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Abstract In this paper, the concepts of the essential topology and the density topology of dcpos
are generalized to the setting of general posets. Basic properties of the essential topology and
relations with other intrinsic topologies are explored. Comparisons between the density topology
and the measurement topology are made. Via the essential topology, the density topology and
the measurement topology, we obtain properties and characterizations of bases of continuous
posets. We also provide some new conditions for a continuous poset to be an algebraic poset.
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1. Introduction

The notion of continuous lattices as a model for the semantics of programming languages was
introduced by Scott in [1]. Later, a more general notion of continuous directed complete partially
ordered sets (i.e., continuous dcpos or domains) was introduced and extensively studied [2, 3].
Since some naturally arisen posets are important but fail to be directed complete, there are
more and more occasions to study posets which miss suprema of directed sets [4-9]. Lawson [3]
gave a remarkable characterization that a dcpo is continuous iff its Scott topology is completely
distributive. By the technique of embedded bases and sobrification via the Scott topology, Xu [6]
successfully embedded continuous posets into continuous domains and proved that a poset is
continuous iff its Scott topology is completely distributive.

Martin [10] introduced a new intrinsic topology called u topology on continuous depos and
proved that the p topology can be induced by measurements with certain conditions. Later,
Xu [7] introduced the concept of the measurement topology of posets, a generalization of the

topology, and studied properties of the measurement topology. In order to provide a topological
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interpretation of bases of continuous depos, Rusu and Ciobanu [11] introduced the concepts of
the essential topology and the density topology of dcpos and proved that bases are just dense
sets in the density topology of continuous dcpos. In this paper, we manage to generalize the
concepts of the essential topology and the density topology of dcpos to the setting of general
posets. We investigate properties of the essential topology and relations with other intrinsic
topologies. We make comparisons between the density topology and the measurement topology.
Via the essential topology, the density topology and the measurement topology, we obtain several
properties and characterizations of bases of continuous posets. We also provide new conditions

for a continuous poset to be an algebraic poset.

2. Preliminaries

We quickly recall some basic notions and results [2,5,6].

Let (L, <) be a poset. A principal ideal (resp., principal filter) is a set of the form Jz = {y €
Lly < z} (vesp.,, T ={y € Ljz < y}). For A C L, we write ] A = {y € L|Fz € A, y < z},
tA={ye L3z € A, x <y}. Asubset A is a lower set (resp., an upper set) if A = A (resp.,
A =7A). We say that z is a lower bound (resp., an upper bound) of A if A Ctz (resp., A C|z).
The supremum of A is denoted by \/ A or sup A. The infimum of A is denoted by A A or inf A.
A subset M of L is called order convex if z, z € M and z < y < x implies y € M. A nonempty
subset D of L is directed if every finite subset of D has an upper bound in D. A poset L is
a directed complete partially ordered set (dcpo, for short) if every directed subset of L has a
supremum. A complete lattice is a poset in which every subset has a supremum.

In a poset L, we say that x approximates y, written z < y if whenever D is a directed set
that has a supremum sup D > y, then x < d for some d € D. We say that x is compact if z
approximates itself, i.e., z < x. The set of all compact elements is denoted by K (L). For « € L,
we write Jo = {z € L|z < z} and Tz = {z € L|z < z}. The poset L is said to be continuous
(resp., algebraic) if every element is the directed supremum of all (resp., compact) elements that
approximate it, i.e., for all x € L, the set [x (resp., 2 N K (L)) is directed and x = \/ [z (resp.,
x=\({xzNK(L))). A continuous poset (resp., an algebraic poset) which is also a dcpo is called

a continuous domain (resp., an algebraic domain).

Proposition 2.1 ([2,8]) If L is a continuous poset, then the approximating relation < has the
interpolation property: * < z => 3y € L such that r < y < z.

Definition 2.2 ([2,10]) A subset B of a poset L is called a basis for L if for each x € L, BN }x

contains a directed subset with supremum x.

Lemma 2.3 ([2,10]) A poset is continuous if and only if it has a basis. Moreover, a poset is

algebraic if and only if its compact elements form a basis.

In the context of continuous posets, there is another characterization of bases.

Proposition 2.4 Let L be a continuous poset. A subset B is a basis if and only if given z < y
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in L, there exists b € B such that ¢ < b < y.

A subset A of a poset L is Scott closed if |A = A and for any directed set D C A, supD € A
whenever sup D exists. The complements of the Scott closed sets form a topology, called the
Scott topology and denoted by o(L). It is well-known that for a continuous poset the Scott
topology has a base of all sets of the form Tz = {z € L|z < z}. The topology generated by
the complements of all principal filters T2 (resp., principal ideals |z) is called the lower topology
(resp., upper topology) and is denoted by w(L) (resp., v(L)). The topology of all upper sets
(resp., lower sets) is called the Alexandroff topology (resp., the dual Alexandroff topology) and
is denoted by «(L) (resp., a*(L)). The common refinement o(L) V w(L) of the Scott topology
and the lower topology is called the Lawson topology and is denoted by A(L).

Definition 2.5 ([7]) Let L be a poset. The common refinement o(L) V o*(L) of the Scott
topology and the dual Alexandroff topology is called the measurement topology and is denoted

by u(L).

Proposition 2.6 ([7]) Let L be a continuous poset. Then B, = {zN | y|z, y € L} is a base
for the measurement topology u(L).

Remark 2.7 ([7]) By Proposition 2.6, the measurement topology coincides with the p topology

in [10] on continuous domains.

3. The essential topology

In this section, the concept of the essential topology of dcpos in [11] is generalized to the

setting of general posets and some basic properties of the essential topology are obtained.

Definition 3.1 Let L be a poset. We use P(L) to denote the powerset of L. Let | : P(L) —
P(L) be the operator defined by [ A = |J, 4 |« for all A € P(L). Let }: P(L) — P(L) be the
operator defined by 1A =, 4 T for all A € P(L).

Proposition 3.2 Let L be a poset. Then for all A, B € P(L) and {Aq}aer C P(L):
(1) {0 =0,10=0;
(2) uUaeF Aa) = Uaer $a; T(UQGF Aa) = UQGF TAa;
(3) ACB=|AC|B,AC B=1AC1*B;
(4) JA\B C [(A\B), 1A\TB C $(A\B);
(5) L({A) C LA, 1(FA) C 1A,

Proof Straightforward. [J

Definition 3.3 Let L be a poset and A C L. The subset A is called an e-open set if (A C A.
The complement of an e-open set is called an e-closed set.

Proposition 3.4 Let L be a poset. Then
(1) All the e-open sets of L form a topology, called the essential topology and denoted by
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Te(L). Moreover, the intersection of any family of e-open sets is e-open;

(2) The family of sets {{zx} Uz | x € L} is a base for 7.(L);

(3) F C L is e-closed if and only if TF C F;

(4) For all A< P(L), |A is e-open, $A is e-closed;

(5) Every lower set is e-open and every upper set is e-closed;

(6) The essential topology T.(L) is finer than the dual Alexandroff topology o*(L), i.e.,
a*(L) C 7e(L).

Proof (1) The proof is similar to that of [11, Proposition 2] and hence omitted.

(2) Straightforward.

(3) Assume that F is e-closed. Then L\F is e-open and thus [(L\F) C L\F. Suppose that
TF ¢ F. There is € TF such that = ¢ F. This shows that there exists y € F such that y <
and x € L\F. So, y € [(L\F) C L\F, a contradiction to y € F'. Therefore, AF C F. Conversely,
assume that 1F C F. We only need to show that [(L\F) C L\F. Suppose that {(L\F) & L\F.
There exists a € [(L\F) such that a ¢ L\F. This shows that there exists b € L\F such that
a<banda€ F. So, b€ 1F C F, a contradiction to b € L\F. Therefore, [(L\F) C L\F and
L\F is e-open.

(4) Follows from (3), Definition 3.3 and Proposition 3.2(5).

(5) Straightforward.

(6) Follows immediately from (5). O

Proposition 3.5 Let L be a poset. For all A € P(L), we have
(1) clo(A) = AUTA, where cl.(A) is the closure of A in the topology T.(L);
(2) int.(A) = A\T(L\A), where int.(A) is the interior of A in the topology T.(L);
(3) Tele(A) = cle(TA).

Proof The proof is similar to that of [11, Proposition 3] and hence omitted. O

Lemma 3.6 Let L be a continuous poset. Then the operators |, and 1 are idempotent, i.e., for

all A€ P(L), L(}A) = LA, F(TA) = 14

Proof Follows from Proposition 3.2(5), the continuity of L and Proposition 2.1. O

We can characterize the bases of a continuous poset via the essential topology.

Theorem 3.7 Let L be a continuous poset and B C L. Then for all x € L, A C L and for all
e-closed set F', the following conditions are equivalent:

(1) B is a basis of L;

(2) Ttz N B) =%u;

(3) 1HAN B) = 14;

(4) H(F N B) =1F;

(5) cle(tANB) =T4;

(6) For allU € o(L), G € 7(L), UNG # 0 implies U NG N B # (.
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Proof The proof is similar to that of [11, Theorem 1] and hence omitted. OJ

In the context of continuous posets, we can characterize the algebraicity of the posets via the

essential topology.

Theorem 3.8 A continuous poset L is algebraic if and only if cl.(F N K (L)) = 1F for every

e-closed set F'.

Proof The proof is similar to that of [11, Proposition 8] and hence omitted. O

4. Comparisons between measurement topology and density topology

We generalize the density topology of dcpos in [11] to the setting of general posets. We
make comparisons between the measurement topology and the density topology and give more

properties of the measurement topology and the density topology.

Definition 4.1 Let L be a poset. The common refinement o(L) V 7.(L) of the Scott topology
and the essential topology is called the density topology and is denoted by p(L).

Proposition 4.2 Let L be a poset. Then o(L) C A(L) C u(L) C p(L).
Proof The conclusion follows from Definition 2.5, Definition 4.1 and Proposition 3.4(6). O

Proposition 4.3 Let L be a poset. Then
(1) Every Scott open set is a clopen set in p(L) and p(L);
(2) The spaces (L, (L)) and (L, p(L)) are both Hausdorff.

Proof (1) Let U be a Scott open set. It follows from Proposition 4.2 that U is u(L)-open and
p(L)-open. Since L\U is a lower set, we have L\U € a*(L) C 7.(L). This shows that L\U is
u(L)-open and p(L)-open. So, every Scott open set is a clopen set in u(L) and p(L).

(2) Suppose that ¢ # y in L, and assume that z € y. Then z € L\ | y. Note that
L\ ]y is a Scott (hence, p(L)) open neighbourhood of = and |y is an o*(L) (hence, (L)) open
neighbourhood of y. Clearly these two neighbourhoods are disjoint. So, (L, u(L)) is Hausdorff.
By Proposition 4.2, (L, p(L)) is Hausdorff. OJ

Proposition 4.4 Let L be a continuous poset. Then B, = {Tz N ({y} Uly)|z, y € L} is a base
for the density topology p(L).

Proof The conclusion follows from the continuity of L and Proposition 3.4(2). O

Lemma 4.5 Let L be a continuous poset. Then for all U € (L) and all G € 7.(L), one has
T (UNG) € o(L). Particularly, for any U € (L) and any lower set C, one has 1 (UNC) € o(L).

Proof Let U € o(L) and G € 7.(L). Suppose that D is a directed subset for which sup D exists
and satisfies sup D €1 (U NG). Then there is © € U NG such that < sup D. By the continuity
of L and the Scott openness of U, there is t € U such that ¢t < x < sup D. Thus, there exists
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d € D such that t < d. Since G € 7.(L), we have t € [x C {G C G. This shows that t € UNG
and thus d €1(U N G). Therefore, 1(U N Q) is Scott open. O

Theorem 4.6 Let L be a continuous poset.
(1) An upper set U is p(L)-open if and only if U is Scott open;
(2) If W € p(L), then tW € o(L);
(3) For all x € L, x is compact if and only if {x} is p(L)-open;

(4) Every u(L)-closed set is closed under directed suprema.

Proof (1) Let U be an upper set. Clearly, every Scott open set is p(L)-open. Suppose that U is
p(L)-open. Let t € U. By Proposition 4.4, there exist x, y € L such that t € tzN ({ytudy) C U.
Hence, t €t (T2 N ({y} U ly)) S1U = U. By Lemma 4.5, we have 1 (fz N ({y} U ly)) € o(L). By
the arbitrariness of ¢, U is Scott open.

(2) Let W € p(L). For all t et W, there exists a € W such that a < ¢t. By the continuity
of L and Proposition 4.4, there exist x, y € L such that a € T2 N ({y} U dy) € W. Hence,
teta €t (tzn ({y} Udy)) STW. It follows from Lemma 4.5 that 1+ (tz N ({y} U ly)) is Scott
open. By the arbitrariness of ¢, we have TW € o(L).

(3) Let x € L. Suppose that x is compact. It is easy to see that Tz is Scott open. Hence,
{z} =tzn |z is p(L)-open. Conversely, suppose that {z} is p(L)-open. By (2), T« is Scott
open. This shows that z is compact.

(4) Let D be a directed subset of a p(L)-closed set F with existing sup D. Suppose that
supD ¢ F. Then supD € L\F and L\F is u(L)-open. By Proposition 2.6, there exist z,
y € L such that supD € fzn |y C L\F. By Proposition 2.1, there is z € L such that
r < z < supD < y. This shows that there is d € D such that * < z < d < y. Hence,
DN (L\F) # 0, a contradiction to D C F. J

Corollary 4.7 Let L be a continuous poset.
(1) If X is an upper set, then int,(X) = inty(X) = int, (X ) = int,(X);
(2) If X is a lower set, then cl,(X) = cl\(X) = cl,(X) = cl,(X).

Proof (1) Let X be an upper set. It follows from Proposition 4.2 that int,(X) C int)(X) C
int, (X) Cint,(X). By Theorem 4.6(2), tint,(X) € o(L). It follows from Tint,(X) CtX = X
that int,(X) Ctint,(X) C int,(X). So, int,(X) = inty(X) = int,(X) = int,(X).

(2) The conclusion follows immediately from (1). O

The following example shows that the p(L)-closed set on a completely distributive lattice

need not be closed under directed suprema.

Example 4.8 Let I = [0, 1] be the unit interval and let S; = {[a, b]|a, b € I'}. Define a partial
order “<” on Si: Va, b], [¢c, d] € St, [a, b] < [¢, d] <= a < cand b < d. Then

sup{[a;, b;] | j € J} = [sup{a;};jes, sup{b;}je]

for any family {[a;, b;]|j € J} and [a, b] < [¢, d] <= a < c and b < d for all [a, b], [c, d] € S;.
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It is straightforward to prove that (S, <) is a completely distributive lattice [12, Theorem 2.4].

Let z = [5,3] and y = [2,1]. Pick an increasing sequence {an}nen+ such that a; > % and
lim,, o0 @ = % Let D = {[ayn, 1]ln € N*}. Then D is a directed subset of S;. Clearly, the set
U =1z N ({y} Uly) is p(Sr) open and D NU = §. Thus, L\U is p(Sy) closed and D C L\U.

However, we have sup D = [2, 1] € U.
Proposition 4.9 Let L be a continuous poset. If p(L) is compact, then p(L) = p(L).

Proof Let L be a continuous poset with a compact p(L) topology. By Proposition 4.2 and
Proposition 4.3(2), both p(L) and u(L) are compact Hausdorff. It follows from the exactness of
compact Hausdorff topology [13, P.181, Exercise 1] that p(L) = u(L). O

Proposition 4.10 Let L be a continuous poset. If the set A, =|x\({z} U |x) is finite for all
x € L, then p(L) = p(L).

Proof By Proposition 4.2, we have u(L) C p(L). Suppose that W is p(L)-open. Let z € W.
By Proposition 4.4, there exist =, y € L such that z € Tz N ({y} U Ly) € W. Hence, z €
foz N ({2} Ulz) STz N ({y} U ly) C W. By the continuity of L, we have z =\/ |z. Then for all
t € A, =l 2\({z} U |2), there exists x; < z such that x; £ t. By the finiteness of A, and the
directedness of {7, there is h € |z such that x < h and 2y < h forallt € A,. Hence, h £ t for
all t € A,. This shows that hN | 2N A, = (. Therefore, z € Thn [z C TN ({z} U $z) CW. By
Proposition 2.6 and the arbitrariness of z, W is p(L)-open and hence p(L) C p(L). O

The following example shows that the density topology does not coincide with the measure-

ment topology on completely distributive lattices.

Example 4.11 Let (S}, <) be the poset defined in Example 4.8. Pick z = [%, %] and y = [%, 1].
Clearly, z, y € Sy and © < y. Then y € 12N ({y}Uly) and Tz N ({y} U ly) is a basic p(S;) open
set by Proposition 4.4. Suppose that Tz N ({y} Uly) is also u(Sr) open. By Proposition 2.6, there
is z = [c, d] € Sy such that y € T2n Ly € ton({y}Uly). This shows that z = [¢, d] < [2,1] = y.
Thus, ¢ < % and d < 1. There exists r such that ¢ < r < % Let h = [r,1]. Then h € $2N |y but
h ¢ trn({y} UJy), a contradiction to the assumption that tznly Cten({y}u 1y). Therefore,

p(S1) € u(Sr).

Proposition 4.12 Let L be a continuous poset and W C L an order convex subset. Then W

is p(L)-open if and only if W is p(L)-open.
Proof —. Apply Proposition 4.2.

<. Suppose that W is p(L)-open. Let t € W. By Proposition 4.4, there exist x, y € L
such that t € f2 N ({y} U {y) € W. This shows that y € W and < t < y. By the continuity
of L and Proposition 2.1, there is s € L such that z < s < t < y. This shows that s € W.
Since W is order convex and s, y € W, we have t € s |y C W. By the arbitrariness of ¢ and
Proposition 2.6, W is p(L)-open. O
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Theorem 4.13 Let L be a poset and consider the following conditions:
(1) L is a continuous poset;
(2) W =U{Tzn{y}Uly)|z,y € W} for all order convex p(L)-open set W;
(3) W =U{%zN | y|x,y € W} for all order convex j(L)-open set W.
Then (1) = (2) <= (3). Moreover, if L is a sup semilattice, then all three conditions are

equivalent.
Proof (1) = (2). Let W be an order convex p(L)-open set. It is easy to see that

Utz n{yruly)le,y e W Ccw.

Let t € W. By Proposition 4.4, there exist 2, y € L such that t € Tz N ({y} U ) € W. So,
r < t <y. By the continuity of L and Proposition 2.1, there is s € L such that * < s < t < y.
This shows that s € W. Therefore, t € ts N ({t} U {t) € U{tz N ({y} U {y)|z,y € W}. By the
arbitrariness of ¢, we have W C J{Tz N ({y} U y) | ,y € W} and thus

W= J{tzn ({y}uly)lz,y € W}

(2)<=(3). Apply Proposition 4.12.

Let L be a sup semilattice. Then for all z € L, the set [z is directed. Clearly, x is an
upper bound of the set [x. Let z be any upper bound of the set [z. Suppose that z £ z.
Then © € L\ | 2. Since L\ | z is order convex p(L)-open, there exist u, v € L\ | z such that
x € Tun Lv C L\ |z by (3). This shows that u < = but u £ z, a contradiction to the assumption
that z is an upper bound of the set [x. So, x < z. By the arbitrariness of z, we have x = \/ |z.
Thus, L is a continuous poset. [J

We can characterize bases of continuous posets via the density topology.

Theorem 4.14 The following are equivalent for a continuous poset L and B C L:
(1) B is a basis of L;
(2) B is a p(L) dense subset of L;
(3) B isa u(L) dense subset of L.

Proof (1) = (2). Let B be a basis of L and consider a nonempty basic p(L)-open set
f2 N ({y} Uly). It follows from Theorem 3.7 that T2 N ({y} U Ly) N B # 0. This shows that B is
a p(L) dense subset of L.

(2)==(3). Apply Proposition 4.2.

(3)=(1). Let B be a u(L) dense subset of L. Given z < y in L. By Proposition 2.1, there
exist s, t € L such that r < s < t < y. Since TsN |t is a nonempty basic u(L)-open set, we
have $sN [t N B # (). Thus, there is b € B such that z < s < b < t < y. By Proposition 2.4, B
is a basis of L. [J

Corollary 4.15 Let L be a continuous poset. Then the following are equivalent:
(1) o(L) is second countable;
(2) L has a countable basis;
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(3) p(L) is separable;
(4) p(L) is separable.

Proof (1)=(2). Let B be a countable base for o(L). Let A = {(Uy,U2)|U;, Uy € B, b e L
such that Uy C $b C1b C U;}. Clearly, the set A is countable. For all a = (U, Us) € A, pick
bo € L such that Uy C Tb, C1by C Up. Let B = {by|a € A}. Then B is also a countable set.
Given r < y in L. Since Tz € o(L) and B is a countable base for o(L), there is V; € B such
that y € V; C T. By the continuity of L and the Scott openness of Vi, there is t € V; such that
y €Tt Ctt C Vi CFa. Since 1t € o(L) and B is a countable base for o(L), there is Vo € B such
that y € Vo €t €1t C Vi C fz. This shows that 8 = (V1, V) € A. So, there is bsg € B such
that y € V5 C Tb/g Crbg CVp C Fz. By Proposition 2.4, B is a countable basis of L.
(2)=(1). Let B be a countable basis of L. It is straightforward to prove that the family
{Tb|b € B} is a countable base for the Scott topology o(L). Hence, o(L) is second countable.
(2)=(3). Apply Theorem 4.14.
(3)=(4). Apply Proposition 4.2.
(4)=(2). Apply Theorem 4.14. [J
In the context of continuous posets, we can characterize the algebraicity of the posets via the

measurement, topology and the density topology.

Theorem 4.16 Let L be a continuous poset. Then the following are equivalent:
(1) L is algebraic;
(2) The intersection of p(L) dense sets is p(L) dense;
(3) The intersection of u(L) dense sets is u(L) dense.

Proof (1)==(2). Let L be an algebraic poset. Then K (L) is the smallest basis of L. By
Theorem 4.14, K (L) is the smallest p(L) dense set of L. Hence, the intersection of p(L) dense
sets contains K (L) and is p(L) dense.

(2)==(3). Apply Theorem 4.14.

(3)==(1). Let B be the intersection of all y(L) dense sets of L. By (3) and Theorem 4.14,
B is the smallest p(L) dense set of L and hence the smallest basis of L. It is straightforward to
prove that B = K(L). So, L is algebraic. O
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