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Fractional Brownian Bridge Measures and Their
Integration by Parts Formula
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Abstract In this paper, we focus on the characterization for fractional Brownian bridge mea-
sures. We give the integration by parts formula for such measures by Bismut’s method and their
pull back formula. Conversely, we prove that such measures can be determined through their
integration by parts formula.
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1. Introduction

A fractional Brownian bridge is a kind of Gaussian bridge. Similarly to a Brownian bridge,
a fractional Brownian bridge has its anticipative and non-anticipative representations which are
studied in [1]. In this paper, we aim to characterize a fractional Brownian bridge measure through
its integration by parts formula.

Since integration by parts formulas for measures are important in stochastic analysis, a
lot of interesting work has been done on these fields. The integration by parts formula was
investigated for Wiener measures on the path space in [2-4]. For Brownian bridge measures
on the loop space, [5] gave the integration by parts formula on loop group, in which the vector
field is C1; [6,7] established the integration by parts formula for such measures over Riemannian
manifold with Levi-Civita connection. For fractional Wiener measures, [8,9] gave its integration
by parts formula under different integrals. [10] established the integration by parts formula for
fractional Ornstein-Uhlenbeck measures.

Conversely, it is significant to consider the characterizations of measures through their in-
tegration by parts formulas. It is proved that Gaussian measures can be characterized through
their integration by parts formula. [11] showed that the integration by parts formula can char-
acterize abstract Wiener measures. [12] proved that Wiener measures can be characterized by
their integration by parts formula on the path space. [10] gave the characterization for fractional

Ornstein-Uhlenbeck measures.

2. Preliminaries
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For a continuous Gaussian process G starting at 0 and such that E(Gy) = 0,t € [0,1], its

associated bridge process is defined by
Xt:Gt—tGl, O§t§1

If the Gaussian process G is a fractional Brownian motion, X is called a fractional Brownian
bridge.

We set the loop space on R" as follows
Q={weC(0,1;R™) | w(0) = w(1) = 0}.

Let (Q, %, %, P) be a filtered probability space, where P is fractional Brownian bridge measure
such that coordinate process (X¢)o<i<1 = (wt)o<i<1 is a fractional Brownian bridge, (%:)o<i<1
is the P-completed natural filtration of (X;)o<i<1, and .# = .%; is the P-completion of the Borel
o-algebra of Q. By [1], fractional Brownian bridge (X;)o<:<1 satisfies the following integral
equation

X, =B - /Ot (Xs + /Osq,(s’u)dXQJ mds, a.s. (2.1)

where B is a fractional Brownian motion with H > % and
1 t 1 3
k(t,s) = cHsﬁ_H/ w72 (u — )2 du,
S

sin(m(H + %))s%_H(t g /1 w3 (u — ) +s
t

U(t,s) = -

du, (2.2)

H(2H-1)
B(2—2H,H-1)"
the fractional Brownian bridge is

in which cyg = By [1, Proposition 18], the non-anticipative representation of

= H _ ' S H a.s. .
Xo= Bl — [ o1, s (2.3)
where
o Y1+ W (v, 8))k(1,v)? . 1+ U(u,s) " W
‘p(t’s)_/s {/ ([ k(1 w)dw)? d I k(l,v)de}k(L it u)du
We set

LA P) = {F | F: Q> R, |F|2 = (Ep|F]*)% < oo}

By [8], the isomorphism operator K : L?(Q; P) — Ig{j% (L%(; P)) is defined by

(Kh); = /Ot k(t, s)hsds,

where h € L?(Q; P) and Iéfr%(LQ(Q;P)) is (H + %)-Hélder left fractional Riemann-Liouville

integral operator. The inverse operator of K is denoted by K~!. By [8], the Cameron-Martin

vector field on 2 is

Ho = {Kh | his adapted process, h € L*(Q; P) and (Kh); = 0},
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with scalar product

1
(Kh,Kg)wn, = (h,9)12(0;p) = Ep [/ <ht7gt>dt:|'
0
The directional derivative of F' along Kh is

Dy F(w) = lim %(F(w +S(KR)) — F(w),

—0

if the limit exists in L2(Q, P). Denote by FC>(12) the set of all the smooth cylindrical functions

on €, i.e.,
FC®(Q) ={F | F(w) = fwyy .oyt ),0 <ty <ta <---<t, <1, f € C°R")}.

For F € FC>(Q), the directional derivative of F' is

n

DhF(w) =Y (V'F,(Kh);, ),
i=1
where VIF = Vif(w,,...,wy, ) is the gradient with respect to the i-th variable of f. The
gradient DF' : @ — H, is determined by (DF, Kh)y, = DpF. The domain of D is denoted by
Dom(D).

3. Integration by parts formula
By Bismut’s idea [13], we need to construct a R"-valued process 8 such that for any r €
(—¢,€), the following integral equation

k(1,8)k(t, s)

fsl k(l,u)QdudS’ (3.1)

X, (r) _B{I(r)_/ot (Xs(r)—F/OS\I/(s,u)qu(r))

has solution (X¢(r))y<;<, satisfying

(Xt(r))o<i<y € 2 for any r,

d _ d
aXt(T)‘r:o exists and aXt(r)’r:O = (Kh), (3.2)
where B (r) is defined by
t t s
B0 = [ ko) = [ hiesd(Bosr [ (018)d), (3.3)
0 0 0

in which B is a R"-valued Brownian motion. Note that (X¢(0))<;<; = (Xt)g<t<; and Bi(0)g<;<y

= (Bt)g<i<1- The following lemma gives the expression of 8 such that the solution (X¢(7))g<;<;
of (3.1) satisfies (3.2).

Lemma 3.1 If the solutions (X¢(r))y<,;<; of (3.1) satisty (3.2), then

k(1, 8)k(t, s) ds

B = (Kh), +/0 ((Kh)s +/0 \I/(S,U)d(Kh)u)fsl k(1,u)2du
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k(1,s)k(t, s) ds

Proof Differentiating (3.1) with respect to r at r = 0, we obtain
s d
s(r)| +/ (s, u)d—X,(r)|
oot J, WG X)) T

d

By (3.2) and (3.3), we get

EXt(r) ‘7"20 ~ar

which implies that
t s
r = (Kh)s Kh)s (s, u)d(Kh),
o=+ [ (m.+ [ wisagen),)

d td
7BF(T)‘T:0_A (EX

d
BtH(T)L«:O = ﬁh

C X)Ly = (KR, S

—X
drt
k(1,s)k(t, s) ds

fsl k(1,u)2du

This completes the proof. O

We give the integration by parts formula for fractional Brownian bridge measures.
Theorem 3.2 For any T € (0,1), F' € Dom(D) N Fr and Kh € Hy, the integration by parts

formula for the fractional Brownian bridge measure P is
T
Ep [F/ <(K*15.)t,d3t>} — Ep[DyF],
0

k(1,s)k(t, s) ds

where B is a R™-valued Brownian motion and
fsl k(1,u)2du

fo=n [ (s [ wGwaten,)
7'2 ¢ _
77/0 (K 15.)3015}.

Proof We set .
pr=exp{ —r [ (K188 -
0

For H > 1, by (3.4), we have
—1 _ ‘ U k(lvt)
(K™ B.) = hy + ((KKh)y +/0 U(t, )d<Kh)U)7ftl F(Lu)2de’

It follows that
U(t,u)d(Kh),)?k%(1,t) &

/ (B
1 ) 1 ) 1 1 (f(f
= 2/0 Pty 4/0 (Kh)tdfj k(1,u)2du " 4/0 ([ (1, u)2du)?

By the definition of k in (2.2), we obtain that
CH H-L1

11— <k(1,t) <

P07 <k(1Lp <

H—1
2
Since Kh is H-Hoélder continuous and (Kh); = 0, there is a constant Cx such that

(Kh)| < Cr(1— t)H(/O1 hfdt)%.

Due to .
(Kh); = CH/ / s%_HuH_%(u - S)H_%hsdsdu,
o Jo

CH_p5=H(1 )3,

DO
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we have

t
(Kh); = cH/ s =5t — A3 p ds. (3.8)
0

Suppose that h is a bounded adapted process. By (3.6)—(3.8), there is a constant C; such that

1
1

/ (Kh)}d—4———

0 J; k(1 u)?du

2 1 ,
iy E | [ 2AKDER
=1 [0 k(L u)?du o [ k(1,u)2du
t 1_ 1 3
< lim Ck(1—1°" /1 2CK (1 —t)"[eq [y sz~ M7= (t — s) 2 ds]
0

t51 cx(1-t)2H 2, (1—t)2H
2H(H—3)? 2H(H—1)2

<|

a<C. (3.9

By (2.2), there is a constant C'y such that
U(t,s) < Cysz H(t—s)3 H(1 )3, (3.10)
By (3.8) and (3.10), it is easy to check that there is a constant Cy such that

/1 (fot(f: ‘I’(EU)CHsé_HuH_%(u — S)H_%du)hsds)QkQ(l,t)
0

() k(1 w)2du)? dt < Cs. (3.11)

By (3.5), (3.9) and (3.11), (pt)g<;<; is a uniformly integrable martingale for any r € (—¢,¢€) on
(Q, F, %, P) due to Novikov’s criterion. Note that

Bs(r) = Bs + r/s(K_lﬂ.)udu.
0

By Girasonv’s theorem, we conclude that (B;(7))o<¢<1 is a Brownian motion for any r € (—¢,€)
under p; P. Thus by [14, Theorem 2], (B} (r))o<i<1 is a fractional Brownian motion under p; P.

Since

X, = BH _/0 (XS +/OS q/(s,u)qu> st

k(1,s)k(t, s) .

X = 880~ [ (%0 + [ wax,) TR o

we conclude that (X;(r))o<i<1 and (X;)o<i<1 have the same distribution under p; P and P,

respectively, that is, for any cylindrical function F = f(X;,,..., X:,),

Ep, p[f(Xey (r)s o, X, ()] = Bp[f(Xpys o, X, )]

Differentiating the above equation with respect to r, we obtain

%Ep[plf(th(r),...,th(r))HT:O = —]EP[F/ (K7'B):,dBy)| + Ep[DyF] = 0,
0

Thus for any adapted bounded process h, we get

Ep [F/Ol«K_lﬁ-)t’dBﬁ} =Ep[DpF]. (3.12)
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It is obvious that K!8 € L?(Q;v) for h € L?(Q;v), then (3.12) holds for any h € L*(Q;v).
Moreover, since D is a closable operator, integration by parts formula (3.12) holds for any
F € Dom(D) N Fr. The proof is completed. [J

4. Characterization of fractional Brownian bridge

Next, we show that a fractional Brownian bridge measure can be characterized through its
integration by parts formula. Suppose that Y is a semi-martingale and Y; = fot I'sdBs + Ly,
where I' is a R” x R™-valued continuous process, B is a R™-valued Brownian motion and L is a

R"™-valued continuous bounded quadratic variation process.

Theorem 4.1 Let (Q,F, F;, u) be a probability space. If j1 is a probability measure such that

(1) Coordinate process X satisfies
K ° k(1 s)k(t
X :Y;H _/ (Xs +/ \I!(s,u)qu) Mds
0 0 [, E(1,u)?du

where Y = [} k(t, s)dYs;
(2) For any T € (0,1), F € Dom(D) N Fr and Kh € Hy = {Kh|h is adapted process, h €
L?(Q; 1) and (Kh); = 0}, it holds that

E,[F / T<<K*1ﬂ.>t,dn>] — E.[DuF), (4.1)

where

k(L 1)

R (R R o

then p is a fractional Brownian bridge measure.

Proof It suffices to prove that Y is a Brownian motion. We establish the proof in two steps.
(1) Let F =1. By (4.1), we have

T
B[P [ aav] =0,
which implies .
Eu{/o <(K_15~)t,st>} =0. (4.2)
Considering integral equation (K~13.); = Ly, that is

k(1, 8)k(t, s) ds

j;l k(1,u)2du = (KL

e [ (e [ wtswaun,)

Its solution is .
(Kh); = (KL); —/ o(t,s)d(KL)s,
0

which implies

t

he=1L— (K~ /O o )AKL), )
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By the definition of isomorphism operator K, it holds that
t
| ettsnyas
0
t t u 2
_ / {/ (/ 1+ 2w, )k v), L+ P(w,s) VE(L wk(t, w)du b (K L), ds
0 s s

([ k(1 w)2dw)? [ k(1 v)2do
L A s e s

- (x{ /Ou (/u “(}:iﬁ::;féz;) dv — f}:i%ﬁv)m,u)(KL);ds})t.

o ¢ (14 (v, 8))k(1,v)? Y 14+ (¢, s)  ds
he = L /0 (/ TR w)iduy? d Loy k(l,v)zdv>k(1,t)(KL)Sd. (4.3)

Therefore, if we let h equal to (4.3), Eq. (3.2) is

Eu{/OT@t,st)] —0,

which yields that L; = 0 for any ¢ € [0,7]. Due to the continuity of L in [0, 1], we obtain that
L, =0 for any t € [0, 1].

(2) For an orthogonal basis {e; : i =1,...,n} on R™, let F' = (Y7, e;). We give the derivative
of (Yr,e;) in two ways. Consider the following equation
k:l(l, s)k(t, s) ds
[, k1, u)?du

)

X =700 - [ (%) + [ wmax,o)

where Y, (r) is defined by
Y;H(T) = YtH +rag,

in which « is a R™-valued adapted process. If the solution satisfies (Kh); = %Yt(r)h:o, we

obtain
k(t
k(Ls) (,s) 5

fsl k(1,u)2du (44)

t s
ay = B¢ = (Kh), +/ ((Kh)s —|—/ \I!(s,u)d(Kh)u)
0 0
By the definition of Y, we have

t t s
YtH(r):/ k(t,s)dYs(r):/ k(t,s)d(Ys—i—r/ (K5 du)
0 0 0 w
which yields that
t
Y;(T):Y}Jrr/ (K1) ds.
0

Hence

T
Dh<YT7€i> = %<YT(T)’ei>’r:O = /O <(K_1B-)57ei>d5- (45)
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Let F' = (Yr,e;). By (4.1), we have
T
E,[D(Yr, e)] :EM[/ <F;ei,dBt>/
0

0

—E, [ /0 T<rtr;‘ei, (K*lﬁ.)gdt}. (4.6)

6), we obtain

1

(K~ B)1.dY:)|

Note that I' is a R™ x R™-valued continuous process. Combining (4.5) and (4.
T
Bl [ (it - e (5 p)0at] =0, (47
By (4.4), we get
T
E#{/ (i *I)ez‘a(Kflﬁ-)ﬁdt}
0
T ¢
k(1,t)
=E / Iy — Deg, he + (KR +/\Il d(Kh)y)—q—""—
o[, (s = Dehor (s [ wmaiR)
- T
=E, / <(Ftrz_1)6iaht>dt} +E;4[/ (P, (Kh) t-I—/ U (t,u)d(Kh) >dt]
L Jo 0 0
- T
~E, / (0T —I)ei,ht>dt] +E“[/ (P, (Kh), dt}—i-
L Jo 0

E.| /O ip, /0 u u)d(Kh), )], (4.8)

where (Lt
Pt = A(FJ‘I — I)el

ftl k(1,u)?du

>dt}

The second term of (4.8) is

r r [T ¢ 1 1 1

Eu{/ <Pta(Kh)t>dti| =E, / <Pt,CH/ s2~ / H=2 (y — 5) 5duhsds>dt}
0 “Jo 0
T T

=E, / <CH/ PtS%_H/ uH_%(u—s)H_%duduths}
-J0 s s

- T T s
=E, / <CH/ Pst%*H/ uH’%(u—t)H’%duds,tht]. (4.9)
-J0 t t

The third term of (4.8) is
T, T
IEM[/ </ U(t,u) Pt (Kh);>du}
0 u

T T u
=E, /0 </ \Il(t,u)Ptdt,cH/O sz Hy - 1(u—s H= %hsds>du}
T 1 1 3 T
<CH/ sz Hyll =3 (y — )H- §/ U(t,u)Pdtdu, hs >ds}
S u
1 1 3 T
<cH t2Hy =3 (y — 1) 5/ U (s, u)Psdsdu, ht>dt}

/tT (cHPst%_H /ts uH_%(u - t)H_%\II(s,u)du)ds7ht>dt] (4.10)
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By (4.7)-(4.10), for any h, we obtain

T T s
IEH[/ <(Fth —De; + / cHPstéfH/ qu%(u - t)Hf%(l + U(s,u))duds, ht>dt] =0.
0 t

t
Thus

T s
E, {(thf —De; +/t cHPst%*H/ uH*%(u - t)H*%(l + \I/(s,u))dud5|}"t} =0,

t

which implies that

T s
(Fth 7])61+E“|:/ CHPgtéfH/ UH*%(U*t)H7%(1+\If(5,u))dud5}ft:| =0
t

t
Let ¢ tend to T'. We get
(7% — Ie; = 0.

Since T is continuous in [0, 1], [Ty = I for any T € [0, 1]. Therefore, Y is a Brownian motion.

The proof is completed. [
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