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Multi-Wavelet Bessel Sequences in Sobolev Spaces

Jianping ZHANG, Chuanli CAT*
College of Mathematics and Computer Science, Yan’an University, Shaanzi 716000, P. R. China

Abstract Bessel sequence plays an important role in the study of frames for a Hilbert space
with the convergence of a frame series, which has been widely studied in the literature. This
paper addresses multi-wavelet Bessel sequences in Sobolev spaces setting, the result obtained is
useful for the study of multi-wavelet frames in these spaces.
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1. Introduction

In view of the great design freedom and the efficient application in practice, such as image
restoration, signal denoising and the numerical solution of operator equations, wavelet frames
have been extensively investigated by many researchers [1-8]. The Bessel sequence is very im-
portant in the study of frames for a Hilbert space with the convergence of a frame series [9-12],
which has been widely studied in the literature.

Recently, Han and Shen [10] gave a sufficient condition for a 2I; wavelet sequence to be
Bessel sequence in Sobolev space H*(R?), s > 0. Li, Yang and Yuan [13] generalized this result
to Bessel M-multiwavelet sequences with M being an isotropic expansive matrix. In this paper,
we further generalize the refinable function of [10, Theorem 2.3] and [13, Theorem 2.1] to a
vector and the wavelet function to a finite number of vectors, and address multi-wavelet Bessel
sequences in Sobolev spaces setting.

We first give some necessary notations and notions. We denote by Z, N and Ny the set of
integers, the set of positive integers, and the set of nonegative integers, respectively. Let d € N,
we denote by T¢ = [0,1)% the d-dimensional torus, and, for a Lebesgue measurable set F in R%,
by |E| its Lebesgue measure and x,, the characteristic function of E, respectively. We write ¢ as
the Dirac sequences such that §p o =1, and o, =0 for 0 £ k € 7. For a function f in Ll(Rd)7
its Fourier transform f is defined by f() = fRd f(z)e 2= )dz, and is naturally extended to

tempered distributions, where (-, -) denotes the Euclidean inner product on R<.
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For s € R, the Sobolev space H*(R?) consists of all distributions f such that
ey = [ IFOPO+ l€lE)de < .

where || - |2 denotes the Euclidean norm on R?. It is noted that, H*(R?) is a separable Hilbert

space under the definition of the inner product:

(e = [ HOTE+ B e, f9 € R

Obviously, H(RY) = L?(R%), and H*'(R?) C H*2(RY) iff s; > s,. Furthermore, for every
g € H*(RY),

o) = [ F@a@e. fem @)

gives a continuous functional on H*(R?).
For f,g : R — C, we define
[f, gle() = D FC+RgCE+R) L+ -+k[3), teR.
kezd
We denote by M* its conjugate transpose for a d x d order matrix M, by I'p;+ a full set of
M*'Z2/7%, ie., a set of representatives of distinct cosets of M*  Z4/Z4. Tt is called a dila-
tion matrix if M is an integer matrix, and its eigenvalues are all greater than one in modulus.
In this paper, we always assume that M is isotropic, i.e., M is similar to a diagonal matrix
diag(A1, Az, ..., Aq) satisfying [A1] = [A2] = -+ = |Xg| = |det M|a. Moreover, for convenient

narration, we write m = | det M| and write
() =m T fM7 - k) and f7() =m0 () =m0 F(0 - k)

for a distribution f, j € Z, k € Z% and s € R.
Given r € N, let ¢ = (¢1,02,...,¢,)7 € (H*(RY))" be an M-refinable function vector
satisfying the refinement equation, i.e., there exists an r X r order matrix a, called refinement

mask symbol such that
d(M*) =a(-)p(-) ae. on RZ (1.1)

Given L € N. Wavelet function vectors ¢; = (¢!, b, ..., 9!)T with = 1,2,..., L are defined by

(M) =b()e(), 1=1,2,...,L, (1.2)

where bl(-) = (Eﬁlm());mzl with | = 1,2,..., L being a sequence of r X r order matrices of

Z%periodic measurable functions on R?, called wavelet masks symbol. Define a multi-wavelet

system

XS(¢;¢17,(/)27"'7,(/)L) :{¢n;0,k n= 1,2,...,7";](; GZd}U
(v in=12..rjeNy,kez? 1=12.. L} (1.3)

X3(¢;h1,a, ... ,1b) is called a multi-wavelet Bessel sequence (MWBS) in H*(R9) if there
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exists B > 0 such that
r L

Z Z [(fs Pn0.k) Ho (R ZZZ Z I(f ¢££;Sj,k>H5(Rd)‘2 < B”fH%{s(Rd), Vf e H*(RY),

n=1 keczd =1 =0 kez?

where B is called a Bessel bound; it is called a multi-wavelet frame (MWF) in H*(R?) if there
exist 0 < A < B < oo such that

Al fl1 e ey < ZZ (fs niok) ey’ +ZZZZ|JC7 ok Eo @) |

n=1 kczd n=11=1 j=0 ke74
< B|flfs ey, VS € HY(RY),

where A and B are called frame bounds.

2. Some necessary lemmas

In this section, we provide some necessary lemmas which are used for later.

By a standard argument, we have
Lemma 2.1 Let s € R. Define A by
M) =+ 13)2F0) (2.1)
for f € H*(R?) or L2(R?). Then X is a unitary operator both from H*(R?%) onto L*(R%) and
from L*(R%) onto H~*(RY).

Lemma 2.2 Let s € R, and X*(¢; 1,2, ..,¢1) be a multi-wavelet system in H*(R%). Then
X3(¢sh1,a, ..., 1br) is a MWBS in H*(RY) with Bessel bound B if and only if

ZZ fa¢n0k|2+ZZZZ|f’ ,]k|2<BHf||H s(R4) fOI‘fEH (Rd> (2'2)

n=1kec7d n=11=1 j=0 kez

Proof By Lemma 2.1, we know X*(¢; 11,2, ...,1%) is a MWBS in H*(R¢) with Bessel bound
B if and only if

r r L oo
SN HE A0 )P E DD DN U M P < BIIfIl3 e ey for f € LA(RY). (2.3)

n=1 ez n=11=1 j=0 kezd
Since A is a unitary operator, we have
(f, Abnso k) = (Afs duop) and (f; A0% ) = (Mf, 0055 1),
and
1172 may = I3 ay-
It follows that (2.3) is equivalent to

r r L oo
DSOS 5P DD AL P < BIA I gay for [ e LP(RY). (24)

n=1kezd n=11=1 j=0 keZd
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This leads to the lemma since A is a unitary operator from L2(R?) onto H~*(R%) by Lemma
2.1.0

Lemma 2.3 ([13, Lemma 1.1]) Let M be a d x d order isotropic dilation matrix. Then there
exists a norm || - || on R? such that ||M* || = m|| - ||. Furthermore, there exist positive constants

o1 and gy such that oo - || <[] - [l < o] - |

Lemma 2.4 ([13, Lemma 2.1]) For n > ¢ > 0, define

Bey(€ Zm HL+ Gl (@ +mT 2 03lg)*) 77, € € RY, (2:5)
7=0
where 1,02 and || - || are as in Lemma 2.3. Then there exists a positive constant C' such that

B¢y (€) < C, V€ € R

Lemma 2.5 Let 0 # s € R and ¢ = (¢1,¢,...,0,)T € (H5(RY))". If [, dn)e € L=(R?) for

somet > s withn=1,2,...,r, then

DD U uo )P <D 1dns dalsllne @ lglFr-o ay (2.6)

n=1kezd n=1

for g € H=*(RY).

Proof Since for any n € {1,2,...,r}, ¢, € H*(RY) and g € H~*(R%), we have ng)in € LY(RY).

Applying the Plancherel theorem and the Parseval identity, by a simple computation we have

_ om(E)e2mitk. & gel”
S 1lg onl = kD = 3 | [ a3l 9ag]

kezd kezd
> Z/ €+ K)on(e + K>k g
kezZd k'ezd
=[] 3 st mrdater )] e
T4 reza
= [ 116 bl e (2.1

By the Cauchy Schwarz’s inequality, we have |[§, ¢n]o(€)]? < [§, §]—s(€)[bn, bnls(€) for almost
every € € R%. Since t > s and [y, ¢n]; € L(R?), it follows that

Therefore, [¢,, dnls € L(R%), and thus we deduce from (2.7) that

ZZ gvd)n _k |2<Z/ ¢na¢n]s(§) f

n=1kezd

< Z [ bl [ [ 1)

—Zn $ns Flsll e / () 2(1+ [€]2)~de
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Z (Dns Pnls Il oo (ma) 19| %~ s(re)- U (2.8)
Lemma 2.6 Let 0 # s < t, and b'(-) = (biz,m('))z,m:p l=1,2,...,L be a sequence of r X r

order matrices of Z%-periodic measurable functions on R¢, define

&= m (14 [€]3) ZZZlb M TOPA+ M D), e R
7=0

=1 n=1m=1

If there exists a nonnegative number a > —s and a positive constant C' such that

ZZ Z 1L, ()? < Cmin(1, || - 3%), a.e. on RY, (2.9)

=1 n=1m=1

then Ay, € L>=(RY).

Proof Let us consider the two cases s > 0 and s < 0 separately.

Suppose s > 0. Since t > s, by Lemma 2.3, we have

(&) <D m™>*(1+ of i€l ZZZlb BTGP+ mTT 23 g (2.10)
j=0

=1 n=1m=1
By Lemma 2.4, there exists a poitive constant C’ such that
=D m L+ €I (L +mm P g |)P) T < ¢, VE e RY (2.11)
j=0
This implies that A, 4(€) < C'C, V€ € RY, ie., Ay, € L2(RY).
Suppose s < 0. Without loss of generality, we assume that s < t < 0. By Lemma 2.3, we

have

O <y m 1+ o3l¢l?) ZZZ\b (MO +mm 2203 g

=0 =1 n=1m=1
. 0..4(6). (2.12)
For o1]¢]] <1 and j > 0, we have
(L +m™72pf[l€]*)™" < 27" and (1+ g3)1¢[1*)* <1
Since a > 0, a + s > 0, by Lemma 2.3 and Eq. (2.9), we have the following estimate

<2th_2“’ZZZ|b (Mg

=1 n=1m=1

S?‘tCZm*J’SHM**’”a@a

Jj=0

<27ICm Yy mm M) (g ¢
j=0

oo
§2_t0m_2‘* Z m—2j(a+s) —
§=0

27t Cm 2«

m < Q. (213)
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For g1]/€]] > 1, there exists J € Ny such that m”? < g,[|¢]| < m7*1. Then for j =0,1,...,.J, we

have
(1_|_m 2j—2 2”5” ) (1_|_m2(J7j))7t :m72(J7j)t(m72(J7j) _|_1)7t < 27tm72(J7j)t

and

(1+ 03lI€l1*)* < (1+ 0307 °m?)® < 05° 07 **m?>*.

Write ©,¢(§) = 05 4(€) + 63 (), where

ol,(€) Zm 20%(1 + 03)1€]1)* Z mM T OPA M2 g)2)
7=0 =1 n=1m=1
L r r )
02,(6) = Z m=2% (1 + 03)|¢[1?) ZZ MO+ mm Y202 g2
j=J+1 I=1 n=1m=1

Then by m? < p1]|¢]| < m7*! and J € Ny, it follows from s < t < 0 that

J .
016 = m ¥ (1 +al¢l?) ZZ Z By (M7 OP(L+m 2 2R ])

Jj=0 =1 n=1m=1
< CQ2S —2s9—t me2(‘] 7)(t—s) < 002597282 t me2j (t—s)
J=0 J=0

s —9se—_ 1
= 05°07 >°2 til ——5a= < (2.14)
Since m” < o1|€]| < m7 T, we have for j > J +1
(1 4+ m=2 2 el) < (14 m2—)~t < 2~

and
(1+ 03lI€]1%)* < (1+ 0307 °m?)® < 05° 07 **m?>*.

Since @ > 0, + s > 0, by Lemma 2.3 and Eq. (2.9), we have

0.6 =Y m L+ a3l ZZZIb (M OP (L +m 203 ]?)

j=J+1 I=1 n=1m=1
L r T
2—t 25 § m= 2(j—J)s § E § |b M* it )|2
j=J+1 =1 n=1m=1

o0
S2eRe O Y m R g
j=J+1

<2020 S mm 2 a2l (g g2

j—J+1
oo
<2~ tQ25Q1 250 Z m—?(] J)(a+s) —tggsgl—QsCZ m—2j(a+s)
Jj=J+1 j=1
—2(a+s)
—o—to2spr 2ot o (2.15)

! 1—m=—2s
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Therefore, for the case s < 0, we conclude that A, € L= (R%). O

3. Multi-wavelet Bessel sequences
In this section, we will study multi-wavelet Bessel sequences in Sobolev spaces setting.

Theorem 3.1 Given s € R, let ¢ = (¢1,¢2,...,¢.)T € (H*(R?))" be an M-refinable function
vector satisfying the refinable Eq. (1.1), and let b'(-) = (b, ()5 e1.l = 1,2,..., L be a se-
quence of r X r order matrices of Z-periodic measurable functions on R, v, = (4,4, ... )T,
l=1,2,...,L, be the wavelet function vectors defined by (1.2), and X*(¢;vn, 12, ...,%y1) be the
multi-wavelet systems defined by (1.3). Assume that

(i) [bn, dn)e € L®(RY) for somet > s withn =1,2,...,r;

(ii) There exists a nonnegative number o > —s and a positive constant C' such that

ZZ Z |b ()]? < Cmin(1, || - ||3%), a.e. on R%

=1 n=1m=1

Then X*(¢;91,v9,...,9r) is a MWBS in H*(R?).

Proof For the case s = 0, we take 0 < so < min{¢, a}, then the conditions (i) and (ii) hold for
s = sg. Therefore, the conclusion holds for s = 0 if it holds for s = sg. So, in order to finish
the proof, we need to prove the conclusion holds for s # 0. By Lemma 2.2, it is enough to prove

that there exists a positive constant B such that

55 (9. o) +ZZZZ|9, Lo O < Bllgly-. gy for g€ HT(RY). (3.1)

n=1 kezd n=1 =1 j=0 kecZzd

For the first part, by Lemma 2.5, we have

o> g b0 P <Y Mdns Sulsllpoe@allglir-—e ey for g € H*(R?). (3.2)

n=1kezd n=1

Next, we check the second part. For g € H~*(R%), compute

S Hla vl ) =m0 S| | gei e oag

kezZd kezd
_ m](d 2s) Z Z / M*J €+k ))wl (§+k/) 2mi(k, f)dé“
kezZd k'ezd
w020 [ S g (6 R+ v e
k'€z4
= m?(4=2) |[ (M* ), L ()]o(€)Pde. (3.3)

By the definition in (1.2), we can get each component of 0

Zb M* n( 71~) for n=1,2,...,r and {=1,2,...,L,
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and it follows from (3.3) that

Z|g, njk

kezd
4 —~ 2
2 / (€4 )bl (M (€ + 1) (M (€ 4+ K))| €
kezd m=1
) i+1 In -1 2
:mm—zs) 3 Zb (M E+9)[g(M* ), dplo(M* £+7)‘ dg
YEL A+ m=1
-1 Jj+1 n -1 2
<m (j+1)d—2js Z / ’ Z b M* g_i_r)/)[g(M* -), ¢n]O(M* §+7)‘ df
“/GFM*
U+ 2258 /T d Z B (RGO, G )t [Bns Bue(€)dE

1<n

— U+2)d—2js 12134)( {||[¢n, qﬁn ||L00(Rd)}/Rd 221 |I;£l’m(§)|2|g(M*J+1€)|2(1 + ||5H3)_td€

=m0 pax {187, 6"ell Loe may }

/Rd Z B (M OPIGOP (14 M7 3) e

Hence, we conclude that

ZZZZ 9. 05 ) < m max {19, bl ||Lm<Rd>}/ (&) (L +1IEl3)

n=11=1 j=0 kezd

00 L r T N —j—1
Som D) YD D MO+ T ¢ e,
j=0

=1 n=1m=1

By Lemma 2.6, we get from (3.5) that

T L oo

S35 o v

11=1 j=0kezd

< m max {19 Sl ey H ol / G + 1€12)~

= m! 12133’( {||[¢n7 ¢n] | oo () HIAs e[| Loo () ||9||H s(Rd):

Consequently, (3.1) holds with

B = Z [éns Gnlsll o (may +m max {||[¢n, Fnlill oo rey HI A st | e (m) -

n=1

The proof is completed. [
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