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Abstract We introduce a non-standard quantum group Xq(Bn) of type Bn which is a Hopf

algebra. Then we replace the group of grouplike elements of Xq(Bn), and obtain a weak Hopf

algebra wXq(Bn). Finally, we describe the Ext-quiver of wXq(Bn) as a coalgebra.
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1. Introduction

All algebras in this paper are considered over the complex field C, the nonzero parameter

q ∈ C is not a root of unity.

Ge et al. [1] introduced a new quantum group and in [2] Jing et al. derived all finite di-

mensional irreducible representations of this new quantum group. Aghamohammadi et al. [3, 4]

introduced mulliparametric generalizations of type An−1 and type Bn. On the other hand, Li

and Duplij [5, 6] defined weak Hopf algebras, which are bialgebras with weak antipodes, but

not Hopf algebras. Yang [7] constructed weak Hopf algebras corresponding to Cartan matrices,

determined their PBW bases according to the definition, then some properties related to the

weak Hopf algebra wslq(2) were studied in [8, 9]. Cheng [10] researched weak Hopf algebras

corresponding to Uq(sln), and gave their Ext quivers. In 2016, Cheng and Yang [11] construct-

ed a weak Hopf algebra wXq(A1) corresponding to the non-standard quantum group Xq(A1),

and described the PBW basis of wXq(A1). Following the non-standard quantum group Xq(Bn)

in [4], in this short note we construct a non-standard quantum group wXq(Bn) by weakening

the grouplike elements, then study the Ext quiver of its coalgebra.

The paper is arranged as follows. In Section 2, we give some definitions and relations of

Xq(Bn). Then we establish a weak quantum algebra wXq(Bn) by weakening the antipode, and

prove that wXq(Bn) is a weak Hopf algebra. In Section 3, we study the weak Hopf algebra

structure of wXq(Bn), and give the Ext quiver of its coalgebra.

2. The weak Hopf algebra wXq(Bn)
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Definition 2.1 Xq(Bn) is the associative algebra over the field C with 1, generated byK±1
1 ,K±1

2 ,

. . . ,K±1
n , E1, . . . , En, F1, . . . , Fn with the following relations

KiK
−1
i = K−1

i Ki = 1, KiKj = KjKi,

KiEj = EjKi, KiFj = FjKi, i ̸= j, j + 1,

KiEi = q−1
i EiKi, KiFi = qiFiKi,

Ki+1Ei = qi+1EiKi+1, Ki+1Fi = q−1
i+1FiKi+1,

(qi − qi+1)E
2
i = (qi − qi+1)F

2
i = 0, i ̸= n,

EiEj = EjEi, FiFj = FjFi, |i− j| ≥ 2,

EiFj − FjEi = δi,j
K−1

i Ki+1 −KiK
−1
i+1

q − q−1
, i ̸= n,

EnFj − FjEn = δn,j
K−1

n −Kn

q
1
2 − q−

1
2

,

qiE
2
i Ei±1 − (1 + qiqi+1)EiEi±1Ei + qi+1Ei±1E

2
i = 0, i ̸= n,

qiF
2
i Fi±1 − (1 + qiqi+1)FiFi±1Fi + qi+1Fi±1F

2
i = 0, i ̸= n,

E3
nEn−1 −

[
3

1

]
q

1
2
n

E2
nEn−1En +

[
3

2

]
q

1
2
n

EnEn−1E
2
n − En−1E

3
n = 0,

F 3
nFn−1 −

[
3

1

]
q

1
2
n

F 2
nFn−1Fn +

[
3

2

]
q

1
2
n

FnFn−1F
2
n − Fn−1F

3
n = 0,

where

[
n

k

]
q

=
[n]q !

[k]q![n−k]q!
, [n]q = qn−q−n

q−q−1 , qi = q or −q−1, 1 ≤ i ≤ n.

If all qi = q, then Serre relations of Xq(Bn) are the same with Uq(Bn). If qi ̸= qi+1 (1 ≤ i ≤
n), then E2

i = F 2
i = 0, and we call it the non-standard quantum groups corresponding to Bn,

denoted by Xq(Bn), where qi = q or −q−1 (1 ≤ i ≤ n).

Proposition 2.2 Xq(Bn) is a Hopf algebra with comultiplication ∆, counit ε and antipode S

defined as follows

∆ : Xq(Bn)→ Xq(Bn)⊗Xq(Bn),

∆(Ki) = Ki ⊗Ki, ∆(K−1
i ) = K−1

i ⊗K−1
i ,

∆(Ei) = KiK
−1
i+1 ⊗ Ei + Ei ⊗ 1, i ̸= n,∆(En) = Kn ⊗ En + En ⊗ 1,

∆(Fi) = 1⊗ Fi + Fi ⊗K−1
i Ki+1, i ̸= n,∆(Fn) = 1⊗ Fn + Fn ⊗K−1

n ,

ε : Xq(Bn)→ C,

ε(Ki) = 1, ε(Ei) = ε(Fi) = 0,

S : Xq(Bn)→ Xq(Bn),
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S(Ki) = K−1
i , S(Ei) = −K−1

i Ki+1Ei, S(Fi) = −FiKiK
−1
i+1.

Proof Indeed, ∆ defines a morphism of algebra from Xq(Bn) into Xq(Bn)⊗Xq(Bn). It is easy

to prove that ∆ keeps relations similar to the proof of [12, Proposition VII.1.1] and [13, Appendix

in Chap. 4].

Similiarly, one can easily prove that ε defines an algebra morphism from Xq(Bn) into C and

S defines an antipode of Xq(Bn). Therefore, Xq(Bn) is a Hopf algebra with the comultiplication

∆, the counit ε and the antipode S. �
In the following, we construct a weak Hopf algebra wXq(Bn) corresponding to Xq(Bn).

Firstly, we replace K±1
i by Ki,Ki, and add a new generator J such that KiKi = KiKi = J for

all i = 1, 2, . . . , n.

If Ei (resp., Fi) satisfies

KiEj = EjKi (resp., KiFj = FjKi), i ̸= j, j + 1,

KiEi = q−1
i EiKi (resp., KiFi = qiFiKi),

Ki+1Ei = qi+1EiKi+1 (resp., Ki+1Fi = q−1
i+1FiKi+1),

KiEj = EjKi (resp., KiFj = FjKi), i ̸= j, j + 1,

KiEi = qiEiKi (resp., KiFi = q−1
i FiKi),

Ki+1Ei = q−1
i+1EiKi+1 (resp., Ki+1Fi = qi+1FiKi+1),

then Ei (resp., Fi) is said to be of type I.

If Ei (resp., Fi) satisfies

KiEjKi = Ej (resp., KiFjKi = Fj), i ̸= j, j + 1,

KiEiKi = q−1
i Ei (resp., KiFiKi = qiFi),

Ki+1EiKi+1 = qi+1Ej (resp., Ki+1FiKi+1 = q−1
i+1Fi),

then Ei (resp., Fi) is said to be of type II.

Remark 2.3 We define the notation di = (ki|ki), ki, ki = 0 or 1 to represent the type of Ei and

Fi. The information before | is related to Ei and the information after | is related to Fi. The

notation di = (ki | ki) indicates that if ki or ki = 1, then the corresponding generator Ei or Fi

is of type I; if ki or ki = 0, then the corresponding generator Ei or Fi is of type II. We say that

Ei and Fi are of type di if Ei and Fi are of type I or type II according to di.

Now we give the definition of the algebra wXq(Bn).

Definition 2.4 The algebra wXq(Bn) is an associative algebra over C with 1 generated by

J,K1,K2, . . . ,Kn, K1,K2, . . . ,Kn, E1, . . . , En, F1, . . . , Fn, satisfying the following relations:

KiKj = KjKi, KiKj = KjKi, KiKj = KjKi, (2.1)

KiKi = J = KiKi, KiJ = JKi = Ki, KiJ = JKi = Ki, (2.2)
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Ei, Fi are of type di, (2.3)

(qi − qi+1)E
2
i = (qi − qi+1)F

2
i = 0, i ̸= n, (2.4)

EiEj = EjEi, FiFj = FjFi, |i− j| ≥ 2, (2.5)

EiFj − FjEi = δi,j
KiKi+1 −KiKi+1

q − q−1
, i ̸= n, (2.6)

EnFj − FjEn = δn,j
Kn −Kn

q
1
2 − q−

1
2

, (2.7)

qiE
2
i Ei±1 − (1 + qiqi+1)EiEi±1Ei + qi+1Ei±1E

2
i = 0, i ̸= n, (2.8)

qiF
2
i Fi±1 − (1 + qiqi+1)FiFi±1Fi + qi+1Fi±1F

2
i = 0, i ̸= n, (2.9)

E3
nEn−1 −

[
3

1

]
q

1
2
n

E2
nEn−1En +

[
3

2

]
q

1
2
n

EnEn−1E
2
n − En−1E

3
n = 0, (2.10)

F 3
nFn−1 −

[
3

1

]
q

1
2
n

F 2
nFn−1Fn +

[
3

2

]
q

1
2
n

FnFn−1F
2
n − Fn−1F

3
n = 0, (2.11)

where

[
n

k

]
q

=
[n]q !

[k]q![n−k]q!
, [n]q = qn−q−n

q−q−1 , qi = q or −q−1, 1 ≤ i ≤ n.

Remark 2.5 We use the notation d = (d1, d2, . . . , dn) to denote the type of Ei, Fi in wXq(Bn).

The algebra wXq(Bn) is said to be of type d.

Now, we define the comultiplication and counit of wXq(Bn) as follows,

∆(Ki) = Ki ⊗Ki, ∆(Ki) = Ki ⊗Ki, ∆(J) = J ⊗ J,

if Ei (resp., Fi) is of type I,

∆(Ei) = KiKi+1 ⊗ Ei + Ei ⊗ 1 (i ̸= n),∆(En) = Kn ⊗ En + En ⊗ 1

(resp., ∆(Fi) = 1⊗ Fi + Fi ⊗Ki+1Ki (i ̸= n),∆(Fn) = 1⊗ Fn + Fn ⊗Kn);

if Ei (resp., Fi) is of type II,

∆(Ei) = KiKi+1 ⊗ Ei + Ei ⊗ J (i ̸= n),∆(En) = Kn ⊗ En + En ⊗ J ;

(resp., ∆(Fi) = J ⊗ Fi + Fi ⊗KiKi+1 (i ̸= n),∆(Fn) = J ⊗ Fn + Fn ⊗Kn).

ε(Ki) = ε(Ki) = ε(J) = 1, ε(Ei) = ε(Fi) = 0.

The maps ∆, ε can be extended to wXq(Bn) naturally such that wXq(Bn) is a bialgebra.

Theorem 2.6 Keeping notations as above and assume that J ̸= 1, then wXq(Bn) is a weak

Hopf algebra with the weak antipode

T (Ki) = Ki, T (Ki) = Ki, T (J) = J,

T (Ei) = −KiKi+1Ei, T (Fi) = −FiKiKi+1.
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Moreover, it is not a Hopf algebra.

Proof It is sufficient to prove that T can define a weak antipode of wXq(Bn).

It is easy to see that T is an algebra isomorphism from wXq(Bn) to wXq(Bn)
op as algebra.

The proof is more or less similar to [7, Theorem 3.1].

Now we need to show that T is a weak antipode, that is,

(id ∗ T ∗ id)(x) = id(x), (T ∗ id ∗ T )(x) = T (x)

for all x ∈ wXq(Bn).

Let

∆2 = (id⊗∆) ◦∆.

If Ei is of type I, then

∆2(Ei) = KiKi+1⊗∆(Ei)+Ei⊗∆(1) = KiKi+1⊗KiKi+1⊗Ei+KiKi+1⊗Ei⊗1+Ei⊗1⊗1.

In this case,

(id ∗ T ∗ id)(Ei) = KiKi+1T (KiKi+1)Ei +KiKi+1T (Ei) + Ei = Ei = id(Ei),

(T ∗ id ∗ T )(Ei) = T (KiKi+1)KiKi+1T (Ei) + T (KiKi+1)EiT (1) + T (Ei) = J2T (Ei) = T (Ei).

If Ei is of type II, then

∆2(Ei) = KiKi+1 ⊗∆(Ei) + Ei ⊗∆(J)

= KiKi+1 ⊗KiKi+1 ⊗ Ei +KiKi+1 ⊗ Ei ⊗ 1 + Ei ⊗ J ⊗ J.

In this case,

(id ∗ T ∗ id)(Ei) = KiKi+1T (KiKi+1)Ei +KiKi+1T (Ei) + EiT (J)J

= EiJ = id(Ei) (note that EiJ = Ei),

(T ∗ id ∗ T )(Ei) = T (KiKi+1)KiKi+1T (Ei) + T (KiKi+1)EiT (J) + T (Ei)JT (J)

= J2T (Ei) = T (Ei).

The other relations can be checked similarly.

On the other hand, similar to [7], one can show that

(a) The comultiplication of generators is a linear expression of generators;

(b) (T ∗ id)(x) or (id ∗ T )(x) (for x being the generators Ki,Ki, Ei, Fi) is a central element

of wXq(Bn).

Now we assume that

id ∗ T ∗ id(x) = x, T ∗ id ∗ T (x) = T (x)

and

id ∗ T ∗ id(y) = y, T ∗ id ∗ T (y) = T (y)

for x, y ∈ wXq(Bn), we can prove

(id ∗ T ∗ id)(xy) = xy, (T ∗ id ∗ T )(xy) = T (xy)
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by induction. This means that T indeed is a weak antipode. Hence wXq(Bn) is a weak Hopf

algebra.

Moreover, T is not an antipode. If T : wXq(Bn) −→ wXq(Bn) is an antipode, then

(T ∗ id)(J) = uε(J) = (id ∗ T )(J).

We get

T (J)J = 1 = JT (J),

and J is invertible. However, J(1− J) = 0 and J ̸= 1. That is a contradiction. Hence wXq(Bn)

is not a Hopf algebra. �

3. Algebraic structure of wXq(Bn)

It is easy to see that the elements J and 1 − J are a pair of orthogonal central idempotent

elements. Let ωq = wXq(Bn)J, ωq = wXq(Bn)(1− J). We have

Proposition 3.1 If the weak Hopf algebra wXq(Bn) is of type d, then wXq(Bn) = ωq ⊕ ωq.

Moreover, ωq is isomorphic to Xq(Bn) as Hopf algebra.

Proof Since J is a central idempotent element, we get wXq(Bn) = ωq⊕ωq. The subalgebra ωq

can be viewed as an algebra generated byE1J, . . . , EnJ, F1J, . . . , FnJ,K1, . . . ,Kn+1,K1, . . . ,Kn+1

with the induced relations. It is easy to see that ωq is a Hopf subalgebra of wXq(Bn).

Set ρ : Xq(Bn) −→ ωq,

ρ(K ′
i) = Ki, ρ(K ′−1

i ) = Ki, ρ(E′
j) = EjJ, ρ(F ′

j) = FjJ,

where K ′
i,K

′−1
i (1 ≤ i ≤ n + 1), E′

j , F
′
j (1 ≤ j ≤ n) are generators of Xq(Bn). It is easy to see

that ρ is a well-defined surjective algebra homomorphism.

Let ϕ : wXq(Bn) −→ Xq(Bn) be a map given by

ϕ(1) = 1, ϕ(J) = 1, ϕ(Ej) = E′
j , ϕ(Fj) = F ′

j , ϕ(Ki) = K ′
i, ϕ(Ki) = K ′−1

i .

We can check that ϕ is a well-defined algebra homomorphism. If we consider the restricted

homomorphism ϕ|ωq of ϕ, then we have ϕ|ωq ◦ ρ = idXq(Bn). So ρ is injective. Hence, ωq
∼=

Xq(Bn). �

Remark 3.2 As Hopf algebra, we have

wXq(Bn)/⟨J − 1⟩ ∼= Xq(Bn)

where ⟨J − 1⟩ is a two-sides ideal generated by J − 1.

Recall that the notation d = (d1, d2, . . . , dn), where di = (ki|ki), ki, ki = 0 or 1. Let

σ = {i|ki ̸= 0}, σ = {i|ki ̸= 0} and Xi = Ei(1 − J), Yj = Fj(1 − J), where i ∈ σ, j ∈ σ. If Ei

(resp., Fi) is of type I, then Xi ̸= 0 (resp., Yi ̸= 0); If Ei (resp., Fi) is of type II, then Xi = 0

(resp., Yi = 0). In fact, ωq can be viewed as an algebra generated by {Xi, Yj |i ∈ σ, j ∈ σ}∪{1−J}
with the relation

XiYj = YjXi for all i ∈ σ, j ∈ σ.
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In the following, we consider the coalgebra structure of wXq(Bn) by Ext quivers. Let C be

a graded coalgebra, and

C = grF (C) =
⊕
n≥0

(Cn/Cn−1),

where Cn = ∆−1(Cn−1 ⊗ C + C ⊗ C0) and F = {Cn}n≥0 is a filtration of coradical of C. Let

C(n) = Cn/Cn−1. We have

C =
⊕
n≥0

C(n), C(0) = CG(C), G(C) = {g ∈ C|∆(g) = g ⊗ g, ε(g) = 1}.

The elements in G(C) are called group-like elements.

C(1) =
⊕

g,h∈G(C)

C(1)hg, C(1)hg = {c ∈ C(1)|∆(c) = h⊗ c+ c⊗ g},

where the elements in C(1)hg are called (h : g)-skew primitive elements. Define the quiver

Q = Q(C) = (Q0, Q1) with the vertex set Q0 = G(C) and for g, h ∈ G(C), there are tgh arrows

from g to h, where tgh = dimCC(1)hg. One can refer to [10,14–17]. In the following quivers, the

labelling x of the arrow •h x←− •g means that 0 ̸= x ∈ C(1)hg consisting of a basis of C(1)hg.

Theorem 3.3 For the weak Hopf algebra wXq(Bn) of type d, the Ext quiver of its coalgebra is

a union of some of the following quivers.
(1) Assume that di = (1|1). If i ̸= n, the corresponding quiver is

•1

Ei

{{ww
ww
ww
ww

· · · •(KiKi+1)2 •KiKi+1

Ei(KiKi+1)

oo
Fi(KiKi+1)2

oo
•KiKi+1

Fi

ccGGGGGGGG

Ei(KiKi+1)
{{ww
ww
ww
ww
ww

•(KiKi+1)2 · · · ;

Ei(KiKi+1)2
oo

Fi(KiKi+1)
oo

•J

Fi(KiKi+1)

ccGGGGGGGGGG

if i = n, the corresponding quiver is

•1

Ei

}}{{
{{
{{
{{

· · · •(Kn)2 •Kn

Ei(Kn)

oo
Fi(Kn)2oo

•Kn

Fi

aaCCCCCCCC

Ei(Kn)}}{{
{{
{{
{{

•(Kn)2 · · · .

Ei(Kn)2
oo

Fi(Kn)oo

•J

Fi(Kn)

aaCCCCCCCC

(2) Assume that di = (1|0). If i ̸= n, the corresponding quiver is

•1

Ei

{{ww
ww
ww
ww

· · · •(KiKi+1)2 •KiKi+1

Ei(KiKi+1)

oo
Fi(KiKi+1)2

oo
•KiKi+1

Fi

{{ww
ww
ww
ww
ww

Ei(KiKi+1)
{{ww
ww
ww
ww
ww

•(KiKi+1)2 · · · ;

Ei(KiKi+1)2
oo

Fi(KiKi+1)
oo

•J

Fi(KiKi+1)

ccGGGGGGGGGG
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If i = n, the corresponding quiver is

•1

Ei

}}{{
{{
{{
{{

· · · •(Kn)2 •Kn

Ei(Kn)

oo
Fi(Kn)2oo

•Kn

Fi

}}{{
{{
{{
{{

Ei(Kn)}}{{
{{
{{
{{

•(Kn)2 · · · .

Ei(Kn)2
oo

Fi(Kn)oo

•J

Fi(Kn)

aaCCCCCCCC

(3) Assume that di = (0|1). If i ̸= n, the corresponding quiver is

•1

· · · •(KiKi+1)2 •KiKi+1

Ei(KiKi+1)

oo
Fi(KiKi+1)2

oo
•KiKi+1

Fi

ccGGGGGGGG

Ei(KiKi+1)
{{ww
ww
ww
ww
ww

•(KiKi+1)2 · · · ;

Ei(KiKi+1)2
oo

Fi(KiKi+1)
oo

•J

Ei

ccGGGGGGGGGGFi(KiKi+1)

ccGGGGGGGGGG

if i = n, the corresponding quiver is

•1

· · · •(Kn)2 •Kn

Ei(Kn)

oo
Fi(Kn)2oo

•Kn

Fi

aaCCCCCCCC

Ei(Kn)}}{{
{{
{{
{{

•(Kn)2 · · · .

Ei(Kn)2
oo

Fi(Kn)oo

•J

Ei

aaCCCCCCCCFi(Kn)

aaCCCCCCCC

(4) Assume that di = (0|0). If i ̸= n, the corresponding quiver is

•1

· · · •(KiKi+1)2 •KiKi+1

Ei(KiKi+1)

oo
Fi(KiKi+1)2

oo
•J

Ei

oo
FiKiKi+1oo

•KiKi+1

EiKiKi+1

oo
Fioo

•(KiKi+1)2 · · · ;

Ei(KiKi+1)2
oo

Fi(KiKi+1)
oo

if i = n, the corresponding quiver is

•1

· · · •(Kn)2 •Kn

Ei(Kn)

oo
Fi(Kn)2oo

•J

Ei

oo
FiKnoo

•Kn

EiKn

oo
Fioo

•(Kn)2 · · · .

Ei(Kn)2
oo

Fi(Kn)oo

Proof (1) In first, it is easy to see that wXq(Bn) is a graded coalgebra, and we get wXq(Bn) =⊕
n≥0 C(n), where C(n) is defined as above. Let h, g be the group-like elements of wXq(Bn),

which are generated by Ki,Ki (1 ≤ i ≤ n). Similar to the method in [10] and [15], we can

obtain that ((KiKi+1)
m+1 : (KiKi+1)

m)-skew primitive elements, ((Kn)
m+1 : (Kn)

m)-skew

primitive elements, ((Ki+1Ki)
m : (Ki+1Ki)

m+1)-skew primitive elements, ((Kn)
m : (Kn)

m+1)-

skew primitive elements in C(1) as follows form the arrow set

Ei(KiKi+1)
m, Fi(KiKi+1)

m+1, Ei(Kn)
m, Fi(Kn)

m+1,
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Fi(Ki+1Ki)
m, Ei(Ki+1Ki)

m+1, Fi(Kn)
m, Ei(Kn)

m+1.

Moreover, we calculate the comultiplication of these skew primitive elements.

∆(Ei(KiKi+1)
m) = (KiKi+1)

m+1⊗Ei(KiKi+1)
m+Ei(KiKi+1)

m⊗(KiKi+1)
m, m ≥ 1, i ̸= n,

∆(Ei(Kn)
m) = (Kn)

m+1 ⊗ Ei(Kn)
m + Ei(Kn)

m ⊗ (Kn)
m, m ≥ 1, i = n,

∆(Fi(Ki+1Ki)
m) = (Ki+1Ki)

m⊗Fi(Ki+1Ki)
m+Fi(Ki+1Ki)

m⊗ (Ki+1Ki)
m+1, m ≥ 1, i ̸= n,

∆(Fi(Kn)
m) = (Kn)

m ⊗ Fi(Kn)
m + Fi(Kn)

m ⊗ (Kn)
m+1, m ≥ 1, i = n,

∆(Ei(Ki+1Ki)
m) = (Ki+1Ki)

m−1⊗Ei(Ki+1Ki)
m+Ei(Ki+1Ki)

m⊗(Ki+1Ki)
m, m ≥ 2, i ̸= n,

∆(Ei(Kn)
m) = (Kn)

m−1 ⊗ Ei(Kn)
m + Ei(Kn)

m ⊗ (Kn)
m, m ≥ 2, i = n,

∆(Fi(KiKi+1)
m) = (KiKi+1)

m⊗Fi(KiKi+1)
m+Fi(KiKi+1)

m⊗ (KiKi+1)
m−1, m ≥ 2, i ̸= n,

∆(Fi(Kn)
m) = (Kn)

m ⊗ Fi(Kn)
m + Fi(Kn)

m ⊗ (Kn)
m−1, m ≥ 2, i = n,

and

∆(EiKi+1Ki) = J ⊗ EiKi+1Ki + EiKi+1Ki ⊗Ki+1Ki, i ̸= n,

∆(EiKn) = J ⊗ EiKn + EiKn ⊗Kn, i = n,

∆(FiKiKi+1) = KiKi+1 ⊗ FiKiKi+1 + FiKiKi+1 ⊗ J, i ̸= n,

∆(FiKn) = Kn ⊗ FiKn + FiKn ⊗ J, i = n.

We also know that if Ei is of type I, then

∆(Ei) = KiKi+1 ⊗ Ei + Ei ⊗ 1 (i ̸= n), ∆(En) = Kn ⊗ En + En ⊗ 1;

if Fi is of type I, then

∆(Fi) = 1⊗ Fi + Fi ⊗Ki+1Ki (i ̸= n), ∆(Fn) = 1⊗ Fn + Fn ⊗Kn;

if Ei is of type II, then

∆(Ei) = KiKi+1 ⊗ Ei + Ei ⊗ J (i ̸= n), ∆(En) = Kn ⊗ En + En ⊗ J ;

if Fi is of type II, then

∆(Fi) = J ⊗ Fi + Fi ⊗KiKi+1 (i ̸= n), ∆(Fn) = J ⊗ Fn + Fn ⊗Kn.

Therefore, according to the value of di which reflects the type of Ei and Fi, the statements

(1)–(4) are obtained directly. �
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