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Abstract In this paper, we present an effective meshless method for solving the inverse heat
conduction problems, with the Neumann boundary condition. A PDE-constrained optimiza-
tion method is developed to get a global approximation scheme in both spatial and temporal
domains, by using the fundamental solution of the governing equation as the basis function.
Since the initial measured data contain some noises, and the resulting systems of equations
are usually ill-conditioned, the Tikhonov regularization technique with the generalized cross-
validation criterion is applied to obtain more stable numerical solutions. It is shown that the
proposed schemes are effective by some numerical tests.
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1. Introduction

In heat conduction problems, when the heat flux and/or temperature histories on the surface
of a solid body are known as functions of time, furthermore, the temperature distribution can be
found. This is called a direct problem. But in many heat transfer settings, the surface heat flux
and temperature histories have to be determined from temperature measurements at one or more
interior locations. This is termed as an inverse problem [1]. Inverse heat conduction problems
(IHCPs) play very important role in many fields of engineering technology and computational
science, which have been widely investigated over the last 40 years. Many researchers have been
attracted attention to study THCPs, including heat flux, material structure control [2], industrial
controlling-models with heat propagation, and mechanics of continuous media etc in related
areas [3]. However, IHCPs are more difficult to solve than the direct heat conduction problems,
because they are usually extremely sensitive to the measured noisy data, it means that ITHCPs

are ill-posed in the sense of Hadamard [4], i.e., any small perturbation of measurement values
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can lead to enormous error for computing the identified solutions, and the resulting matrix is
usually ill-conditioned, thus the key is to find some special numerical techniques to overcome the
ill-posedness of problems, further to get stable and accurate numerical solutions. Although heat
conduction process is very smooth, it is shown that the process is irreducible to IHCPs. It means
that the characteristics of the problem solutions may not be affected by the observed data, it is
one of the major difficulties of THCPs [3,5,6].

In practice, many traditional numerical methods for solving one-dimensional and multi-
dimensional ITHCPs have been proposed during the last decades, such as the finite difference
method (FDM) and the finite element method (FEM) [7]. However, the above methods confine to
solve the problems possessing very special regular domains and low-dimensional cases, moreover,
the property of mesh-dependent requires enormous computation cost for lots of grids or elements,
so it can derive numerical instability. In addition, the boundary element method (BEM) does
not require domain discretization, which only need boundary discretization, the measured data
of temperature can be chosen in an arbitrary way, and it does not need any internal cells [8—
10]. In contrast to a meshless method, the BEM would suffer costly numerical integrations
high-dimensional irregular domain [11].

Meshless methods have been proposed and effectively employed to solve many problems
in engineering and science, the major advantage of meshless methods can easily solve high-
dimensional THCPs with arbitrary geometry, it can directly apply the geometry of domain
to avoid lots of computation difficulties, such as mesh generation, re-meshing and other data-
dependent techniques, since the meshless methods are mesh-independent [5,12-14]. In this set-
ting, a class of meshless methods is focused on the use of radial basis functions (RBFs) for
solving partial differential equations (PDEs) [15,16]. In addition, many numerical methods by
using RBF's have been developed to solve one-dimensional and multi-dimensional THCPs [17-19].
Recently, a meshless method based on the fundamental solution and radial basis function was
presented to solve THCP [20]. In [21], Zhang and Li proposed a Gaussian RBFs method with
regularization to solve IHCPs, with the Neumann boundary conditions. In scientific computation
and simulation, the method of fundamental solutions (MFS) is an integration-free and meshless
boundary collocation method for solving THCPs [3,5,22-24], which belongs to the family of Tre-
fftz methods, and proposed primarily by Kupradze and Alexdze during the early 1960s (see [25]).
Recently, Chen el at. [26] applied MFS to characterize the space-dependent thermal conductivity
of nonlinear functionally graded materials (FGMs). Sun [27] proposed a meshless method based
on MF'S for solving the steady-state heat conduction. Additionally, in recent several years, some
effective methods have attracted considerable attention for the conjunction of PDE-constrained
optimization, meshless techniques and multigrid algorithms etc. to solve the distribution control
problems [28-31].

In this paper, we develop a general form of the PDE-constrained optimization method for
solving a class of IHCPs, with the Neumann boundary condition and the time-dependent heat
source term, which is an effective meshless numerical technique. Compared with the mesh-

dependent techniques, such as FDM and FEM, the developed method does not require any
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discrete boundary or domain, by using the collocation technique in the given physical domain, it
can obtain a global approximation solution in both the spatial and temporal domains. Meanwhile,
due to the use of fundamental solution, it can be reduced the computation complexity by avoiding
computation of the Lagrange multiplier term.

The paper is organized as follows. In Section 2, we consider a class of IHCPs with the time-
dependent heat source term f(t) and the Neumann boundary condition. The PDE-constrained
optimization technique based on MFS is concretely presented in Section 3, involving 1-D THCP
for the rectangular domain, 2-D THCP for the rectangular domain and 2-D IHCP for the non-
rectangular domain with smooth boundary cases, respectively. In order to test the accuracy and
efficiency of the presented approaches, several numerical examples are given in Section 4. Finally,

we conclude the paper in Section 5.

2. Statement of the THCPs
We consider the following heat conduction equation with time-dependent heat source f(t):
ur(z,t) = Au(z, t) + f(t), (x,t) € QX (0, tmax, (2.1)

with the initial condition

u(z,0) = px), @€, (2.2)
the Neumann boundary condition
ou
%(x,t) =s(z,t), (z,t) € 00 X [0, tmax], (2.3)

and the over-specification point x* in the given domain 2 satisfying
u(x*,t) = g(t)a te [Ovtmax]v (24)

where (2 is a simply connected domain in R? (d=1, 2 or 3), 7 is the unit outward normal vector
to 02, A denotes the Laplace operator, Q and 9 indicate the closure and boundary of
respectively, du/On is referred to as the directional derivative in the direction normal to 0.
Simultaneously, the functions ¢(z), s(x,t) and g(t) are known, but u(z,t) and f(¢) are identified
in Egs.(2.1)—(2.4). Since the governing Eq.(2.1) involves two unknown functions wu(z,t) and
f(t), we here adopt the following integral transformation, which transforms Eq. (2.1) into another
homogeneous equation. Similar transformations can be found in [17,18,21,22].
Let

r@—Afwm, (2.5)

and

v(x,t) = u(z,t) —r(t). (2.6)
Thus Egs. (2.1)-(2.3) can be transformed into the following formulas

ve(x,t) = Av(z, t), (x,t) € Q x (0, tmax, (2.7)
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with the initial condition

v(x,0) = p(z), €, (2.8)

and the Neumann boundary condition

ov

(@ t) = s(@,8), (2,1) € 92 x [0, ma: (2.9)
According to the Egs. (2.4)—(2.6), we can obtain r(t), f(t) as follows

r(t) = g(t) — v(a*, 1), (2.10)

F(£) = re(t). (2.11)

3. PDE-constrained optimization by MFS

In this section, we take the L?-norm defined in the domain Q X [0, tmax]. Egs. (2.7)-(2.9)
above can be considered as a boundary distributed control problem, more details may be found in
[28-31]. Tt means that the cost functional gets to minimize, which is derived form the initial and
Neumann boundary conditions. Further, the Egs. (2.7)-(2.9) can be formulated as the following
constrained optimization problem. In practice, the obtained measurement data often contain

some errors from the initial and boundary measured values, thus we have

. 1 - ov -
minJ (v) := 5 { o(,0) — ¢ (@) 7200 + 15 @) = 87 (@ )1 F2 00 0 tmac)) (3.1)
subject to
vz, t) = Av(x,t), (x,t) € QX (0, tmax)- (3.2)

Here, the Egs. (3.1) and (3.2) would be solved by applying the Lagrange multiplier method
in the sense of unconstrained optimization, so the Lagrangian for the problems (3.1) and (3.2)
is defined by

1 - ov -
L(v, ) =§{HU($=0) - (x)H%?(Q) + H%(%f) = 57(2, ) 172 (00 x [0, tmanl)
)‘Hvt(xvt) - A’U(xvt)H%?(Qx(O,tmax])v (3'3)

where o denotes the noise level of input data involving in the initial and Neumann boundary
conditions respectively, and A is a Lagrange multiplier. Mathematically, the purpose of the
Lagrange multiplier method is to find the global minimum of (3.3) (the convex functional) with
respect to the variables v and A. Thus, we consider the following optimization problem

(0™, \") = argmi/\n L(v,\), (3.4)

v,

where (v*,\*) is a pair of stationary point for the Lagrange functional L£(v,A). In general, it
would be infeasible to obtain directly the above values v*, \* in the formula (3.4) by computing
the partial derivative of £, here, the identified function v* contains both the spatial and time
variables. In addition, if the boundary conditions are complex, the usual approach is to discretize

the boundary into linear segments, and apply numerical schemes to solve problem [32].
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In order to deal with the problem (3.4), the approximation solution o(x, t) of the exact v(x,t)
is constructed by using the fundamental solution of the given heat equation as basis function, so
the scheme can lead to a global approximation in both the spatial and temporal domains. The

fundamental solution of Eq. (2.7) (see [3,5]) is presented by

Fle.t) = (amt)~ exp(~ 0 p ),

where H(t) is the Heaviside function, || - || indicates the Euclidean norm, and d denotes the
d-dimensional Euclidean space in this paper. Suppose T > t,ax is a constant, a general solution

of (2.7) in domain Q x (0, tpax] is given by
br,t) = F(a,t + 7).

The time shift function ¢(z, t) as the basis function is applied to represent the approximation

solution of v as follows

N
t) = Z aiqﬁi(:v, t), (35)

i=1
where ¢;(x,t) = ¢(x — x5, t — t), and {a;} Y, are unknown coefficients to be determined. Let
={(z5,t3) eREx R :i=1,2,...,N} be the chosen source points, which are located outside
the physical domain to overcome the singularity of fundamental solution [3,5,22]. Combining

with Egs. (3.3) and (3.5), we further get

Ey(A Ny t) = {HZam:rO o (@)

(9(;51 B
E ig—(@,t) —s7(x,t
H ‘ i (,t) —s7(z )‘ L2(BQX[O7tmax])}

| Zal ‘%l — Adi(a, t))}

+
L2(Q)

2

3.6
L2(Q%(0,tmax]) (3.6)

where A = (a1,a9,...,an)’, the superscript / denotes the transpose of a vector or matrix.
According to the property of fundamental solution, which can automatically satisfy the governing
Egs. (2.7) and (3.2) in the domain 2 x (0, tymax], the following form holds

O

5t (x,t) — Agi(z,t) =0, (x,t) € QX (0, tmax), (3.7)
then we can write Eq. (3.6) by the formula (3.7) as follows

LA,z t) {HZ%@IO o )‘m(sz)

H ;ai%(:v,t) - So(x,t)‘ ;(BQX[O%M])}. (3.8)

In practice, we often obtain some discrete measurement data of functions ¢?(z) and s7(z, t),

so the integral implementation of Lo(A,x,t), in L?-norm sense, would fail and be infeasible to
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solve directly. In order to solve the problem (3.8) numerically, we here apply the “optimize-
discretize-optimize” method in this paper, i.e., the optimality condition is derived firstly, then
the form is discretized, and last the unknown parameters are determine by using the optimization
scheme. We can refer to the literatures [28,29] for the optimize-discretize and discretize-optimize
methods.

Let = := {(vj,t;) € REx R : j = 1,2,..., M} be the chosen collocation points on the
physical boundary, the Eq. (3.8) can be simplified by using the collocation technique as follows

i 1 my N 9 M N 8¢ 2
50 =5{ L (Lom@0-w@) + ¥ (Tagret) = @) | 69
=1 =1 Jj=matl =1

Let us consider the minimization of quadratic problem (3.9) to determine A by
A" = argmAin Ls(M), (3.10)

where A* = (af,a3,...,ay), and the identified coefficients A* can be obtained by solving
a system of linear equations. For more details one can see the following subsections 3.1-3.3.

Furthermore, the approximation solution ¢ of v to the problems (2.7)—(2.9) is developed by

N
O, t) =D areil,t), (3.11)
i=1
and, we have

N
ORVIOED AN (3.12)

N
i) = g(t) + 3 al (@il 1) — 6o, 1). (3.13)
i=1
Suppose g(t) € CH0, tmax], We get
N
Ft) = 0ut) = 3" a1 o ) (3.14)

If the function ¢(¢) is not differentiable in the interval [0, t;ax] With respect to the variable ¢,
or it can only be obtained by discrete data with errors, then we should apply the regularization
technique based on the smoothing spline model [21]. 7, @ and f are approximation solutions of
the exact functions r, v and f, respectively.

Based on the inverse heat conduction problems proposed in [21], we will present the detailed
algorithms for the one-dimensional (1-D) and two-dimensional (2-D) THCPs in the rectangular
domains, respectively. Simultaneously, the 2-D THCP for the non-rectangular domain in the
smooth boundary case, with the Neumann boundary conditions, will be studied in the following

parts.

3.1. 1-D THCP for the rectangular domain
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We now consider 1-D THCP with time-dependent heat source f(t) being stated as follows

ou  %u
- = < . .
5 = 5o H 0, 0<@ <L 0 << b, (3.15)
with the initial condition
u(z,0) = up(z), 0<z <1, (3.16)

the Neumann boundary conditions
ug (0,8) = s(t), ug(1,t) =1(t), 0<t<tmax, (3.17)
and the over-specification point z* in the spatial domain (0, 1) satisfying
Wl 1) = g(t), 0 <t < b (3.18)

where ug(x), s(t),(t) and g(t) are the given functions, the functions u(z,t) and f(¢) are unknown.

In addition, we suppose that the given functions satisfy the following compatibility conditions
uo(z") = g(0), (u0)=(0) = s(0), (uo)x(1) =1(0).

The PDE-constrained optimization method obtained by the above Egs. (3.1)—(3.9) is applied
to problems (3.15)—(3.18), then we have

L31(A) {Z(Zalqﬁz IJ,tg) —ug(xg)))2+
S (S ure

- )+

f(i gy Jatf)—l"(t2)) } (3.19)

where M = mj +msa+mg. Moreover, the source points {z$, ¢} | can be chosen as ©1 UO2UO3
by

91 :{(:Ezutq,) JI = _dl,O <t < tmdxu 1= 17' "7”1}7

O :={(a],t}):0<z; <1t =—7, i=mn1+1,...,n1 +na},

@3 —{( Xy, Z)Z{EZ— :1+d270§t1 Stma)u i:n1+n2+1,...,N},
where dq,ds, 7 > 0 are fixed constants, and n3 = N — 212 1 M. Simultaneously, the collocation
points {29,¢9}7, {25, t7}72 and {23,¢5}7 are chosen as follows

Zy={(2},t)): 0<a) <147 =0, j=1,...,m},

J 7
B :={(z},t]) 1 2} = 0,0 <t} <tmax, j = 1,...,ma},
S :={(27,t7) 127 = 1,0 < 1] <tmax, j=1,...,ms}.

One can refer to [27,28] for the similar details. Furthermore, we get the following quadratic form

~ 1
L31 (A) = §{A/(A1 + Ao + Ag)A — 2A/(b1 + by + b3) +C1+Cy + 03}, (320)
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where
Ay = [(Ar)ig] € RV (Ar)in = 2070 a2, 19)dr (29, 17),
b= [(01)i] € RN, (b1)i = 2272 dala, 19)uf (2),
Cy = 3000 (ug (29))?,

Ag o= [(Ag)in] € RNV (Ag)i g = Y112 Bt (al, ¢]) 928 (2], 2)),
by = [(ba)i] € RN, (ba)s = D272 G2 (), 11)s (¢}),

Co 1= Y2 (57 (11)2,

Ag = [(As)in] € RN, (Ag)ip = 372 (a2, 13) 52 (a2, 13),
by = [(bs)i] € RN, (bs); = Y1) 22 (a2,12)17(£2),
Cs =327 (17(13))%,
and i,k =1,2,..., N. By differentiating L3 of (3.20) with respect to A, and setting the deriva-

tives to be zero, we can obtain the following system of equations by

AN =10, (3.21)

where A = E?:l Ai b= Z?:l b;. Due to the ill-posed nature of the IHCPs, the resulting matrix
A above is ill-conditioned, i.e., the condition number of A is usually very large. Moreover, the
right-hand side b is a set of discrete data contaminated by inherent measurement noises, here we
apply the Tikhonov regularization technique to obtain stable numerical solution by Eq. (3.21),
and get

A% = axgmin{ | AN — B3 + 5[ A I}, (3.22)

where § > 0 is an unknown regularization parameter. In the regularization tools, there are some
classical criterions, such as the generalized cross-validation (GCV), the L-curve criterion, and
the quasi-optimality criterion etc. to compute the value 5. We choose a good regularization
parameter S by using the GCV in this paper, more details can be referred to the literatures
[21,33-35]. In addition, the Matlab code package, as a tool for choosing the parameter 3, was
developed by Hansen [36].

Thus, the approximation solutions @(z,t), f(t) can be computed by Eqs. (3.13) and (3.14),

respectively.
3.2. 2-D THCP for the rectangular domain

We will discuss 2-D THCP with time-dependent heat source f(¢) in the rectangular domain
as
ou 0*u  0%u

R - - < '
8t 8172 + 8y2 +f(t)’ O<$,y< 17 O<t_tmax, (3 23)

with the initial condition
u(z,y,0) = p(x,y), 0<z,y<1, (3.24)

the Neumann boundary conditions

uz(0,y,t) = fi(y, 1), us(1,y,t) = f3(y,t), 0<y <1, 0 <1t <tmax, (3.25)
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Uy(x,0,t) = fa(z,t),uy(x, 1,t) = fa(z,t), 0<z<1, 0<t<tna, (3.26)

and a pair of over-specification data (z*,y*) in the spatial domain (0, 1) x (0,1) satisfying
u(z™,y",t) = g(t), 0<1t< tmax, (3.27)

where ¢(z,v), f1(y,t), f2(z,t), f3(y,t), fa(z,t) and g(t) are given functions, which satisfy the

following compatibility conditions
f1(y,0) = ¢2(0,9), f3(y,0) = ¢a(1,y),
fg((E,O) = QOy(JI,O), f4($70) = QOy(fE, 1)7 <P($*ay*) = 9(0)7

where 0 <2 <1, 0<y <1, but u(x,y,t) and f(¢) are unknown.
Similarly to the above case of 1-D THCP, we can obtain the following form by using the
PDE-constrained optimization method obtained by Egs. (3.1)—(3.9)

L3a(A) {Z(ZO‘Z@ 25,955t )_<p"(a:9,y?))2+

(Z J’yJ’ ] - J7( y]’ i) )2+
. 2
Z(Z J’ J’J - f3( yw )"’
o 2
g(z J’ J’ ] ‘Tgvtf) +
mZ(Zaz o0 J’y_]’ )_f4 (levt;l)) }7 (3.28)

where M = Z?Zl m;. The source points {z$,ys,t}Y | located outside the physical domain are
given by
O ={(x},y},t;):0<a; <1,0<y; <1,t; =—7,0=1,...,n1},
O :={(a7,y,t]) s 7] = —da, 0 < 5] <1,0 <#] < tipax,
i=ni+1,...,n1 +na},
O ={(af,y],t]) 2] =1+d3,0 <y; <1,0 <t] < tmaxs
t=n1+ne+1,...,n1 +ng+ns},
Oy ={(af,y],t]): 0 <z} <1,y = —da,0 <t < timax,
i=ni+ne+n3+1,...,n1 +ns+n3+ng},
O5 ={(xf,y],t]): 0<z} <1,y; =14d1,0 <t] < tmax,
i=ni+ns+n3+ng+1,...,N},
where the parameters 7, d;, ds, d3, ds > 0 are constants, and ns = N — Z _1 ni. Furthermore, the

0ym1 21ms3 31m4 41ms
collocation points {xj,yj,t oy, {xj,yj, F Yy {xj,yj,t ey {xj,yj,t =, {xj,yj,t )
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are chosen as follows

Er ={(x}
Ho i ={(x;
=5 ={(a?
=y ={(a?
Es :={(2]

Y1) 0< @)
joyyt) sy =0,
Hoht) =1,
Y1) 0 <z
Yt 07

I/\ o o IA
\')—l

| /\

IN

IN

—_ =
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0<y) <1,t)=0,j=1,...,m},

Y SL0<t) <oy, j =1,...,ma},
y; <10 <17 <tmax,j = 1,...,ma},
Y =10,0 <t} <tmaxj =1,...,ma},
Y =1,0 <t} <tmax,j =1,...,ms}.

According to Eq. (3.28), we can obtain the following quadratic problem with respect to A

by

Laa(A)

%{A/(Q1 + Q2+ Q3+ Qs+ Qs)A

CL+Cy+Cs+Cy 4 Cs),

where

O

hl = [(hl)z] S RN, (hl)l =
Cr = 5 (97 (. 9)”,

e RVN (Q2)ik

= [(@2)ik]

= [(Q1)ik] € RVN (Q1)in =

hy = [(h2)i] € RY, (ha);i =

>
Ny
i

—_— —— —/—
TERTI

Qs =

= 27:21

= [(QS)l k] € RNXNa (Q3)i,k = E;n:rgl aad;l (I?a yJQ_, t?)%(aﬁa yJQ_, t?)a
[(h3)i] € RY, (h3); = )
= Zj:&

= [(Qa)ik) € RNN, (Qu)ie = 20y G (a2, 43, 13) Gk
[(ha)i] € RY, (h4)

04 = Ej:

[(@5)ik] € RV*N (Q5)ik = 2720, %ﬁl( iyt )%( 3,5, b)),
t5),

(fo(yl,th)?,

(f5(y2,12))%,

L (f5 (@

z3,19))%,

b

bD

hs := [(hs)i] € RY, (h5)z =

05 = E;n:sl

and i,k =1,2,...,

(f4 ('rg?t;l)) ’

Z;'n:ll(bi(x_?uyju )(bk( Juy_]7 J)

9%
;‘n:zl aq; (le'vyjl'7 j)fl (ij i)

0di
;'nzgl 8@; (l’?,y?,t?)fg(y?,t? ’

99¢i
;_"’:41 8(;; (x?7y]7t3) (‘T]ut?

5 O
T;l 8(2; (:E?vygv )f4(

the derivatives to be zero, we can obtain a system of linear equations as follows

where Q = Z 1Ql,

QA = h,

—2A'(h1 + ha + h3 + ha + hs)+

— M2 99 9%k (.1 o1 41
_Zj:21 Bz(_]’y]’]>8 (jayjatj)a
i)

¢7 3 .3 43
oy (7,955 15),
)y

(3.29)

N. Similarly, by differentiating L35 of (3.29) with respect to A, and setting

(3.30)

= Zle h;. The identified functions @(z,y,t) and f(t) can be obtained
by Egs. (3.13) and (3.14), combined with the Tikhonov regularization technique.

3.3. 2-D THCP for the non-rectangular domain with smooth boundary
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We now consider 2-D THCP with time-dependent heat source f(t) stated for non-rectangular

domain with smooth boundary as follows

ou *u  O%u
— =+ = t Q t < tmaxs 31
with the initial condition
u(z,y,0) = x(z,y), (z,y)€Q, (3.32)

the Neumann boundary condition
ou
F(z,y,t) =uy, (z,y) €09, 0 <t <tmnax, (3.33)
n
and a pair of over-specification data (x*,y*) in domain 2, satisfying
u(z®, y*,t) = g(t), 0<t < tmax, (3.34)

where (2 is the non-rectangular domain with smooth boundary in R2?, ux denotes the known and
measured Neumann data, x(z,y) and g(¢) are the given functions, but u(z,y,t) and f(t) are
unknown.

By the PDE-constrained optimization method (3.1)—(3.9) above, we can derive the following

formula
B 1 ma N 2
Laa) =5 { 3 (S autedohoth) —x7afaf) +
j=1 i=1
M N

T > (Zai%(l‘},y},t}) —U%(x},y},t}))Q}. (3.35)

The source points {z5, y, t3}¥

O ={(zf,yf,t3) : (25, yf) e Lti = -7 i=1,...,n1},
Oz ={(a}, 45, 1) : (23,47) € 0,0 <t < b, i =n1 +1,..., N},

1 located outside physical domain €2 x [0, tmax] are given as follows

where Q := QU AQ, AQ denotes the outside expansion-domain of €, see Figure 1, 7 > 0 is a

fixed constant, no = N —nq, and mo = M —my. We can make suitable setting according to the

ml

given different problems. Moreover, the collocation points {:v?, yj , tO 2, and {ZCJ , yj , t

J mi+1
are devised by
= ::{(:C?,y?,tg) : (:C?,y?) € Q,t? =0,7=1,...,m1},
= ={(ehy ) (2], 01) € 00,0 1 < tynaerj = s +1,..., M},
The quadratic optimization problem can be obtained by Eq. (3.35) as follows
. 1 _ _
L33(A) = E{A/(Zl + Z2)A = 20N (q1 + q2) + C1 + Ca}, (3.36)

where
7 = (7):, k] € RNxN, (Z0)ik = 3252 612, ), 1) on (2, 43 1),
a = [(@):] €RY, (g )z—Z: (@5, 95, 69X (23, 93),
Ch ::Z;nl( ]’yj))
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M 9¢: 2

Zy = [(Zo)in) € RN, (Za)ik = S0 1 G (b b 1) 5 () ) ),
M 99

¢ = [(q2)i] €RY, (g2);i = D jmmi+1 aq; (), yj 1) ufe (27,5 15),

~ M 2
Cot=3 i i1 (uj'\/(x;’yal’tjl)) )

and i,k =1,2,..., N. Analogously, by differentiating £33 of (3.36) with respect to A, and setting

the derivatives to be zero, we can obtain the following system of equations by
ZA =q, (3.37)

where Z = Zle Z;, and 4 = Zle ¢i- According to Eqgs. (3.13) and (3.14), combining with the
Tikhonov regularization technique, we can obtain the approximation solutions @(z,y,t) and f (t)

of u(x,y,t) and f(t), respectively.

Figure 1 The plot of source domain 8

4. Numerical tests

In order to test the efficiency of the proposed scheme, we replace the exact data of the
original initial and Neumann boundary conditions by the measurement data contained noise

level o as follows
¢7(z) = p(z)(1 4+ o(2 - rand() — 1)), (4.1)

where rand() is a pseudo-random value, which can be generated by using MATLAB rand. Simi-
larly, other boundary functions are constructed as (4.1) in this section. In addition, to demon-
strate the effectiveness of the proposed method in this paper, we compare with the numerical
results of other methods in terms of approximation accuracy, computation time and stability,
such as the method of fundamental solution raised by Wen [23] (denoted by MFS), the scheme
of radial basis functions devised by Zhang and Li [21] (denoted by RBFs) and the multiquadric
quasi-interpolation proposed by Chen and Wu [37,38] (denoted by MQQI).

In numerical computation, we consistently select the maximum time t,,,x = 1, and employ
uniform meshes in both spatial and temporal domains. §(-) denotes the regularization parameter
of corresponding matrix, which can be obtained practically by GCV criterion and the manual
correction. C'PU (s) indicates the total time for processing instructions of a computer program,

and we define the unit of time by second (s). Furthermore, in order to show efficiency and
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accuracy of the approximation solutions, we propose the root-mean-square (RMS) error Es, the

maximum error E,, and Fy (the maximum value of the RMS errors) by the following forms

1

M
1 N 2 -
Eau(t;) = (H Z; (i, t5) — U(fciafj)|2) s Eooulty) = max, (i, t5) — (i, t5)],

N 1 ) X
By = (5 317t FUDE)7, Booy = max 17(t) = S(t)). Ba = mosx (En(t))).

Example 4.1 We consider 1-D THCP for the rectangular domain, the exact solution of problem
(3.15)—(3.18) is given by

E, and
o
o
8
3
/
/
/
/
the maximum value of E,
o o
\?

. [ 01 0.2 0.3 0.4 05
T

(a) (b)
Figure 2 The plot (a) of the maximum E2,, Foou corresponding to the constant 7' € [1.1,4]; the

plot (b) of Ea, with respect to the constant d, where the parameters {d;}?_, = d and d € [0.01,0.5] in
Example 4.1
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Figure 3 The condition number of resultant matrix with respect to the number N of the collocation
points and source points: (a) the parameters {m;}>_, = {n;}°_, = N; (b) the parameters {m;}>_, =

N, {n:}’_, =10 in red, and {n;}>_, = N, {m;}>_, = 10 in green, 10 < N < 100, for Example 4.1
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. GCV function, minimum at A = 1.1419e-012 GCV function, minimum at A = 8.9827e-013
10 10°
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(a) 6 = 5% (b) 6 = 10%

Figure 4 The plots of GCV function G(\) with respect to the regularization parameter X, the noise
levels (a) o = 5% and (b) o = 10% are added to the measured data in Example 4.1
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Figure 5 The 2-D distribution plot (a) of collocation points and source points, the exact function
f(t) and its approximation (b) with five different noise levels added to the measured data, where o =

0.01%, 0 = 0.1%,0 = 1%, 0 = 5% and o = 10% in Example 4.1
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Figure 6 The RMS error (a) of function u(z,t) and its maximum error (b) with tmax = 1, and five
different noise levels added to the measured data, namely o = 0.01%,0 = 0.1%,0 = 1%, 0 = 5% and
o = 10%, in Example 4.1, L denotes time level corresponding to ¢t = 0,0.1,...,1

In Figure 2 (a), the results display the maximum values of Es, and E.., with respect to
the constant 7" for all different time levels t;, here, we take m; = 100, n; = 15,7 = 1,2,3, let
T be in the interval [1.1,4] and the noise level o = 5%, it is shown that the accuracy of the

approximation solutions are dependent on the parameter T. Figure 2 (b) shows that the plot
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of By, with respect to the constant d for the case of noise level o = 5%, where the parameters
{d;}3_, = d and d € [0.01,0.5]. In addition, the condition number of resultant matrix A is
related to the total number of collocation (or source) points by Figure 3. It shows that the
number N of the collocation points and source points is growing, i.e., {mi}le = {ni}?zl =N
in Figure 3 (a), it can be seen that the plot of the condition number of resultant matrix presents
a fluctuant state, but not generally increase, where 10 < N < 100. From Figure 3 (b), it can
be demonstrated that the condition number of A becomes larger, as the number N of source
points is growing, but this effect is not obvious when the number of collocation points becomes
bigger. Thus, we take consistently z* = 0.40, di = dy = 0.02, 7 = 0.03, m; = 100 and
n; = 15,7 = 1,2, 3, moreover, the condition numbers of A lie in the range of 10'7 — 10, for five
different noise levels added to the measured data, namely o = 0.01%,0 = 0.1%,0 = 1%, ¢ = 5%
and o = 10% in Example 4.1. Figure 4 shows that the plots of GCV function G(\) with respect
to the regularization parameter A, which has the same meaning as the above 3(-), while two
noise levels are added to the measured valued, namely ¢ = 5% and o = 10%, respectively. In
Figure 4 (a), A = 1.14 x 1072 for the case of ¢ = 5%, and in Figure 4 (b), A = 8.98 x 10713 for
the case of & = 10%. The 2-D distribution of the collocation and source points is represented by
Figure 5 (a). According to Figures 5 (b), 6 (a)-(b) and Table 3, the numerical results are given
to show that the proposed scheme is accurate and faster, it is shown that the computation time

of CPU presented by [21] requires 2 times more than our technique in Table 3.

) KR ET) 20 30 40 50 60
10 9.86 x 107 873 x 107  1.22x 10'®  8.08 x 107  1.01 x 10*®  2.44 x 10*®
20 6.85 x 10*%  3.73 x 10*° 212 x 10*° 417 x10*® 207 x10*°  9.06 x 10*®
30 6.64 x 10*% 154 x 10*° 293 x 10*° 4.38 x 10*° 1.18 x 10*®  9.89 x 10*®
40 521 x 10 1.35 x10'°  1.18 x 10 223 x10'  6.13 x 10*°  5.98 x 10'®
50 7.79 x 10 254 x 10°  1.05 x 10*°  1.02 x 10"  3.65 x 10*°  7.76 x 10'®
60 9.77 x 10'® 146 x 10*°  1.07 x 10*°  4.82x10"® 1.20x 10"  8.07 x 10*®

Table 1 The condition number of coefficient matrix with respect to the numbers of collocation

points and source points, where {mi}?:l =m, {ni}?:l = n respectively, in Example 4.1

10 20 30 40 50 60

10 112 x 1072 6.37x107% 2.09x107% 148 x107% 1.65x10°% 3.68x 1073
20 111 x 1072 826 x 1072 276 x107% 258x107% 1.70x107% 2.69x 1073
30 142 x 1072 7.87x107% 236x107% 3.09x107% 233x10% 265x1073
40 9.13x 1072 148 x 1072 1.83x107% 154x1073 297 x107% 4.23x107?
50 9.86 x 107%  4.39 x 107% 363 x107% 6.34x107° 418 x107% 4.05x 107*
60 6.11 x 1072 6.74x 1072 381 x107% 213x107% 282x10"% 287x107?

Table 2 The condition number of coefficient matrix with respect to the numbers of collocation
3

points and source points, where {m;};_, = m, {nz}f’:1 = n respectively, in Example 4.1
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o= 0.01% oc=0.1% oc=1% oc=5% o= 10%

T 1.2 1.2 1.2 1.5 1.8

CPU(s) 38.79 38.12 38.25 38.01 39.12

Eoy 346 x 107° 343 x107%  3.70x107*  4.87x107% 148 x 1072
Ewy 740 x107% 771 x107%  868x107% 889x107*  3.03x 1072
B(A) 0.30 x 1072 030 x107'2 030 x 107'?  1.14x 107! 898 x 107 '3
CPU(s)(RBFs)  78.56 78.69 78.18 77.58 85.22

Eo; (RBFs) 857 x 107" 125 x107%  6.98x107% 883 x107%  3.76 x 1072
Eoor(RBFs) 1.56 x 1072 301 x107% 124x1072 185x1072 933 x 102
CPU(s)(MQQI)  44.56 48.64 47.61 47.13 46.26

B2y (MQQI) 565 x 1072 4.06 x 107?567 x107%  562x107% 582 x 1077
Fo r(MQQI) 717 x 107?833 x107% 747 x107%  716x107%  9.82x 1077

Table 3 The results of T, CPU(s), Eaf, Ess and B(A) with various error levels, namely o =
0.01%, 0 = 0.1%, 0 = 1%, 0 = 5% and o = 10% in Example 4.1, compared with the results of [21,37,38]

Example 4.2 The exact solution of problem (3.15)—(3.18) is given by
u(z,t) = 2 + 2t + sin(27t),
f(t) = 2w cos(2mt).

— — — maxg,

o

EZu and E,
@
the maximum value of £,

(a) (b)

Figure 7 The plot (a) of the maximum Fs,, Eocy corresponding to the constant 7' € [1.1,4]; the
plot (b) of Ea, with respect to the constant d, where the parameters {d; }?_1 =dand d € [0.01,0.5] in
Example 4.2

Similar to Example 4.1, it is shown that the accuracy of approximation solutions is related to
the constant T' by Figure 7 (a), in this case, we take m; = 100, n; = 10 and the noise level 0 = 5%,
where i = 1,2,3. Figure 7 (b) shows the plot of FEs, with respect to d for the case of noise level
o = 5%, namely {d;}3_, = d, d € [0.01,0.5]. Figure 8 shows the condition number of coefficient
matrix with respect to the number N of the collocation points and source points. By Figure 8
(a), as number N of the points is growing, the plot of the condition number of resultant matrix
displays fluctuant, but generally does not increase. In Figure 8 (b), we obtain the analogous
conclusion to Example 4.1 above, with the growing of the total number of source points, the

change of the condition number becomes more obvious than the case of collocation points. Tables
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4 and 5 show the condition numbers of coefficient matrix and the numerical results of Egu, with
respect to the numbers of the collocation points and source points, respectively. Further, we take
consistently x* = 0.25, dy = d2 = 0.02, 7 = 0.03, m; = 100 and n; = 10,7 = 1,2, 3, moreover,
the condition numbers of A lie between 107 — 10'®, for five different noise levels added to the
measured data, namely o = 0.01%,0 = 0.1%,0 = 1%, ¢ = 5% and o = 10% in Example 4.2.
In Figure 9, the plots of GCV function G(A) with respect to the regularization parameter A\,
when different noise levels o = 5% and o = 10% are added to the measured data. In Figure
9 (a), A = 0.60 x 10712 for the case of ¢ = 5%, and in Figure 9 (b), A = 0.60 x 1072 for the
case of 0 = 10%. The locations of collocation and source points are shown in Figure 10 (a).
Combined with the numerical results of Example 4.1, the proposed technique is effective and
quite satisfactory by Figures 10 (b), 11 (a)-(b) and Table 6. Moreover, the running time of C PU
obtained by [21] is 3 times more than our scheme in Table 6. According to the approximation
solutions of f(¢) in Tables 3 and 6, our provided technique is more robust to solve 1-D IHCPs,
since the regularization parameters 3(A) are only needed to choose very small values and remain
basically unchanged to obtain good numerical results, for five different noise levels added to the

measured data.
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Figure 8 The condition number of resultant matrix with respect to the number N of the collocation
points and source points: (a) the parameters {m;}>_, = {n;}°_; = N; (b) the parameters {m;}>_, =

N, {n:}’_, =10 in red, and {n;}>_, = N,{m;}>_, = 10 in green, 10 < N < 100, for Example 4.2
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Figure 9 The plots of GCV function G(\) with respect to the regularization parameter A, the noise
levels (a) o = 5% and (b) 0 = 10% are added to the measured data in Example 4.2
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Figure 10 The 2-D distribution plot (a) of collocation points and source points, the exact function

f(t) and its approximation (b) with five different noise levels added to the measured data, where o =

0.01%, 0 = 0.1%,0 = 1%, 0 = 5% and o = 10% in Example 4.2
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Figure 11 The RMS error (a) of function u(x,t) and its maximum error (b) with tmax = 1, and five

different noise levels added to the measured data, namely o = 0.01%,0 = 0.1%,0 = 1%, 0 = 5% and

o = 10%, in Example 4.2, L denotes time level corresponding to ¢t = 0,0.1,...,1

) "1 10 20 30 40 50 60

10 5.00 x 10*%  3.93 x 10*® 453 x 107  1.14 x 10*®  1.12x10*°  1.62 x 10*®

20 7.91 x 10*% 122 x 10  7.63 x10*®  1.36 x 10*®* 273 x 10*®  6.53 x 10%7

30 417 x 10" 833 x10®  7.05 x 10"  9.19x 10  1.63 x 10°  1.09 x 10*°

40 3.30 x 101 9.30 x 10*®  7.19 x 10*®  1.62 x 10*° 454 x 10*®*  1.08 x 10*°

50 3.67 x 10'°  6.39 x 10'°  1.49 x 10'° 7.12x 10" 881 x 10'®  1.03 x 10*°

60 247 x 10 4.06 x 10° 3,57 x 10 527 x 10"  1.82 x 10"  8.00 x 10'®
Table 4 The condition number of coefficient matrix with respect to the numbers of collocation

points and source points, where {m;}

3

i=1

=m, {nz}f:1 = n respectively, in Example 4.2
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"1 10 20 30 40 50 60
n
10 256 x 1072 507x107% 810x107% 156x1073% 643 x107% 4.55x 1072
20 1.53x 1072 893 x107% 757x107% 4.04x107% 3.32x107% 3.60x 1073
30 1.61 x 1072  1.01 x 1072 2.04x 1072 426 x107% 1.64x107% 4.52x 1073
40 6.58 x 1073 1.20 x 1072 2.82x 1073 647 x107% 475x107% 518 x 1073
50 1.66 x 1072 9.36 x 107%  6.53x 1072 7.39x107% 6.93x10°% 2.00x 1073
60 1.54x 1072 937 x107% 1.13x1072 538x10% 380 x10% 7.19x1073

Table 5 The results of Ea, with respect to the numbers of collocation points and source points,

3

where {m;}>_, = m,{n;}>_, = n respectively, in Example 4.2

o =0.01% o =0.1% oc=1% oc=5% o= 10%

T 1.5 1.5 1.5 1.8 1.8
CPU(s) 23.75 22.23 22.58 22.97 23.32

Eay 2.61x107%  266x 107  413x107® 587 x107%  1.82x 1072
Eoy 7.63x107%  7.60x107%  200x107%  1.51x107%  7.80 x 1072
B(A) 0.50 x 1072 0.50 x 107**  0.50 x 10™'*  0.60 x 107  0.60 x 107*2
CPU(s)(RBFs)  85.07 84.57 85.05 84.06 99.05
Eo;(RBFs) 1.74 x107%  1.81x107%  7.09x107% 989 x 107*  3.04 x 1072
Ew;(RBFSs) 118 x 1072 143 x107%2 528 x107% 885 x1072  1.79 x 107"
CPU(s)(MQQI)  44.49 42.26 39.54 39.37 41.38

E25 (MQQI) 318 x 1071 232x 107 233 x107" 241 x 107t 247 x 107!
Eoor(MQQI) 6.75 x 1071 468 x 107"  472x 107" 553 x 107" 592 x 107!

Table 6 The results of T, CPU(s), Eaf, Eooy and B(A) with various error levels, namely o =
0.01%, 0 = 0.1%, 0 = 1%, 0 = 5% and ¢ = 10% in Example 4.2, compared with the results of [21,37,38]

Example 4.3 We consider the following exact solution of 2-D THCPs, including Case 1. (3.23)—
(3.27) and Case 2. (3.31)—(3.34), is given by

t3

u(z,y,t) =exp(—t)(sinz + cosy) + t* — >
3t?
f(t) =2t — -

In Example 4.3, we should propose the above problems involving some different physical
domains (such as the rectangular domain and the non-rectangular domain with smooth bound-
ary) to demonstrate the effectiveness of the presented schemes. Compared with the accuracy of
numerical results obtained by using the techniques of [21,23], including the computation time,
there are two types of the non-rectangular domain (the Circular-domain and the Peanut-domain)

to be developed as investigated objects.

Domain type 1: Example 4.3 in the rectangular domain
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GCV function, minimum at A = 1.099e-014. . GCV function, minimum at A = 1.0795e-015 . GCV function, minimum at A = 1.6712¢-014
10

(a) 6§ = 10% (Rectangular) (b) 6§ = 10% (Circular) (c) 6 = 10% (Peanut)

Figure 12 The plots of GCV function G(A) with respect to the regularization parameter A\, when
the noise level o = 10% is added to the measured data of three different domains: (a) the Rectangular-

domain case, (b) the Circular -domain case, (c¢) the Peanut-domain case in Example 4.3
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Figure 13 The plot (a) of the maximum FEs,, Ec. corresponding to the constant 7' € [1.1,4]; the
plot (b) of Es, with respect to the constant d, where the parameters {d; }_, = d and d € [0.01, 0.5], for

the rectangular domain case of Example 4.3

107, 107
~ = — collocation points
~ — source points

,_\
S
\

,_\

S,
\

\

the condition number
e
5

the condition number
"
13

H
S
/
\
/
/
\
i

|
10 10
20 40 60 80 100 o 20 40 60 80 100

(a) (b)

Figure 14 The condition number of resultant matrix with respect to the number N of the collocation

points and source points: (a) the parameters {m;}°_, = {n;}°_, = N; (b) the parameters {m;}>_, =

N,{n;}?_, = 9inred, and {n;}_, = N, {m;}._, = 9 in green, 9 < N < 100, for the rectangular domain

1=

case of Example 4.3
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Figure 15 The 3-D distribution plot (a) of collocation points and source points, the exact function
f(t) and its approximation (b) with five different noise levels added to the measured data, where o =

0.01%,0 = 0.1%,0 = 1%, 0 = 5% and o = 10% for the rectangular domain case of Example 4.3
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Figure 16 The RMS error (a) of function u(z,y,t) and its maximum error (b) with ¢max = 1, and
five different noise levels added to the measured data, namely ¢ = 0.01%,0 = 0.1%,0 = 1%, 0 = 5%
and o = 10%, for the rectangular domain case of Example 4.3, L denotes time level corresponding to

t=0,01,...,1

9 16 25 36 49 64

9 2.60 x 1072 843 x107% 875 x107% 8.60x107% 847 x107% 6.05x 107*
16 279x 1072 125 x1072 1.70x 1072 599x1073% 552x107% 578x107?
25 6.54x 1072 1.56x 1072 1.09x 1072 5.05x107% 1.23x107%2 6.45x107°
36 6.72x 1072 1.13x1072 1.25x1072 133x1072 7.10x10°% 6.50x 1072
49 339 x 1072 125 x 1072 1.64x1072 126x1072 1.12x107% 4.00 x 1073
64 212x1072 1.04x1072 1.35x1072 879x107% 1.18x107% 6.19x 1073

Table 7 The results of Es, with respect to the numbers of collocation points and source
points, where {mi}?zl =m, {ni}?zl = n, respectively, for the rectangular domain case of Exam-
ple 4.3
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o =0.01% o =0.1% oc=1% oc=5% o= 10%

T 1.5 1.5 1.5 2.0 2.0

CPU(s) 20.06 19.81 19.90 19.93 19.50

Esy 116 x107% 118 x107*  215x 107  9.94x107%  1.67 x 10°?
Eooy 854 x107%  7.79x107% 483 x107%  1.57x 1072 344 x 1072
B(Q) 0.10x 1072 0.10 x 107** 0.10 x 107'* 030x 1072 0.11 x 107"
CPU(s)(RBFs)  19.92 19.90 19.99 19.87 20.18
E;(RBFs) 1.07x107%  1.61x107% 246 x10™®  1.04x 1072  1.27 x 1072
Eoor(RBFs) 3.36 x 1072 4.64x 1073 931 x107%  353x10°%  7.74 x 1072
CPU(s)(MFS) 35.75 35.94 37.00 36.86 36.79

By (MFS) 892 x 107 1.92x107%  6.71x107% 144 x107% 1.80x 1072
Fo(MFES) 255 x107%  1.03x 1072 447 x107%  4.99x 1072  4.40x 1072
CPU(s)(MQQI)  92.35 94.07 92.86 93.52 93.60

B2y (MQQI) 272 x 1072 273x107%  2.07x107% 280x 1072 842 x 1077
Fo s (MQQI) 355 x 1072 355x 1072  3.04x107%  3.60x107%  9.51 x 1072

Table 8 The results of T', CPU(s), Eaf, Esys and B(Q) with various error levels, namely o =
0.01%,0 = 0.1%,0 = 1%, 0 = 5% and o = 10% for the rectangular domain case of Example 4.3,
compared with the results of [21,23,37,38]

The plots of GCV function G(\) are proposed in Figure 12, with respect to the regularization
parameter A\. The maximum values of Fo,, Fo. are dependent on the choice of T in the interval
[1.1,2], but it is unobvious that the change of approximation solutions are related to the value
T in the domain [2,4] by Figure 13 (a), where m; = 25, n; = 9,4 =1,...,5 in Eqgs. (3.28) and
(3.29), and the noise level o = 5%. Similarly, the condition number has been greater impact on
the number of source points by Figure 14 (b), so we take consistently x* = y* = 0.5, m; = 25,
n; =9,d; =0.02and 7 = 0.03, where ¢ = 1,...,5,5 = 1,...,4. Furthermore, the condition
numbers of resultant matrix @ lie between 107 —10'8. In Figure 15 (a) describes the distribution
of collocation and source points. It is shown that the presented scheme is accurate and quite
satisfactory by Figures 15 (b), 16 (a)-(b) and Table 8.

Domain type 2: Example 4.3 in the non-rectangular domain with smooth boundary

In this part, we present two types of the non-rectangular domain with smooth boundary, such
as the Circular-domain and the Peanut-domain respectively, to investigate 2-D IHCPs with the
Neumann boundary condition corresponding to the subsection 3.3 in this paper. The following

Circular-domain is given in [21]

00 = {(z,y,t) : x = pcos(d),y = psin(h),0 < t < tyax, p > 0,—7 < 0 < 7}, (4.2)
and the Peanut-domain is obtained as follows [21,39]
0N ={(x,y,t) : x = p(0) cos(0),y = p(0) sin(0),0 < t < tiax, —7 < 6 < 7}, (4.3)

where

p(8) = (cos(26) + /1.1 — sin?(26))2.
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Figure 17 The 3-D distribution plots of collocation points and source points for the non-rectangular

of Example
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Figure 19 The plots of Fs, with respect to the constant d, where the parameters {d1} = d and

d € [0.01, 0.5], for the non-rectangular of Example 4.3
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Figure 20 The condition number of resultant matrix with respect to the number of collocation

points and source points: (a) S-_,m; = N, 3.7 n; = 50 in red, and 37, ni = N, 32, m; = 50

in green; (b) >7_ m; =

2

15 < N <100, for the non-rectangular of Example 4.3

N, Z?Zl n; = 50 in red, and Zle n; = N, Z?Zl m; = 50 in green, where
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points and source points, i.e., >-_, (m; +n;) = N (18 < N < 180), for the non-rectangular of Example
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Figure 22 The exact function f(t) and its approximation with five different noise levels added to

the measured data, where o = 0.01%,0 = 0.1%,0 = 1%, 0 = 5% and o = 10% for the non-rectangular
domain of Example 4.3



The PDE-constrained optimization method based on MFES for solving IHCPs

10° ¢

0=0.01%

- = —0=0.1%
0=1%

— — 0=5%

0=10%

107

107} o

(a) The Circular-domain case

10° ¢

0=0.01%
- =~ 0=01%
0=1%
-~ 0=5%
0=10%

107 \ = ~

1 2 3 4 5 6 7 8 9 10 11
L

(¢) The Peanut-domain case

327

0=0.01%
— - - 0=0.1%
0=1%
-~ o=5%
0=10%

ey

(b) The Circular-domain case

0=0.01%
- — - 0=01%
0=1%
-~ o0=5%
0=10%

(d) The Peanut-domain case

Figure 23 The RMS error of function u(z,y,t) and its maximum error with tmax = 1, and five

different noise levels added to the measured data, namely o

0.01%,0 = 0.1%,0 = 1%, 0 = 5%

and o = 10%, for the non-rectangular domain of Example 4.3, L denotes time level corresponding to

t=0,01,...,1
M
N 30 50 70 90 110 130
25 1.03x 107" 1.87x107Y 1.09x 107! 625 x1072 821x1072 7.15x 1072
45 848 x 1072 7.92x1072 1.93x1072 343 x1072 269x1072 2.31x 1072
Cir. 65 145 x 1071 1.66 x 107! 6.07x 1072 3.14x 1072 2.89x 1072 4.51 x 1072
85 1.86 x 1071 2.13x 107! 7.63x 1072 245x1072 4.09x 1072 5.03x 1072
105 233 x 1071 215x 107" 436x 1072 288x 1072 6.71 x 1072 244 x 1072
125 1.82x 1071 1.86x 107! 5.15x 1072 579x 1072 4.06x 1072 247 x 1072
25 1.93x 1072 1.53x1072 7.10x107% 844x107% 1.21x1072 1.34x10°?
40 213x 1072 144 x1072 152x1072 6.23x107% 1.16x1072 1.02x 1072
Pea. 55 1.36 x 1072 1.15x 1072 1.13x 1072 648 x 1072 1.07x 1072 1.09 x 1072
70 1.64 x 1072 151 x1072 1.16x1072 149x1072 991 x107% 1.25x 1072
85 1.92x 1072 140x 1072 235x1072 248 x1072 1.03x1072 1.31x 1072
100 273 x 1072 118 x 1072 2.02x 1072 148 x1072 810x 107 1.07 x 1072

Table 9 The results of Egu with respect to the numbers of collocation points Zle m; = M, and

source points Y.-_, n; = N, in the Circular-domain (called Cir.) and the Peanut-domain (called Pea.)

settings, respectively, for Example 4.3
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o =0.01% o =0.1% oc=1% oc=5% o= 10%
T 3.5 3.5 4.0 4.4 5.0
CPU(s) 43.81 43.84 44.05 44.22 45.33
Eay 108 x107% 755 x107* 154 x107°  446x107°  9.66 x 107
By 1.60 x 107 1.16 x 107® 229 x107* 101 x 1072  1.76 x 1072
B(2) 0.10x 107 0.10x 1072  0.50 x 107'*  0.50 x 1072 0.50 x 107'3
Cir. CPU(s)(RBFs) 39.84 35.89 34.59 35.45 34.37
FE2;(RBFs) 318 x107%  7.32x107% 511 x107% 233x107% 283 x 1072
FEo;(RBFs) 7.34x107%  2.02x107% 361 x1072  4.90x 1072  8.69 x 1072
CPU(s)(MFS)  72.63 67.24 67.00 66.63 78.94
E2;(MFS) 556 x 1072 4.17x107% 116 x 1072 441 x 1072  3.40 x 1072
Eooy(MFS) 176 x 1072 143 x 1072 2.24x107% 754 x107?  4.14 x 1072
T 2.1 2.1 2.1 1.7 2.1
CPU(s) 33.19 32.66 32.73 32.78 33.89
Eay 141 x 1073 149 x 107 3.90x107%  1.86x 1072  1.35 x 1072
Eoy 352 x 107 348 x107% 977 x107® 584 x 1072  4.91 x 1072
B(Z) 0.30 x 107 0.30 x 107*2  0.10 x 107**  0.10 x 107**  0.17 x 1073
Pea. CPU(s)(RBFs) 41.06 43.25 41.49 42.10 43.20
E5;(RBFs) 348 x 107% 346 x 107 118 x 1072 278 x 1072 4.50 x 1072
Eo;(RBFSs) 565 x 1072 9.23x107% 737 x1072 809 x107% 220 x 107"
CPU(s)(MFS)  66.69 66.74 68.60 68.17 72.98
E>p(MFS) 503 x 107 141 x107% 1.0l x 1072  1.72x 1072  2.70 x 1072
Fooy(MFS) 121 x107%  1.09x 1072 583 x1072 764 x 1072  6.65 x 1072

Table 10 The results of T, CPU(s), E2f, Eey and B(Z) with various error levels, namely o =
0.01%,0 = 0.1%,0 = 1%, 0 = 5% and o = 10% for Example 4.3, in the Circular-domain (called Cir.)
and the Peanut-domain (called Pea.) settings, compared with the results of [21,23], respectively

Figure 17 shows that the 3-D distribution plots of the collocation points and source points
for two types of the non-rectangular domain of Example 4.3. Similarly, it is known that the
accuracy of desired approximation solutions is dependent on the selection of T" by Figure 18.
In Figure 20, the condition number of resultant matrices can be changed with the increasing
number of collocation points (or source points). In this paper, we take p = 5,2 =5 cos(%), Yyt =
5sin(§),7 = 0.02, the number of the boundary collocation points M = 120, and the number
of the source points N = 55, the condition numbers of matrix Z lie between 10'® — 10 in the

Circular-domain setting. Analogously, we take z* = p(%)cos(%),y" = p(F)sin(g), 7 = 0.02, the
number of the collocation points M = 153, and the number of the source points N = 35, all the
condition numbers of Z are 10?° in the peanut-domain case. According to Figures 22, 23 and

Table 10, the numerical results developed by the proposed techniques are accurate and effective.
In addition, Figures 2 (b), 7 (b), 13 (b) and 19 show the plots of Es, with respect to the
constant d, we can see that the approximation solutions @(z, t) of u(z,t) are stable and effective,

and the accuracy orders remain basically unchanged for selecting any small d; > 0 on certain
interval. According to Figures 3 (a), 8 (a), 14 (a), 21, and Tables 1, 2, 4, 5, 7, 9, the condition
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numbers of resultant matrix and the numerical results of Es, are presented, with respect to
the numbers of the collocation points and source points, and we consistently take the case of
the noise level o = 5%. Further, when the numbers of the collocation points and source points
increase, we note that the condition numbers not always become bigger.

In general, compared with the results of numerical examples in literatures [21,23], including
C'PU (s) and the computation accuracy, the presented schemes are more robust and stable. Since
there are several constants (such as T', the number of collocation points, etc.) to be determined
in our presented methods, we only compute the total computation time of algorithms, but not
include the time cost for selecting these values. All desired parameters are given in advance, and
all programs are running in Intel’s 17-3520M CPU @ 2.90GHz in this paper.

5. Conclusions

In this paper, we develop a general form of the PDE-constrained optimization method for
solving THCPs, with the time-dependent heat source term and Neumann boundary condition,
which is an effective meshless numerical method. The approximation solution of identified tem-
perature is constructed by using the fundamental solution as basis function. Since the resulting
equations system is badly ill-conditioned, we apply the Tikhonov regularization technique with
GCYV criterion to obtain more stable numerical solutions. Meanwhile, due to the use of funda-
mental solution, the computation complexity can be reduced by avoiding computation of the
Lagrange multiplier term. In practice, we can choose a few source points and more collocation
points, to obtain effective and satisfactory numerical solutions. In addition, the proposed tech-
niques are more robust by the above examples, since the regularization parameters § are selected
very small values and remain basically unchanged to obtain good numerical results, when the
noise level ¢ becomes bigger. However, it is our future work for the suitable choice of parameter

T, and the ingenious design of collocation and source points in practical problems.

References

[1] S. TAPASWINI, S. CHAKRAVERTY, D. BEHERA. Numerical solution of the imprecisely defined inverse
heat conduction problem. Chin. Phys. B, 2015, 24(5): 153-162.

[2] D. A. POTER, K. E. EASTELING. Phase Transformations in Metals and Alloys. Chapman & Hall, London,
1981.

[3] Y. C. HON, Ting WEI. A Fundamental Solution Method for Inverse Heat Conduction Problem. Eng. Ana.
Bound. Elem., 2004, 28(5): 489-495.

[4] J. HADAMARD. Lectures on Cauchy’s problem in linear partial differential equations. Yale University Press,
New Haven, 1923.

[5] Y. C. HON, Ting WEIL The method of fundamental solution for solving multidimensional inverse heat
conduction problems. CMES: Comput. Model. Eng. Sci., 2005, 7(2): 119-132.

[6] D. N. HAO, P. X. THANH, D. LESNIC, et al. A boundary element method for multi-dimensional inverse
heat conduction problem. Int. J. Comput. Math., 2012, 89: 1540-1554.

[7] M. DEHGHAN. Parameter determination in a partial differential equation from the overspecified data. Math.
Comput. Modelling, 2005, 41: 197-213.

[8] K. KURPISZ, A. J. NOWAK. BEM approach to inverse heat conduction problems. Eng. Anal. Bound.
Elem., 1992, 10(4): 291-297.

[9] D. LESNIC, L. ELLIOTT, D. B. INGHAM. Application of the boundary element method to inverse heat
conduction problems. Int. J. Heat Mass Tran., 1996, 39(7): 1503-1517.



330
(10]
(11]

[12]
(13]

14]
[15]
[16]
(17]
(18]

19]

20]
(21]
(22]
(23]
[24]
[25]
[26]
27]
28]
[29]

(30]
(31]

32]

(33]
(34]

135]
136]
[37]
[38]

(39]

Yongfu ZHANG and Chongjun LI

Fajie WANG, Wen CHEN, Yan GU. Boundary element analysis of inverse heat conduction problems in 2D
thin-walled structures. Int. J. Heat Mass Tran., 2015, 91: 1001-1009.

A. H. D. CHENG, D. T. CHENG. Heritage and early history of the boundary element method. Eng. Anal.
Bound. Elem., 2005, 29(3): 268-302.

S. N. ATLURI, S. CHEN. The Meshless Method. Tech Science Press, Forsyth, 2002.

G. E. FASSHAUER. Meshfree approximation methods with matlab. Word Scientific Publishing Company,
London, 2007.

Guangming YAO. Local Radial Basis Function Methods for Solving Partial Differential Equations. Disser-
tations & Theses-Gradworks, 2010.

M. D. BUHMANN. Radial Basis Functions: Theory and Implementations. Cambridge University Press,
Cambridge, 2003.

W. CHEN, M. TANAKA. A meshless, integration-free, and boundary-only RBF technique. Comput. Math.
Appl., 2002, 43: 379-391.

M. DEHGHAN, M. TATARI. Determination of a control parameter in a one-dimensional parabolic equation
using the method of radial basis functions. Math. Comput. Modelling, 2006, 44: 1160-1168.

Limin MA, Zongmin WU. Radial basis functions method for parabolic inverse problem. Int. J. Comput.
Math., 2011, 88(2): 384-395.

M. DEHGHAN, V. MOHAMMADI. The numerical solution of Cahn-Hilliard (CH) equation in one, two and
three-dimensions via globally radial basis functions (GRBFs) and RBFs-differential quadrature (RBFs-DQ)
methods. Eng. Anal. Bound. Elem., 2015, 51: 74-100.

M. ARGHAND, M. AMIRFAKHRIAN. A meshless method based on the fundamental solution and radial
basis function for solving an inverse heat conduction problem. Adv. Math. Phys., 2015: 1-8.

Yongfu ZHANG, Chongjun LI. A Gaussian RBF's method with regularization for the numerical solution of
inverse heat conduction problems. Inverse Probl. Sci. Eng., 2016, 24(9): 1606—1646.

Yan LIANG, Chuli FU, Fenglian YANG. The method of fundamental solutions for the inverse heat source
problem. Eng. Ana. Bound. Elem., 2008, 32: 216-222.

Jin WEN. A meshless method for reconstructing the heat source and partial initial temperature in heat
conduction. Inverse Probl. Sci. Eng., 2011, 21: 1007-1022.

A. KARAGEORGHIS, D. LESNIC, L. MARIN. The method of fundamental solutions for an inverse boundary
value problem in static thermo-elasticity. Comput. Struct., 2014, 135: 32-39.

V. D. KUPRADZE, M. A. ALEXIDZE. The method of functional equations for the approximate solution of
certain boundary value problems. USSR Comput. Math. Phys., 1964, 4: 82-126.

Bin CHEN, Wen CHEN, Xing WEI. Characterization of space-dependent thermal conductivity for nonlinear
functionally graded materials. Int. J. Heat Mass Tran., 2015, 84: 691-699.

Yao SUN. A meshless method based on the method of fundamental solution for solving the steady-state heat
conduction problems. Int. J. Heat Mass Tran., 2016, 97: 891-907.

S. S. ADAVAN, G. BIROS. Multigrid algorithms for inverse problems with linear parabolic PDE constraints.
SIAM J. Sci. Comput., 2008, 31(1): 369-397.

T. REES. Preconditioning iterative methods for PDE constrained optimization. DPhil Thesis, University of
Oxford, 2010.

T. REES. Optimal solving for PDE-constrained optimization. SIAM. J. Sci. Comput., 2010, 32(1): 271-298.
J. W. PEARSON. A radial basis function method for solving PDE-constrained optimization. Numer. Algo-
rithms, 2013, 64(3): 481-506.

P. MITIC, Y. F. RASHED. Convergence and stability of the method of meshless fundamental solutions using
an array of randomly distributed sources. Eng. Anal. Bound. Elem., 2004, 28:143-153.

P. CRAVEN, G. WAHBA. Smoothing noisy data with spline functions. Numer. Math., 1979, 31: 377—403.

G. H. GOULB, M. HEATH, G. WAHBA. Generalized Cross-Validation as a method for choosing a good
ridge parameter. Technometrics, 1979, 21: 215-223.

G. WAHBA, J. WENDELBERGER. Some new mathematical methods for variational objective analysis
using splines and cross validation. Monthly Weather Rev., 1980, 108: 1122-1143.

P. C. HANSEN. Regularization tools: A Matlab package for analysis and solution of discrete ill-posed
problems. Numer. Algorithms, 1994, 6: 1-35.

Ronghua CHEN, Zongmin WU. Applying multiquadric quasi-interpolation to solve Burgers’ equation. Appl.
Math. Comput., 2006, 172: 472-484.

Ronghua CHEN, Zongmin WU. Solving partial differential equation by using multiquadric quasi-interpolation.
Appl. Math. Comput., 2007, 186: 1502—1510.

Tongsong JIANG, Ming LI, C. S. CHEN. The method of particular solutions for solving inverse problems of
a nonhomogeneous convection-diffusion equation with variable coefficients. Numerical Heat Transfer, Part
A: Application, 2012, 61: 338-352.



