13 (1_27)(1_37)P1+ Py)+
n,, k ~ k n,, k 1
_V(—\ — " (__\Y _\(—\~P I
t=— (1*7)2(1*27)(1*37)t 6V3

173 8 T T2 (37 /5"
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(ii) If v = 0, from second order regular variation, we have

Utz) — U(t) 2 4+ Ay S 1 1 0,(1))
S P A R p
Ul(ty) — U(t) 1ny+A(t)L*1(1+o,,(1))

Note that (Y" tthn )” <( );‘ ko )” P 0holds for all i = 1,2, ..., ko as n — oo, if we use L{fi:l‘"

and %:" to replace T and y, respectively, then

ko
. 1 U(Ynfi 1 n) — U(Ynfk.n) j
MO (ko k) £ 257 (1 . =)’
n ( 05 ) ko ;( n U(Yn—ko,n) _ U(Yn—k,n) )

Y i+1,n —kg,n

K
In ;’n kn +A(%)();:j?:)p Yo kon (1+ 0,(1))

Y,

; -1
= In et 4 A =Tt (14 0,(1))

ko | In Yo i1,k + A(2) (Vg ) To=ribbal 20y Op(l))))j
= In Yo 1 + A(2) P11 4 g, (1))

ke yp Chaceitta) 21 (1 4, (1)) 5
) BT )
i=1 1n,C + A(F)— (1+0,(1))

k
k 1RS k )P(Yko—i+17/€0)p -1

S

|
E
i[]
—
]
—~
—
+

=3

ko lnYko i+1,ko +A( )(

|
e
—

—

]
—~

[l

+
gg-lk_\/

0
(

(1+0,(1))).

>3

Thus,

MO (ko, k) £ (In —) {1+ P +

ko 1—

M (ko k) £ (In :) {2+ P+ %2 p?Q)A(%)(k_k;)p+OP(A(E)(k_O)p)}7

ks 18 — 6(1 — p)?
M3 (ko k) 2L (1n - 2 s S

where P; = ki Z JnY;)? —T(j +1)], j = 1,2,3. Thus,
M) (Ko, k) — MM (ko, k)M (ko, k)
= ()P Py = 2P = Pt A ) + oA )) + 0n( =),

ko
t1 = 1811_((15(_1,9_)5)3 - (1(2_7352) - 13_,9. Then make use of Taylor expansion, we know
A5 (o, k)
_ 1—12P3 ;Pl - ip2 + tA(%)(k_]z)p + (ln(kﬁo))il " OP(A(%)(: )+ O”(\/——)
where t = —%&;’;f + 1t

(i) If v >0 and v+ p # 0, from Li [13] one has

M (ko, k) = y*T(ar+ 1) +7*Pa + da(%)7(1 +0,(1)) + caA(%)(k—]:)*Pu +0,(1)),
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where P; is defined as above, and do = ay*pa(—7), ca = %, a =1,2,3. Using Taylor
expansion we can derive

A (Ko, k) =7+ %Ps - iPz + (v — %)Pl + d(k—]:)7 + tA(%)(kﬁo)er
ko y n ﬁ o . L
Op((?) )+Op(A(k)(k0) )+ p(\/k—0)7

where d, t are constants only related to «, v, p. If v+ p = 0, the proof is similar to above. [J
Theorem 3.4 Suppose Q. = VkoPy, and ko(n) is intermediate rank sequence, then

(Q1,Q2,Q3) 5 N(0,%2), n — oo, (3.8)

where N(0,%2) represents three dimensional normal distribution and the mean value is zero
vector, and the variance is X2, further more

1 4 18
4 20 108 |, v>0,
52 _ 18 108 684
ailr a2 ais
a1 aze az |, v <O,
asp as2 ass
where B 72 B 473
MTT -2 T T a2 -3
- 184 - 43
BT TR -3 -4y T T T2 -29)(1 - 37)’
tyy — 49*(5 — 11) s — 367°(3 = 7v) 7
(1 —=7)2(1 —27)2(1 = 37)(1 — 4v) (1 —=7)2(1 =29)2(1 = 37)(1 — 4v)(1 — 57)
- 18+4 B 367°(3 — 7v)

=P -2 =391 —47) 7 T =72(1=2(0 =39)(1 = (1 - 57)
3675(19 — 105+ — 14642)

(1=7)2(1 =27)*(1 = 37)*(1 = 49)(1 = 57)(1 = 67)°

Proof Let Q = Vko(aPy + bPy + cP3), f(t) is characteristic function of it, then for arbitrary

a,b,c € R, when v > 0, from the expression of P; and Taylor expression, we have

f(t) = Eexp{ity/ko(aPy + bPy + cP3)}

az3 =

. ko
— Fexp {% ;[aanyj = T(2)) + (0 Y;)? = T(3)) + e(nY;)* ~T(4))]}

ko .
~ [ Eew {%[aanyj = T(2)) +b(n ;) = T(@)) + e(nY;)* ~ T(4))]}
ko 2

=TT {1~ g Bla(nY; —P(2) + b((nY;)* = T(3)) + e((n¥;)* ~T(@)] + o(kio>}
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={1- iL + o(i)}ko —e (—ﬁL)
- %o ko P
where

L= E[a(lnY; —T(2)) + b((nY;)? = T(3)) + ¢((In ;) - T(4))]*

a*(T(3) = T(2)?) + b*(T(5) — T'(3)*) 4+ *(I'(7) — [(4)*)
= a? + 20b% + 684¢2,

ifa=1,b=c=0, then L = 1. And that of the other part v < 0 is omitted as its proof is
similar to the first part, therefore (3.8) can be derived. O

4. Numerical simulation

In this section, we present the results of simulation study intended to compare the new
estimator 4. (ko, k) with 42 (ko, k) defined in (1.6). We consider a random sample with size
n = 1000 and the replications is m = 1000 from following two models:

(1) Fréchet(1) distribution: F(x) = exp(—z~1), 2 >0,y =1;

(2) Burr(0.5,1) distribution: F(z) =1 — (1+22)"! 2 >0,y = 2.

Computational Results Computational Results
4.5 1.8
[ M - - — E
MSE
4 SE 1.6f M |4
MSE Ey
3.5 1 1.4}
(<5}
S
3 3 3
H >
= 5
= 25 5}
] =
£ 2 B
£ <
P 15 2
8=
1
0.5
05— o
o 200 400 600 800 1000 o] 200 400 600 800 1000

k k

Figure 1 Simulated MSE and mean value of 42/ (ko, k) and 4 (ko, k) for Fréchet(1) model with v = 1
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~
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k k
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w
(9]

Figure 2 Simulated MSE and mean value of 42! (ko, k) and 42 (ko, k) for Burr(0.5, 1) model with v = 2

These graphs show MSE and mean value of estimators 42 (ko, k) and 42 (ko, k), red lines
represent 4 (kg, k) and blue lines represent 42 (ko, k). We see that 42 (ko, k) has comparable
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MSE and mean value as 4} (ko, k) under the Fréchet(1) model, and 4. (ko, k) is much closer to
the true value than 2 (kg, k) under Burr(0.5,1) model. Thus, the new estimator 4." (ko, k) has

certain practicality in estimating unknown extreme value index.
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