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Weak Hopf Algebras Corresponding to the Non-Standard
Deformation of Type B,
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Abstract We introduce a non-standard quantum group X4(B,) of type B, which is a Hopf
algebra. Then we replace the group of grouplike elements of X,(B,), and obtain a weak Hopf
algebra wX,(B,). Finally, we describe the Ext-quiver of wX,(By) as a coalgebra.
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1. Introduction

All algebras in this paper are considered over the complex field C, the nonzero parameter
q € C is not a root of unity.

Ge et al. [1] introduced a new quantum group and in [2] Jing et al. derived all finite di-
mensional irreducible representations of this new quantum group. Aghamohammadi et al. [3,4]
introduced mulliparametric generalizations of type A,_; and type B,. On the other hand, Li
and Duplij [5, 6] defined weak Hopf algebras, which are bialgebras with weak antipodes, but
not Hopf algebras. Yang [7] constructed weak Hopf algebras corresponding to Cartan matrices,
determined their PBW bases according to the definition, then some properties related to the
weak Hopf algebra wsl,(2) were studied in [8,9]. Cheng [10] researched weak Hopf algebras
corresponding to Ug(sly,), and gave their Ext quivers. In 2016, Cheng and Yang [11] construct-
ed a weak Hopf algebra wX,(A4;) corresponding to the non-standard quantum group X (A1),
and described the PBW basis of 0X,(A;). Following the non-standard quantum group X,(B,,)
in [4], in this short note we construct a non-standard quantum group X, (B,,) by weakening
the grouplike elements, then study the Ext quiver of its coalgebra.

The paper is arranged as follows. In Section 2, we give some definitions and relations of
X,(By). Then we establish a weak quantum algebra wX,(B,) by weakening the antipode, and
prove that wX,(B,) is a weak Hopf algebra. In Section 3, we study the weak Hopf algebra
structure of wX,(B,), and give the Ext quiver of its coalgebra.

2. The weak Hopf algebra X, (B,)
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Definition 2.1 X,(B,,) is the associative algebra over the field C with 1, generated by Klﬂ, KQﬂ,
..., KF' E\, ... E, Fi,..., F, with the following relations

K,K;' =K 'K, =1, K,K; = K,K;,
KiEj = E;K;, KiFj = FiK;, i#j,j+1,
K,E; = q; 'E,;K;, K,F; = ¢;F[;K;,
KB =B Ky, Kigi ;= Qi:,-llFiKiJrh
(¢ — a4 E} = (@ — i) F} =0, i #n,
E,E; = B;E;, FiF; = F;F;, |i—j| > 2,

K 'Ky — KK}

E;F; — F;E; = 6, i,
q—q
K '-K
E Fj — FjE, = 6p j———,
q§ —q_§

GE?Eix1 — (1 + qiqi1)EiBi1 Ei + g1 Bi  E? = 0, i #n,

GF?Fipy — (1 + qiqi1)FiFs1 Fi + ¢ Fin F2 =0, i #n,

3
BB, 1 — E2E, 1B, + E,E, \E? - E, 1E}=0,
Had o
3
Fanfl_ [ Fanlen"‘ Fnanng—anlFs :O,
where | = el ) = —gor—ql, 1<i<n
|l =k Ve = “g=g=T" 4% =4q q ,lsi=sn

q
If all ¢; = ¢, then Serre relations of X,(B,,) are the same with Uy(By,). If ¢; # ¢it1 (1 <i <
n), then E? = F? = 0, and we call it the non-standard quantum groups corresponding to B,

denoted by X,(B,,), where ¢; = g or —¢~! (1 <i < n).

Proposition 2.2 X (B,,) is a Hopf algebra with comultiplication A, counit ¢ and antipode S

defined as follows
A X,(B,) = X,(Bn) @ X,(B),

AK)=K oK, AKY)=K '@K,

AE) =KK Y ®E+E;®1,i#nAE,) =K,®E, +E,®1,
AF)=1@F+F,o K, 'Ki41,i #n,A(F,) =1® F, + F, ® K\,
€:Xq(B,) = C,

e(K;) =1, e(E;) =¢(F;) =0,

S X4(Bp) = X4(Bn),
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S(K;)=K; ', S(E;) = —K;'Ki1E;, S(Fy) = —F,K; K.

Proof Indeed, A defines a morphism of algebra from X,(B,,) into X,(B,,) ® X,(B,). It is easy
to prove that A keeps relations similar to the proof of [12, Proposition VII.1.1] and [13, Appendix
in Chap. 4].
Similiarly, one can easily prove that ¢ defines an algebra morphism from X,(B,,) into C and
S defines an antipode of X,(B,,). Therefore, X,(B,,) is a Hopf algebra with the comultiplication
A, the counit £ and the antipode S. [J
In the following, we construct a weak Hopf algebra wX,(B,) corresponding to X,(B,).
Firstly, we replace Kiil by K;, K;, and add a new generator J such that K;K; = K;K; = J for
allt=1,2,...,n.
If E; (resp., F;) satisfies
KiEj = E]KZ (resp., KZFJ = FjKi), 7 }é j,] + 1,
K,E; = ¢, 'E;K; (resp., K;F; = ¢;F;K;),
Ki+1Ei = Qi+1EiKi+1 (resp.7 KiJrlFi = (]i:,_llFiKi+1);
F1Ej = EJFZ (resp., FZF] = iji)v ) }é j,] + 1,
K,E; = ¢;E;K; (resp., K;F; = ¢, 'F,K,),
Fz’HEi = q,-;llEiFiﬂ (I"GSP.7 Fz‘HFi = Qi+1Fz‘Fi+1)a
then E; (resp., F;) is said to be of type L.
If E; (resp., F;) satisfies
KzEJF7 = Ej (resp., Klefz = Fj), 7 7& j,] —+ 1,
K,EK; =q; 'E; (vesp., K;F;K; = q;F}),
Ki+1EiFi+1 = Qi+1Ej (I"GSP-, Ki+1FiFi+1 = q;.llFi)y
then E; (resp., F;) is said to be of type II.
Remark 2.3 We define the notation d; = (k;|k;), ki, k; = 0 or 1 to represent the type of E; and
F;. The information before | is related to E; and the information after | is related to F;. The
notation d; = (k; | k;) indicates that if k; or k; = 1, then the corresponding generator E; or F;
is of type I; if k; or k; = 0, then the corresponding generator E; or Fj is of type II. We say that

E; and F; are of type d; if E; and F; are of type I or type II according to d;.
Now we give the definition of the algebra wX,(B,).

Definition 2.4 The algebra wX,(B,,) is an associative algebra over C with 1 generated by
J K, Ky,....,Kp,, K1,Ko,...,K,,, E1,...,E,, Fi,...,F,, satisfying the following relations:

Kin = KjKi, ?ifj = Fj?ia KLF] = F]‘Ki, (21)

KK, =J=FKK;, K;,J=JK;, =K;, K;J =JK; = Ky, (2.2)
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E;, F; are of type d;, (2.3)
(¢ — 4i1)E} = (@i — ¢i+1)F} =0, i#n, (2.4)
E,E; = E;E;, F;F; = F;F;,|i — j| > 2, (2.5)
FZKZ 1 _KZFZ 1 .
EiFj — FJEZ = 5i,j + 1 + s 2 # n, (26)
q—dq
771 - Kn
EnFj — FjEn = 0nj— ) (2.7)
qi — q7§
GE?Fix1 — (1 + ¢iqis1)BiBi Bi + i1 Ei B2 =0, i #n, (2.8)
G F?Fig1 — (1 + qiqiy1)FiFyar Fi + i1 Fin FP =0, i #n, (2.9)
3
E3E, ;- E%E, \E, + E.E, \E> - E, \E? =0, (2.10)
%% ‘bé
3 3
F3F, | — [ F2F, \F, + ) F.F, \F?—-F, \F3=0, (2.11)
1 1
2 a?

n ! n__—n _ .
where l/ﬂ] = m, n]g =L =, ai=qor—q L1<i<n.
q

Remark 2.5 We use the notation d = (dy, ds, ..., d,) to denote the type of E;, F; in X (B,,).
The algebra wX,(B,) is said to be of type d.

Now, we define the comultiplication and counit of wX,(B,,) as follows,
AK)=K oK, AMK;))=K;,K;, A(J)=J®J,
if E; (resp., F;) is of type I,
AE)=KKi1®9E+E;®1(i#n),A(E,)=K,®E,+E,®1
(resp.,, A(F}) =10 Fi+ F, @ Ki1 K, (i #n),A(F,) =1® F, + F, @ K,);
if E; (resp., F;) is of type II,
AE) =K Ki19FE +E;®J(i#n),AE,) =K, ®FE, +E,®J;
(resp.,, A(F)) =J @ F, + F; @ K;Kiy1 (i #n),A(F,) =JQF, + F, ® K,,).
e(K;)=e(K;)=¢e(J) =1, e(E;) =¢(F;) =0.
The maps A, e can be extended to wX,(B,,) naturally such that X, (B,) is a bialgebra.

Theorem 2.6 Keeping notations as above and assume that J # 1, then wX,(B,) is a weak

Hopf algebra with the weak antipode
T(K;) = Ky, T(K;) = K;,T(J) = J,

T(E;) = —-K;Ki1E;, T(F;) = —F,K;K; 1.



Weak Hopf algebras corresponding to the non-standard deformation of type By 571
Moreover, it is not a Hopf algebra.

Proof It is sufficient to prove that T' can define a weak antipode of wX,(B,,).
It is easy to see that T is an algebra isomorphism from 10X, (B,) to wX,(B,)° as algebra.
The proof is more or less similar to [7, Theorem 3.1].

Now we need to show that T is a weak antipode, that is,
(id* T xid)(z) = id(z), (T xid«T)(z) = T(x)

for all z € WX, (By,).

Let

Ay = (id® A)o A.
If E; is of type I, then
Asy(Ey) = KiKiy1 9A(E)+E0A1) = KiKi1 9K Kij1 9B+ KK 1 QE,@1+E,®1®1.
In this case,
If E; is of type II, then
A2(E;) = KK i1 ® A(E;) + E; @ A(J)
=KKin1 KK 1B +KK1QEl+E®J®.J
In this case,
(id * T *id)(E;) = K;K; 1 T(K;K;11)E; + K; K1 T(E;) + E;T(J)J
= ElJ = ld(Ez) (note that El(] = EZ),
(T *id*T)(E;) = T(K; K1) Ki K 1 T(E;) + T(K; K1) E;T(J) +T(E;)JT(J)
= J*T(E;) = T(E;).

The other relations can be checked similarly.

On the other hand, similar to [7], one can show that

(a) The comultiplication of generators is a linear expression of generators;

(b) (T *id)(z) or (id * T)(z) (for = being the generators K;, K;, E;, F}) is a central element
of wX,(B,).

Now we assume that

id«Txid(z) =z, T+id*T(x) =T (x)
and
id*Tx*id(y) =y, T*id*T(y) = T(y)

for z,y € wX,(B,), we can prove

(id « T *xid)(zy) = zy, (T xid*xT)(zy) = T(zy)
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by induction. This means that T" indeed is a weak antipode. Hence wX,(B,) is a weak Hopf
algebra.
Moreover, T' is not an antipode. If T': wX,(B,,) — twX,(B,,) is an antipode, then

(T %id)(J) = ue(J) = (id + T)(.J).

We get

T(J)J =1=JT(J),
and J is invertible. However, J(1 —J) =0 and J # 1. That is a contradiction. Hence wX,(B,,)
is not a Hopf algebra. O

3. Algebraic structure of w.X,(B5,)

It is easy to see that the elements J and 1 — J are a pair of orthogonal central idempotent
elements. Let w, = wX,(By,)J, Wy = wX,(B,)(1 —J). We have

Proposition 3.1 If the weak Hopf algebra wX,(B,,) is of type d, then wX,(B,) = wy © W,.
Moreover, w, is isomorphic to X,(B,) as Hopf algebra.
Proof Since J is a central idempotent element, we get 0.X,(B,) = wy®w,. The subalgebra wq
can be viewed as an algebra generated by E1J, ..., E,J, F1J, ..., Fod, K1, ..., Kni1,K1,..., Kni1
with the induced relations. It is easy to see that w, is a Hopf subalgebra of X, (B,).

Set p: X4(By,) — wy,

p(K}) = K;, p(K["") =K, p(E}) = E;J, p(F)) = F;J,

7

where K/, K/™' (1 <i <n+ 1), B}, F} (1 < j < n) are generators of X,(B,). It is easy to see
that p is a well-defined surjective algebra homomorphism.

Let ¢ : w0X4(B,) — X4(By) be a map given by
¢(1) = 1,6(J) = 1,0(E;) = E}, 6(Fy) = Fj, ¢(K;) = Ki, ¢(K;) = K; .
We can check that ¢ is a well-defined algebra homomorphism. If we consider the restricted

homomorphism ¢|,,, of ¢, then we have ¢|,, o p = idx,(B,)- So p is injective. Hence, w, =
X,(By). O

Remark 3.2 As Hopf algebra, we have
qu(Bn)/<J - 1> = Xq(Bn)

where (J — 1) is a two-sides ideal generated by J — 1.
Recall that the notation d = (dy,ds,...,d,), where d; = (k;|k;), ki,k; = 0 or 1. Let
o = {ilk; # 0}, = {ilk; # 0} and X; = E;(1 —J), Y; = F;(1 —J), where i € 0,7 € 7. If E;
(resp., F;) is of type I, then X; # 0 (resp., Y; # 0); If E; (vesp., F;) is of type II, then X; =0
(resp., Y; = 0). In fact, @, can be viewed as an algebra generated by {X;,Y;|i € 0,5 € a}U{l-J}
with the relation
XYy =Y; X, forallico,jem.
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In the following, we consider the coalgebra structure of wX,(B,) by Ext quivers. Let C be

a graded coalgebra, and
C=grp(C) = @(Cn/cnfl)v
n>0
where C,, = A71(C-1 ® C + C ® Cp) and F = {Cp}n>0 is a filtration of coradical of C. Let
C(n) = C,/Cp_1. We have
c=Pcm =CG(0), G(C) ={g € ClA(g) =g©g,e(g) = 1}.
n>0
The elements in G(C) are called group-like elements.
cy= @ c, c)?={ceCl)A(c)=h@c+c@g},
g,heG(C)

where the elements in C(1)"9 are called (h : g)-skew primitive elements. Define the quiver
Q = Q(C) = (Qo, Q1) with the vertex set Qo = G(C) and for g,h € G(C), there are ty, arrows
from g to h, where ty;, = dimcC(1)"9. One can refer to [10,14-17]. In the following quivers, the
labelling z of the arrow e" <*— 9 means that 0 # = € C(1)" consisting of a basis of C(1)"9

Theorem 3.3 For the weak Hopf algebra wX,(B,,) of type d, the Ext quiver of its coalgebra is

a union of some of the following quivers.
(1) Assume that d; = (1|1). If i # n, the corresponding quiver is

(KR 1) \ PR K i)

_,(Ki,?wrl)z <~ KK JKiKit1 <7 o(Ki Kiy1)?
-

X

By (KiK;y1) B;i(K; KL+1)2

/

Fy (KK 11) By (K Kit1)

if 1 = n, the corresponding quiver is

Fy(Kn)2
L e(Kp)? < Kn

y
E;(Kn) E;(Kn)?
F;(Kn) E;(Knp)

(2) Assume that d; = (1]0). If i # n, the corresponding quiver is

‘Y

o, Fi (KK 11)? _ _ Fi(KiKiy1) )
L (KiKip1)” <— KjK;q1 KiKip] <———— (K;K;y1)

-
/ By (KiKi1)?
Fi (K;Kiq1) B (KiKiy1)

o/

By (K;Kq1)

4
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If i = n, the corresponding quiver is

.1
y
Fy(Kn)2 Fi(Kn)

. e(Kn)? <— oKn oKn <= (Kn)? . .

N E;(Kn)?
Fij(Kn) E;(Kn)

(3) Assume that d; = (0|1). If i # n, the corresponding quiver is

ol
y
Fi(K; K@+1) Fi(KiKiy1)

o (K Kit1)? <~ KK JEKiKit1 <7 <KLKL+1)
-

B (K;Kiy1) \ E;(K; K1+1)2
Fi(K;Kiq1) By (KiKip1)

if 1 = n, the corresponding quiver is

Fy(Kn)? \ - P

Ce(Kp)2 < |Kn oEn)?

E;(Kn) E; (Km?

/

Fi(Kn) Bi(Kn)

(4) Assume that d; = (0|0). If i # n, the corresponding quiver is

ol

- ) Fi (KK q1)2 - FK; K41 F; o Fi(KiK;yq) 5
o (KiKit1) <—.KiKi+1 o/ oKiKit1 <— (KiKiy1)® .
-
Ei(KiKit1) Eq B K K41 B (K; K1+1)

if 1 = n, the corresponding quiver is

, _ Fitkn)? FiKnp F Fi(Rn) .,
..(Kn) .Kn .J .Kn .(Kn) e

B (Kn) B, B, Rn B, (Rn)?
Proof (1) In first, it is easy to see that wX,(B,) is a graded coalgebra, and we get wX,(B,) =
D,,~,C(n), where C(n) is defined as above. Let h,g be the group-like elements of wX,(B,),
which are generated by K;, K; (1 < i < n). Similar to the method in [10] and [15], we can
obtain that ((K;K; )™ : (K;K;11)™)-skew primitive elements, ((K, )™ : (K,)™)-skew
primitive elements, ((K;y1K;)™ : (K;11K;)™1)-skew primitive elements, ((K,)™ : (K,)™"!)-

skew primitive elements in C(1) as follows form the arrow set

Ei(KiKi1)™, Fi(KKiq)™ ™, Ef(K,)™, Fi(K,)™,
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Fi(Kig1 K)™, Ef(KimK)" ™, Fi(K,)™, Ei(K,)".
Moreover, we calculate the comultiplication of these skew primitive elements.
AE(KiKif1)™) = (KiKig1)" " QEi (K K1) + E{(KiKi11)" @ (KiKi1)™, m>1,i#n,

A(E;(K,)™) = (K,)™ M @ Bi(K,)™ + Ei(K,)™ @ (K,)™, m>1,i=n,

E
5!
=
s
=
=
I

(Kig1Ki)" @ Fy(Ki1 K)™ + Fi(Kip1 Ki)" @ (K K)™ T, m > 1,0 #n,

A(F(K,)™) = (Kn)™ @ F(K,)™ + Fi(K,)™ @ (K,)™™, m>1,i=n,

=
5
=
£
B
3
I

(Kig1 Ki)" ' QEi(Kig1 Ki)" 4+ By (K1 K) " @ (K1 K)™, m > 2,i#n,

AE(K,)™) = (K,)" @ E(K,)™ + E;(K,)™ @ (K,)™, m>2,i=n,

A(Fi(KiKi1)™) = (KiKip1)" @ Fi(KiKiy1)™ + F (K K1) @ (KK )™, m>2,i#n,
A(F(Kn)™) = (Kn)™ @ Fy(Kp)™ + Fy(Kp)™ @ (Kp)™ ™', m>2,i=n,
and
AE K1 K)=JQEKi K+ EKiK; ®Kiy1Ki, i#n,
AEK,)=J®EK,+EK,®K,, i=n,
AFK K1) =KKi1 @ FK K1+ FKKig®J, i#n,
A(FiK,) = K, ® FiKn + FK, ® J, i=n.
We also know that if E; is of type I, then
AE)=KKiy1®E+E;®1(i#n), A(E,) =K, ®E,+E,®1;
if F; is of type I, then
AF)=10F+ Fio Kign K (i#n), A(F,) =18 F,+ F,® K,;
if F; is of type II, then
A(E) =K Ky QE +EQJ(i#n), AE,) =K, ®E,+ E,®J;
if F; is of type II, then
AF)=JF+F,oK K1 (i#n), A(F,)=J®F,+F,K,.

Therefore, according to the value of d; which reflects the type of E; and F;, the statements
(1)—(4) are obtained directly. O
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