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Abstract In this paper, we firstly introduce the concept of («, 8)-soft ideals of Weak-BCI-
algebras after endowing a parameter set as a Weak-BCl-algebra. When U = [0,1], a = U,
B =0, it becomes the hesitant fuzzy ideals of Weak-BCl-algebras. Then important properties of
(a, B)-soft ideals of Weak-BCl-algebras are given. Finally, we investigate the properties of the
homomorphism image and inverse image of («a, 3)-soft ideals of Weak-BCI-algebras.
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1. Introduction

The soft set theory was firstly proposed by Molodtsov in 1999 (see [1]), which offers a general
mathematical tool for dealing with uncertainties. With the rapid development of the soft set
theory, it has been applied to many fields, such as game theory, operations research, decision
making problem, information science and so on [2-6].

In 2003, Maji et al. [7] defined the operations of two soft sets and proved some propositions on
soft set operations. In 2007, Aktas and Cagman [8] proposed the notion of soft groups and studied
the algebraic properties. In 2008, Feng et al. [9] introduced the notion of soft semirings and the
notion of soft ideals of soft semirings. Jun [10] introduced the notion of soft BCK/BCI-algebras.
Jun and Park [11] discussed the applications of soft sets in ideal theory of BCK/BCI-algebras.

In 2008, Wen [12] proposed the new concept of soft subgroups and normal soft subgroups,
endowed the parameter set as algebraic structure of group, and obtained some important con-
clusions. Inspired by this idea, Liao’s team studied a series of new soft set algebras [13-17].
In recent years, the studies of hesitant fuzzy algebras [18-22] are a special case of this soft set
algebras (The case of the universe set U = [0, 1]).

In 2005, Chen and Pu [23] proposed the notion of Weak-BCl-algebras and studied some
properties. In this paper, we introduce the notion of («, 3)-soft ideals of Weak-BCl-algebras
after endowing the parameter set as a Weak-BCl-algebra. Then the notion of hesitant fuzzy

Received September 19, 2017; Accepted August 12, 2018

Supported by the National Natural Science Foundation of China (Grant No.61170121), the Natural Science
Foundation of Jiangsu Province (Grant No.BK20151117) and the Natural Science Foundation of Wuxi Taihu
University (Grant No. 16WUNS006).

* Corresponding author

E-mail address: huangy@wxu.edu.cn (Yu HUANG); liaozuhua57@163.com (Zuhua LIAO)



578 Yu HUANG and Zuhua LIAO

ideals of Weak-BCl-algebras is the special case when U = [0,1], a« = U, 8 = 0. We give an
example to show that an (a, §)-soft ideal of a Weak-BCl-algebra exists, and it is different from the
standard soft ideal of Weak-BClI-algebra and the new type of soft ideal of Weak-BCI-algebra. It
is a new algebraic structure. We discuss the properties of («a, §)-soft ideals of Weak-BCI-algebras
in various soft set operations. Furthermore, we give the equivalent characterization of («, 3)-soft
ideals of Weak-BClI-algebras by using dual soft sets. We give the sufficient condition for («, 5)-
soft ideals of Weak-BClI-algebras by using the level set of soft sets. It is shown that the dual soft
sets and the level set of soft sets are two different algebraic structures. Finally, the properties
of the homomorphism image and inverse image of («, 3)-soft ideals of Weak-BCl-algebras are

discussed.

2. Preliminaries

In this section, we give some definitions and theorems which are useful for the later use.

Definition 2.1 ([23]) An algebra (X;x*,0) of type (2,0) is called a Weak-BCl-algebra if the
following conditions hold for all x,y,z € X:

(1) ©+0=ux,

(2) zxx=0,
Definition 2.2 ([22]) Let X be a reference set. A hesitant fuzzy set on X is defined in terms of

a function that when applied to X returns a subset of [0,1], which can be viewed as the following

mathematical representation:
Hx :={(z,hx(x)|x € X}, where hx : X — P([0,1]).

Definition 2.3 ([23]) A nonempty subset I of a Weak-BCl-algebra X is called an ideal of X if
it satisfies the following axioms::

(1) 0el,

(2) VzeX)Vyel)(zxyel=uzecl).

Obviously, 0 and X are both ideals of X.

Theorem 2.4 ([16]) Let {A;};,c1 be subalgebras of a Weak-BCI-algebra X. Then N;c1A; is a
subalgebra of X .

Definition 2.5 Let X and Y be Weak-BCl-algebras. A mapping f : X — Y is called a
homomorphism from X toY if f(xz*xy) = f(z) * f(y), for all z,y € X. If f is a surjection, then

f is called a surjective homomorphism.

Definition 2.6 ([1]) A pair (F, A) is called a soft set over U, where F is a mapping given by
F:A— PU).

Definition 2.7 ([7]) For two soft sets (F, A) and (G, B) over a common universe U, we say that
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(F, A) is a soft subset of (G, B) if
(1) AC B;
(2) Vz € A, F(z) = G(z).

We write (F, A) é(G7 B).

Theorem 2.8 ([16]) Let X1, Xy be Weak-BClI-algebras. If (x1,22) * (y1,y2) = (21 *y1, T2 * y2),
for all (x1,x2), (y1,y2) € X1 X Xa, then (X1 X Xa; %, (0,0)) is a Weak-BClI-algebra.

Definition 2.9 ([7]) If (F, A) and (G, B) are two soft sets over a common universe U, then
(F,A) AND (G, B) denoted by (F, A) A (G, B) is defined by (F, A) A (G, B) = (H, A x B), where
H(z,y) = F(x)NG(y), for all (z,y) € A x B.

Definition 2.10 ([24]) If (F, A) and (G, B) are two soft sets over a common universe U, then
restricted intersection of (F,A) and (G, B) is defined to be the soft set (H,C') satisfying the
conditions:

(1) C=AnNB;

(2) Vx € C, H(z) = F(x) N G(z).
In this case, we write (H,C) = (F, A)Nr(G, B).

Definition 2.11 ([12]) Let H : X — P(U),g — H(g) be a soft set. Then Ay : U — P(X),
x — Ag(x) = {glz € H(g)} is called a dual soft set of H. Let A: U — P(X) be a soft set.
Then Hy : X — P(U), g — Ha(g) = {z|g € A(z)} is called a dual soft set of A.

Definition 2.12 ([13]) Let Xi, Xy be Weak-BCI-algebras, U be an initial universe set, P(U)
be the power set of U, f : X; — X5 be a mapping, and Hy : X; — P(U), Hy : Xo — P(U) be
soft sets. Define:

H1 x1), - 0’
f(Hy)(22) = Fe)=es (@1), f7(2) #

Lz
(2)7 f_l(xQ) = (2)7
and f~1(Hy)(x1) = Ha(f(x1)). Then f(H;) and f~'(Hs) are soft sets of X5 and X1, respectively.
f(H,) is called the image of Hy by f, and f~(Hy) is called the preimage of Hy by f.

3. (a, B)-soft ideal of Weak-BClI-algebras

In this section, the definition of («, 8)-soft ideal of Weak-BCl-algebras is introduced and

related properties are investigated.

Definition 3.1 Let X be a Weak-BCl-algebra, and (F, A) be a soft set on X. If F(x) is an
ideal of X for all x € A, then (F, A) is called a standard soft ideal of X .
This standard soft ideal of X has not been studied.

Definition 3.2 Let X be a Weak-BCl-algebra, H : X — P(U) be a soft set. H is called a new
type of soft ideal of X, denoted by (H, X), if the following conditions hold for all z,y € X:
(1) H(0) 2 H(z);
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(2) H(z) 2 H(z*y) N H(y).

Definition 3.3 Let U be an initial universe set, o, 3 C U, C «, X be a Weak-BCl-algebra,
H: X — P(U) be asoft set. H is called an («, 8)-soft ideal of X, denoted by (H(4,g), X), if the
following conditions hold for all x,y € X:

(1) H(0)UB D H(x)Na;

(2) Hx)UB2D H(x+y)NH(y)Na.

Without causing confusion, it can be abbreviated as (H, X).

(a, B)-soft ideal of X is nontrivial generalization of a new type of soft ideal of X.

When U = [0,1], @ = U, 8 = 0, accordingly, we get the definition of a hesitant fuzzy ideal
of Weak-BCl-algebra as follows:

Definition 3.4 Let X be a Weak-BCl-algebra, H : X — P([0,1]) be a hesitant fuzzy set. H is
called a hesitant fuzzy ideal of X, if the following conditions hold for all x,y € X:

(1) H(0) 2 H(x);

(2) H(z) 2 H(z+y) N H(y).

The following example shows the existence of («, 3)-soft ideal of X, and it is different from
the usual soft ideal and the new type of soft ideal of Weak-BClI-algebra. It is a new soft algebraic

structure.

Example 3.5 Let U = X = {0,1,2,3}, o = {0,1}, B = {1}, and the operation “x*” be
given by Table 1. It can be verified that (X;x*,0) is a Weak-BClI-algebra. Let H : X — P(U),
H(0) = {0,1}, H(1) = {1,2,3}, H(2) = {1,2}, H(3) = {0,3}. Then H is an (a, 3)-soft ideal of
X by definition 3.3. Since H(0) = {0,1} is not an ideal of X, it follows from definition 3.1 that
H is not a standard soft ideal of X. And since H(0) D H (1) is invalid, it follows from definition
3.2 that H is not a new type of soft ideal of X.

WIN|[=|DO| *
Wi || OO
Wl lo|lo|o|—
W OO N
Ol O] w

Table 1 The operation table of “*”

Theorem 3.6 Let Xy, Xo be Weak-BCl-algebras, X, be a subalgebra of Xo, (H1,X1), (Ha, X2)
be two soft sets, and Hy be an («, 8)-soft ideal of Xo. If (Hy, X1) C(Ha, X2), then Hy is an («, 8)-
soft ideal of X;.

Proof Obviously, 0 € X;. If (Hy, X4) é(Hg,Xg), then Hy(0) = H2(0). Since Hs is an (a, §)-soft
ideal of Xo, for all z € X; C X5, we have

Hl(O)UB:Hg(O)UﬁZ_)Hg(m)ﬂa:Hl(x)ﬁa. (31)
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And for all x,y € X7, since X is a subalgebra of Xo, we have zxy € X;. If (Hy, X4) E(HQ,XQ),
then Hy(z) = Ha(x), Hi(x *xy) = Ha(x xy), H1(y) = Ha(y), hence
Hy(z)U B =Hy(x) U 2 Hy(xxy) N Ha(y) N
=Hi(x*y)N Hi(y)Na. (3.2)
Therefore, Hy is an (a, §)-soft ideal of X;. O

Theorem 3.7 Let X1, X2 be Weak-BClI-algebras, Hy and Hy be («, 8)-soft ideal of X1 and Xo,
respectively. If (H, X1 x Xo) = (H1,X1) A (Hz, X2), then H is an (o, B)-soft ideal of X7 x X5.

Proof By Theorem 2.8, X; x X5 is a Weak-BCl-algebra. For all x € X1 x Xo, © = (21, 22),
x; € X; (i =1,2), we have
H(z)Na= (Hy(z1) N Hy(z2)) N C (H1(0)UB)N (H2(0)UB) = H(O)UB. (3.3)
And for all z,y € X1 x Xo, x = (21,22), y = (y1,92), @i, yi € Xi (i = 1,2), we have
H(z)U B =(Hy(z1) N Hy(x2)) U B

2(Hi(z1*y1) N Hi(yr) M) N (Ha(z2 * y2) N Ha(y2) Na)

=H((v1 *y1, 72 xy2)) N H((y1,92)) N

=H(xxy)NH(y)Na. (3.4)
Therefore, H is an («, 3)-soft ideal of X; x X5. O
Theorem 3.8 Let X be a Weak-BCl-algebra, X1, X5 be subalgebras of X. Let Hy and Hs be

(a, B)-soft ideal of X1 and X, respectively. If (H, X1 N X3) = (H1, X1)Ng(H2, X>3), then H is
an («, f)-soft ideal of X1 N X5.

Proof It follows from Theorem 2.4 that X; N X5 is a subalgebra of X. For all x € X7 N X5, we
have
H(z)Na=Hi(z)NHy(z)Na C (H1(0)UB)N (H2(0)UB) = H(0) U B. (3.5)
And for all z,y € X1 N X5, we have
H(z)U B =(Hi(x) N Hy(z)) U B
2(Hi(z xy) N Hi(y) Na) N (Ha(z*y) N Ha(y) Na)
=H(z*xy)NH(y)Na. (3.6)
Therefore, H is an («, 8)-soft ideal of X; N X5. O
Theorem 3.9 Let X be a Weak-BCl-algebra, and o — 8 # (). Then the following statements
hold:
(1) H:X — P(U) is an («, B)-soft ideal of X if and only if for allu € a — 3, Ag(u) # 0 is

an ideal of X.
(2) Let A:U — P(X) be a soft set. For allu € a— 3, A(u) # 0 is an ideal of X if and only
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if Hy is an («, 3)-soft ideal of X.

Proof (1) Suppose that H is an (o, 8)-soft ideal of X. For all u € a — B, if Ay (u) = {z|u €
H(x)} # 0, then for all x € Ay (u), we have u € H(z) Na C H(0) U S, thus u € H(0), that is,
0€ Ap(u). fzxy € Ag(u) and y € Ag(u), then u € H(x xy)N H(y) N oo € H(x) U S, thus
u € H(x), that is x € Ag(u). Therefore, Ay (u) is an ideal of X.

Conversely, suppose that for all u € a — 8, Ay (u) # 0 is an ideal of X. For all z € X if
H(z)Na =0, then Hz)Na C H(0)U B; if H(z) Na # (), then for all u € H(x) N «, since
0 € Ap(u), we have u € H(0) C H(0) U S , hence, H(x) Naw € H(0) U 8. And for all z,y € X,
if Hxzxy) NH(y)Na=0, then Hxxy)NH(y) Na C H(x)UB; if Hxxy)N H(y) Na # 0,
then for all u € H(z *xy) N H(y) N «, we have z xy € Ay (u) and y € Ay (u) which imply that
x € Ag(u), thus u € H(z), therefore H(xz xy) N H(y) Na C H(z) U S.

(2) Can be proved by a similar way. O

Definition 3.10 Let X be a Weak-BCI-algebra, H : X — P(U) be a soft set. The set
H, ={z|H(z) D ~,v€ P(U)} is called a y-level set of H.

Theorem 3.11 Let X be a Weak-BCl-algebra, H : X — P(U) be a soft set. Then H is an
(o, B)-soft ideal of X if Hy # () is an ideal of X, for all v € P(U).

Proof Forallz € X, if H(z)Na = 0, then H(z)Na C H(0O)UB. If H(xz)Na # 0, let H(z)Na = v,
since H, # ) is an ideal of X, we have 0 € H,, that is H(0) 2 7, hence H(0)U3 2 v = H(x)Ncv.
For all z,y € X, if Haxxy) N H(y)Na = 0, then Hxzxy) N Hy) Na C H(x)UP. If
Hxxy)NH(y)Na #0,let Hz*xy)NH(y) Na =~. We have H(z xy) 2 v and H(y) D v.
Then z*y € H, and y € H,. Since H., # 0 is an ideal of X, we have x € H,, that is H(z) 2 ~,

hence H(z)U S 2 H(z *y) N H(y) N «. Therefore, H is an (a, §)-soft ideal of X. O

The converse of Theorem 3.11 may not be true in general (see Example 3.12).

Example 3.12 Let U, X, o, 8,H be the same as Example 3.5. Assume that v = {1,2}. Then
H, = {1,2} is not an ideal of X.

From Theorems 3.9 and 3.11, we know that the dual soft sets and the level set of soft sets

are two different algebraic structures.

4. Image and preimage of («, 3)-soft ideal of Weak-BCI-algebras

In this section, the properties of image and preimage of («, 3)-soft ideal of Weak-BCI-algebras

are investigated.

Theorem 4.1 Let X1, Xo be Weak-BCl-algebras, U be an initial universe set, f : X1 — X5 be
a homomorphism from X, to Xo, Hy : X1 — P(U), Hy : X5 — P(U) be soft sets. If Hy is an
(o, B)-soft ideal of Xo, then f~1(H,) is an (a, 3)-soft ideal of X;.
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Proof If Hs is an (a, B)-soft ideal of Xo, then for all 1 € X1, let f(z1) = y1 € Xo. We have

SN Hy) (@) N = Hy(f(z1)) Na = Ha(y1) Ner € Hy(0) U B

= H,(f(0)) UB = f"(H2)(0) UB. (4.1)
For all 1, 22 € X1, let f(z1) = y1, f(22) = y2 € Xo. We have

ST Hy) (21 % 2) N f 71 (Ha) (w2) Mo = Ha(f (21 % 22)) N Ha(f(22)) N
= Hy(f(z1) * f(x2)) N Ha(f(22)) N v = Ha(y1 * y2) N Ha(y2) N
C Ha(y1) UB = Ha(f (1)) UB = f~1(Hz)(x1) UB. (4.2)

Therefore, f~1(Hs) is an (o, B)-soft ideal of X;. [J

Theorem 4.2 Let Xy, Xy be Weak-BCl-algebras, U be an initial universe set. f : X1 — X5
be a surjective homomorphism from X; to Xo, Hy : X1 — P(U), Hy : Xo — P(U) be soft sets.
Then Hs is an («, B)-soft ideal of Xo if and only if f~*(Hs) is an (a, 3)-soft ideal of X;.

Proof Necessity is given by Theorem 4.1.
Conversely, assume that f~1(Hz) is an («, 8)-soft ideal of X;. For all y; € X, since f is a

surjective homomorphism from X3 to X3, there exists ¢; € X7, such that f(z1) = y1, hence

Ha(y1) N =Ha(f(z1)) Na = f~1(Ha)(z1) N
Cf7 (H2)(0) U B = Ha(f(0)) U B = Ha(0) UB. (4.3)

For all y1, yo € Xy, since f is a surjective homomorphism from X; to Xy, there exists 1,
xy € Xy, such that f(x1) = y1, f(22) = y2, Y1 * y2 = f(21) * f(22) = f(21 * 22), hence,

Hg(yl * yg) N Hz(yg) Noa = Hg(f(fﬂl * 1’2)) n HQ(f(I’Q)) Na
= [TH(Ha)(x1 % x9) N [T (Ha)(22) Na C f71 (Ha)(21) U S
= Hy(f(x1)) U B = Ha(y1) UB. (4.4)

Therefore, Hs is an («, §)-soft ideal of X5. O

Definition 4.3 Let X1, X5 be two sets, f : X1 — X2 be a mapping from X; to Xo, and Hy be
a soft set on Xy. If Hy(x) = Hy(y) when f(z) = f(y), for all x,y € Xy, then H; is said to be

invariant about f.

Theorem 4.4 Let X1, Xo be Weak-BCl-algebras, U be an initial universe set, f : X1 — X2 be
a homomorphism from X; to Xs, Hy : X1 — P(U) be a soft set and Hy be invariant about f. If
f(Hy) is an («, B)-soft ideal of X5, then Hy is an («, 3)-soft ideal of X .

Proof For all z; € Xy, let f(x1) = y1 € Xa. Since f(H;) is an (a, §)-soft ideal of X5 and H;
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is invariant about f, we have

Hy(z) Na = U H(z)Na= f(H)(y1) N
f(@)=y1

CHH)(O)UB= | Hi(x)Up=H(0)UB. (4.5)

f(z)=0
For all z1,x9 € X1, if Hi(z1 *x2) N Hi(z2) Nav = 0, then Hy (w1 *x2) N Hy(w2) N C Hy(x1) US.
If Hi(z1 xx2) N Hi(za) N # 0, let f(x1) = y1, f(w2) = y2. Since f is a homomorphism from
X to Xy, we have f(xyxx2) = f(21) * f(x2) = y1 *y2. Since f(Hy) is an (o, B)-soft ideal of X,

and H; is invariant about f, we have

Hi(xy *xx9) N Hy(z2) Nav =( U Hy(x))N( U Hi(x))Na

f(@)=y1*y2 f(@)=y2

=f(H1)(y1 *y2) N f(H1)(y2) N

Cf(H1)(y1)UB

= |J Hil@)up=H(x)Up. (4.6)
f(z)=y1

Therefore, Hy is an («, 8)-soft ideal of X;. O

Theorem 4.5 Let Xy, X5 be Weak-BCl-algebras, U be an initial universe set, f : X1 — X5 be
a surjective homomorphism from X; to Xs, Hy : X1 — P(U) be a soft set and Hy be invariant
about f. Then f(Hy) is an («a, §)-soft ideal of X5 if and only if Hy is an («, [3)-soft ideal of X .

Proof Necessity is given by Theorem 4.4.

Conversely, assume that H; is an («, §)-soft ideal of X;. For all y; € Xa, since f is a
surjective homomorphism, there exists 21 € X, such that y; = f(x1). Since H; is invariant
about f, we have

fHEH))Ne= | Hi@naCHOUBC () Hi(x)us=fH)O)UB (47

(@)= f(z)=0
For all y1, y2 € Xo, if f(H1)(y1 *y2) N f(H1)(y2) Na =0, then f(H1)(y1 *y2) N f(H1)(y2) N ©
FHD) (1) UB. I f(Hy)(y1*y2) N f(H1)(y2) N # 0, since f is a surjective homomorphism, there
exists x1, 29 € X7, such that f(x1) = y1, f(x2) = ya and f(z1 * x2) = f(z1) * f(22) = Y1 * Yo.
Since H; is invariant about f, we have

FE)ixye) = ) Hile) =Hi(w1xx2), f(H)(y2) = |J Hi(e) = Hi(z),

f(x)=y1xy2 f(x)=y2

hence,

SH) (yr +y2) N f(HL)(y2) N o =Hi (2 % 22) N Hi(22) N
CHy(z1) U B = f(H1)(y1) U B (4.8)
Therefore, f(Hy) is an («, §)-soft ideal of X5. O
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