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Abstract In this paper, we are interested in the existence of positive solutions for the Kirchhoff
type problems

—(a1r + i My ([, [VulPda)) Apu = Af(u,v), in Q,

—(ag 4+ b2 Ma( [, [Vo|?dz)) Agv = Ag(u,v), in Q,

u=v=0, on 09,
where 1 < p,q < N, M3 : R(J{ — R" (i = 1,2) are continuous and increasing functions. A is
a parameter, f,g € C'((0,00) x (0,00)) x C(]0,00) x [0,00)) are monotone functions such that

fsy ft,9s,9¢ >0, and f(0,0) < 0,9(0,0) < O (semipositone). Our proof is based on the sub- and
super-solutions techniques.
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1. Introduction and main result

In this article, we are interested in the existence of positive solutions for a class of Kirchhoff

type systems of the form

—(a1 + b1 My ([, [VulPdz)) Apu = Mf(u,v), in Q,
—(ag + ba My( [, [Vo|9dz)) Aqu = Ag(u,v), in Q, (1.1)
u=v=0, on 0%,

where ) is a bounded smooth domain of RV, p,q > 1, A > 0, a;, b; (i = 1,2) are real parameters
and b; # 0. The functions M; (i = 1,2), f(u,v) and g(u,v) satisfy the following conditions:

(Hy) M; : Rf — R* (i = 1,2) are continuous and increasing functions and there exist
constants m; (i = 1,2) such that M;(t) >m; > —¢* for all t € Ry, where RY = [0, +00).

(Hy) f,g € C((0,00) x (0,00)) x C([0,00) x [0,00)) are monotone functions such that fs,
fts gs, g¢ >0, and f(0,0) < 0, g(0,0) < 0 (semipositone).

(Hs) There exist r > o > 0 such that f(s,t) >0, g(s,t) > 0 for s,t € (a,7].
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Since the first two equations in (1.1) contain an integral over €2, it is no longer a pointwise
identity; therefore it is often called nonlocal problem. This problem models several physical and
biological systems, where u describes a process which depends on the average of itself, such as
the population density [1]. Moreover, problem (1.1) is related to the stationary version of the
Kirchhoff equation

o (R B [M1 2 par) 2 (12)
ot? h 2L 0x?
presented by Kirchhoff in 1883 (see [2]). This equation is an extension of the classical d’Alembert’s
wave equation by considering the effects of the changes in the length of the string during the
vibrations. The parameters in (1.2) have the following meanings: L is the length of the string,
h is the area of the cross-section, E is the Young modulus of the material, p is the mass density,
and P, is the initial tension.

In recent years, problems involving Kirchhoff type operators have been studied in many
papers, we refer to [3-13], in which the authors have used variational method and topological
method to get the existence of solution. In this paper, motivated by the ideas introduced in
[14-18] and the properties of Kirchhoff type operators in [19-21], we study problem (1.1) in the
semipositone case. Using the sub and supersolutions techniques, we prove the existence of a
positive solution for the problem without assuming any condition on f and g at infinity. Using
an argument inspired by [18], we obtain the following main results which complement and extend
the corresponding results in [19,22].

In order to state precisely our main result, we first consider the following eigenvalue problem

for the r-Laplace operator —/A\,.u:

(1.3)

—Apu = ANu[""2u, in Q,
u =0, on 0f).

Let ¢1,- € C1(Q) be the eigenfunction corresponding to the first eigenvalue A; . of (1.3) such
that ¢1, > 01in Q and ||¢1 1 ]|cc = 1. It can be shown that %;7"" < 0 on 09 and hence, depending

on €, there exist positive constants m,d, o such that

= ALrfi, 2 m,  in (s,

|v¢1 T (1 4)
d)l,r > g, in Q\ﬁg, '

where Qs := {2 € Q: d(z,0Q) < 6}. We will also consider the unique solution e € C*(Q) of the
boundary value problem
—Are=1, in Q,
(1.5)
e =0, on 0f)

to discuss our result. It is known that e > 0 in Q and g—f] < 0 on 9. For our main result we

also assume that there exist positive constants I1,ls € («, 7] such that

Alp m A1,q m
Ha) 70755 < 7oam sl < Goor q
(H) My < 2 Aval52y)1 <

a-1 llellac ™t

Our main result is given by the following theorem.
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Theorem 1.1 Under assumptions (Hy )—(Hs), there exist two positive constants A, and A\* such
that (1.1) has a positive solution for all A € (A, \*).

2. Preliminaries

We will prove our result by using the method of sub and supersolutions. We refer the readers
to recent paper [18,19] on the topic. A pair of functions (¢1,1)2) is said to be a subsolution of
problem (1.1) if it is in W, () x Wg?(€2) such that

<a1 + b1M1</ﬂ |W1|”dx)) /Q |V, [P2Ve), - Vwdz < A/Q f(1, )wdz, Yw € W,
and
(st tadta( [ 1Viftan)) [ VitV - Vude <0 [ glun,vayude, Vi e W,

where W := {w € C§°(Q) : w > 0in Q}. A pair of functions (¢1, ¢2) € Wy P(2) x W, U(Q) is

said to be a supersolution of (1.1) if

(wn + o[ [vonPae)) [ [9op2v6r Vude 23 [ flormuds, v e w,
and
(a2 + baa /Q Voulidz) ) /Q V62|72V - Vundar > A /Q o1, do)wdz, V€ W.

The following result plays an important role in our arguments. Its detail proof is similar to the

proof in [18,19], so we will omit it.

Lemma 2.1 Assume that M : RT — R* is continuous and increasing function, and there exists
mg > —4% (b#0) such that M(t) > my for all t € R{. If the functions u,v € W, () satisfy

(a + bM(/Q |Vu|de>) /Q |Vu|""2Vu - Vipdz

< (a—f—bM(/Q |Vv|7'dx)) /Q |Vo|""2Vv - Vpdz

for all ¢ € W, (Q), ¢ >0, then u < v in Q.
From Lemma 2.1, we can establish the following basic principle of the sub and supersolutions

method for nonlocal systems. Indeed, we consider the following system

—(ay + by My ([, [VulPdz))Apu = h(z,u,v), inQ,
—(az + ba My ([, [Vo|?da)) Agv = k(z,u,v), in Q, (2.1)
u=v=0, on 0f),

where Q is a bounded smooth domain of RY and h,k : @ x R x R — R satisfy the following
conditions:

(HK1) h(z,s,t) and k(x, s,t) are Caratheodory functions and they are bounded if s, ¢ belong
to bounded sets.

(HK2) There exists a function g : R — R being continuous, nondecreasing with g(0) = 0,
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0 < g(s) < C(1 + |s|™ind{ra}=1) for some C' > 0, and applications s ~ h(z,s,t) + g(s) and
t— k(x,s,t)+ g(t) are nondecreasing for a.e. = € Q.

If u,v € L*(9) with u(z) < v(x) for a.e. x € Q, we denote by [u,v] the set {w € L>() :
u(z) < w(z) < o(z) for a.e. x € Q}. Using Lemma 2.1, we can establish a version of the abstract

lower and upper-solution method for our class of the operators as follows.

Proposition 2.2 Let My, M5 : RS’ — R* be two functions satisfying the condition (H;) and the
functions h, k satisfy the conditions (HK1) and (HK2). Assume that (u,v), (u,v) are respectively,
a weak subsolution and a weak supersolution of system (2.1) with u(z) < u(z) and v(z) < v(x)
for a.e. x € ). Then there exists a minimal weak solution (u.,v,) (respectively, a maximal weak
solution (u*,v*)) for system (2.1) in the set [u,u] x [v,D]. In particular, every weak solution
(u,v) € [u,T] x [v,7] of (2.1) satisfies u,(z) < u(z) < u*(x) and v.(z) < v(z) < v*(x) for a.e.
x e

3. Proof of main result
In this section, we prove Theorem 1.1 by using the sub and super-solutions method.

Proof of Theorem 1.1 First we construct a positive subsolution of problem (1.1). For this
purpose, let A1 ., ¢1., (r = p,q), and §, m, o, Qs be as described in Section 2. We now shall verify
that (¢1,19) = (llaﬁqﬁﬁ, lgal%q(éff) in which l1,ls € (a,r], is a subsolution of problem
(1.1). Let w € W. Since

D
p—1

Pty
Vi = ho™?¢f, Vi p,
we deduce by (H;) that

ar + by My |V [Pda |Vap1 [P2V); - Vwdz
Q Q

:(%)”10*”(“1*blMl(/QWi/’llpdx))/Q%,plvsbl,plp’QVqst-de;p
= Pyt (w b ([ [Vnpaz)) [ V60,2 V60, - [V010) V6, )d0
:(%)p_lg_p@l+b1Ml(/Q|V¢1|pdx>)/Q|V¢1.,p|p_2V¢1,p-V(¢1,pw)dm—
(%)p*aﬂ(al+61M1(/Q|Vw1|1”dx)>/Q|V¢1,p|i”wdxf
:(%)p_lU_p(alerlMl(/Q\V¢1|pd$))/Q>\1,p\¢17p|p‘2¢1,p(¢1}pw)dx
(%)P—lg—z)(al+b1Ml(/Q|v¢1|pdx>)/Q|V¢Lp|pwdx
= <%>’“ﬂ (a1 +banir /Q Vi) ) /Q Dyt — Vo plPwde

[
< (%)P—lgﬂ?(m +bymy) / Ap@ , — [V [ lwda.
B Q
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Similarly, we also have
(a2 + badta( [ [Vaitdc)) [ Vel 290 - Vuds
Q Q

l
< (%)qildfq(az + bamy) / Mig@1q = V1l Nwda.
_ Q

Now, by (1.4), we have in Qs,
Mp®T, = [Voi,l7 < —m, A1 gdf = [V1g|? < —m.
It follows that in Qs,

l l
(2 o P+ i) D], — (901, 07) < =200 o Pm(ar + bym),

and

I l
(qq—zl)qilafq(az + b2m2)[>\1,q¢‘11,q = |Vor1,4|] < _(%)qilaiqm(GQ + bamna).

By the monotone properties of f, g and 1,y > 0, if

~ m(ay +bymy) , pli |,
A< A= P
SN = Tagmol 1)
and
A< XZ - m(a‘2 + b2m2)( ql2 )q,]_
B 0?g(0,0)] ‘¢—-1" "
we have l
(P o ar + bima) g, = V61l < A (),
and

l
()" 0 a4 bama) a6, — [Vl < Mg, v)

Next, in Q \ Q5, we have ¢1, > o > 0 and ¢1,, > o > 0. Thus
P P _ q —9_
Yr=0LoTrol ) >, by =loTad] [ >y,

and

J@W1,42) > f(l1,12) >0, g(ah1,v2) > g(l1,12) > 0.
Therefore, if

Mplar +bima), ph )p_l

A> A = ,
- o7 fli,l)  p—1
and w )
+0ama) , qla |,
A > A, = SLel92 -1
2 A= T ) a1
we have l
(pp_ll)p—la_p(al + b1m1)[)\1,p¢1f,p — |v¢1’p|p]
ﬂ p—1_—p
< ()P ro P (ar + bima) Ay < Af (41, ¢n),

p—1
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and

la (-1 _
()" 0 0+ bama) Mg, — [Vl
la \g_1 _
< ()0 s 4 bama) Ay € Mgl ).
Moreover, let A, = min{\,1, A\s2} and X = max{A;, \a}. By condition (Hy), we have A\, < .
Hence, (11,12) is a subsolution of problem (1.1).
Next, we construct a supersolution of (1.1). Let
lh . Iy
lefloo " Nello

(¢1,02) = (

in which e is defined by (1.5). Since

€),

<ar+hkﬂ(lﬂv¢ﬂmm))KJV¢HVQV¢yVMﬂ$

_ h p—1 P p—2
7(”6”00) <a1+blMl(/Q|V¢1| dx)) Q\V6| Ve - Vwdz
> ( h )p_l(al—l—blml)/wdx, Yw e W,
llello Q
and
(a2+b2M2(/ |V¢2|qu))/ |Vo| T2V g - Vwda
Q Q
Z(|612 )q_l(a2+b2m2)/wdx7 VWEW
[e’e) Q
if
Q li 101+ bimy Q lo ,_qa2+bamg
A< A= p—1 A< A= a-1 ,
<M= i 2= e gl )
we have
(a1+b1M1( / |V¢1|pdm)) / IV6:1[P~2V 6y - Vwdz > A / (1, bb)wda,
Q Q Q
and

(a2 + b2 / Vos|tda) ) / V2|12V s - Vewdz > A / gl l2)wda.
Q Q Q
Moreover, by ¢1 <1, ¢2 < Iz, we obtain f(¢1,¢2) < f(l1,l2), and g(é1, ¢2) < g(l1,l2). So

(a4 02t ( [ 1Vorraz)) [ 1967 290r - Vuda = A [ (61,2,

and

as + ba My |V o |?dx IVa|T 2V - Vwdz > X [ g(h1, ¢o)wdz.
Q Q Q

Let A = max{j\l, 5\2}, by condition (Hs), we have A, < \. Therefore, (¢1, ¢2) is a supersolution
of problem (1.1).

In addition, we have

pl . pl o
— Dy = (p%lw 1P (Mgl — [Vorpl) < Ap(-—2) o7,
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and } ;
~By1 =~ e = (0
3 llefloo " el
by condition (Hs) and Lemma 2.1, we have 1)1 < ¢; in Q. Similarly, we have 15 < ¢ in . Set
M* := min{}, A}, by Proposition 2.1, we conclude that problem (1.1) has a positive solution for

any A € (A, A%). O

L
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