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Abstract For @ > 0, A > 0 and 8,1 € R, we consider the M (a, A)p of normalized analytic
a — A convex functions defined in the open unit disc U. In this paper we investigate the class
M(a, A\, B,n)p, with fi, := ﬁ being Koebe type. By making use of Jack’s Lemma as well
as several differential and other inequalities, the authors derive sufficient conditions for starlike-
ness of the class M(a, A, 8,1)s of n-fold symmetric analytic functions of Koebe type. Relevant
connections of the results presented here with those given in earlier works are also indicated.
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1. Introduction

Let A denote the class of normalized analytic functions of the form

f) =2+ ", (1.1)
k=2
which are analytic in the open unit disk U= {z: |2| < 1}. Also, as usual, let
!
S*={f:feAand Re(ZJ]:(S))>O, 2 €U} (1.2)
and .
K:{f;feAandRe(H’zJ{,(S))>o, z €U} (1.3)
be the familiar classes of starlike functions in U and convex functions in U, respectively.

The expressions Z}CES) and (14 ZJ{,IEZ)) play an important role in the theory of univalent func-

tions. Several new classes have been introduced and studied by various researchers by combining
these expressions in different manners. As example, one can refer to the work done in [1-4].

The class M («) was first introduced by Mocanu [1] who called it the class of a convex (or
a-starlike) functions.

M(a) = {f(z) € A: Re{(1-a) ZJ{(S) +a(l+ ZJ{(S) )} > 0}
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Miller et al. in [5] showed that M («) is a subclass of S* for any real number « and also that
M («) is a subclass of K for o > 1. We note that M (0) = S* and M (1) = K.

Motivated essentially by the aforementioned earlier works, we aim here at deriving sufficient
conditions for starlikeness of n-fold symmetric function f; of Koebe type, defined by

fb(Z) =

z
(1—2m)b’

which obviously corresponds to the familiar Koebe function when n =1 and b = 2.

b>0; neN:={1,23,...} (1.4)

In this paper we consider and denote by M («a, A, 8,7), the class of functions f € A, for a > 0,
A>0,8,n€Rand z € U that is
/ / / "
(ZJZ;b(iZ)) 5+ni[(zjéb(f)) )1 —a+a(l-N) Z]f;b((;) +aA(1+ Zféb(iz)) Dl (1.5)
We have the following inclusion relationships:
(i) M(0,,0,0) C S*(0);
i) M(a,1,0,0) C H(a) C S* with H(«), studied by Fukui et al. [6];
iii) M(1,0,0,0) = H(1) € S*(1/2), investigated by Ramesha et al. [7];
)
)

(
(

(iv) M(1,0,0,0) = H(1) C S*(y) where v < 1/2, observed by Nunokawa et al. [8];

(v) M(«,0,0,0) = H(a) C S*, discussed by Kamali and Srivastava [9];

(vi) M(a, A\, 0,0) =H(a) C S*, discussed by Siregar and Darus [10];

(vii) M(e,0,8,0) =H(a,B) C S*, studied by Siregar [3];

(viii) M (e, 1,8,n) = H(a, B) C S*, investigated by Pauzi and Darus [11].

In this paper we investigate the subordination, superordination, best dominant, best subor-
dinant, sandwich theorem and sufficient conditions for starlikeness of n-fold symmetric function
of Koebe type and its applications in the class denoted by M;y(«, A, 8,1)s.

For two functions f and g analytic in the open unit disk U, we say that f is subordinate to
¢ in U and write as f < g, if there exists a Schwarz function w analytic in U with w(0) = 0 and
w(z) < 1,z € U such that f(z) = g(w),z € U. In case the function g is univalent, the above
subordination is equivalent to f(0) = ¢g(0) and f(U) C g(U).

Let ® : C3 x U — C be an analytic function, p be an analytic function in U such that
(p(2),2p'(2), 2%p"(2);2) € C3 x U for all z € U and h be univalent in U. Then the function p is

said to satisfy a first order subordination if

@(p(2), 2 (), 2°p" (2); 2) < h(z) and @(p(0),0;0) = h(0). (1.6)

A univalent function ¢ is called a dominant of the differential subordination (1.6) if p(0) = ¢(0)
and p < ¢ for all p satisfying (1.6). A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1.6),
is said to be best dominant of (1.6).

Let ¥ : C? x U — C be an analytic function in domain C3 x U, h be an analytic function in
U, p be analytic and univalent in U, with (p(z), 2p'(2), 22p"(2); 2) € C3 x U for all z € U. Then

the function p is called a solution of the first order subordination if

h(z) < W (p(2), 2p'(2), 2%p"(2); 2) and h(0) = ¥(p(0),0;0). (1.7)
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An analytic function ¢ is called a subordinant of the differential superordination (1.7) if ¢ < p
for all p satisfying (1.7). A univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of
(1.7), is said to be best subordinant of (1.7).

The work of Siregar [3], Siregar and Darus [10] and Bansal and Raina [12] have motivated

us to come to these problem. See also Frasin and Darus [10] for different studies.

2. Preliminaries

In order to prove our subordination and superodination results, we make use of the following

known results.

Lemma 2.1 ([13]) Let the function q(z) be univalent in the open unit disc U and let the function
6 and ¢ be analytic in a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set

Q(2) = v2q'(2)¢(q(2)),7 > 0 and h(z) = 0(q(2)) + Q(2)- (2.1)

Suppose that
(i) Q(z) is starlike univalent U and
(i) ReZh() — ReZWl) | 2:@) - o for 5 € T.

Q(?) #(a(2)) Q(2)
If p(z) is analytic in U with p(0) = ¢(0) = 1, p(U) C D and
0(p(2)) + 2p'(2)¢(p(2)) < 0(q(2)) + 24 (2)6(a(2)), (2.2)
then
p(z) < q(2) (2.3)

and q is the best dominant of the subordination.

Lemma 2.2 ([14]) Let q(z) be univalent in the unit disk U and let ¢ and ¢ be analytic in a
domain D containing q(U). Suppose that

(i) z¢'(2)¢(q(2)) is univalent and starlike in U;

(ii) ReZ &) > 0 for z € U.

If p(z) € H[q(0),1] N @ with p(U) C D and 9p(z) + 2zp'(z)p(p(z)) is univalent in U and

Hq(2)) + 2¢' (2)p(q(2)) < Hp(2)) + zp'(2)d(p(z)), then q(z) < p(z) is the best subordinant.

Lemma 2.3 ([15]) Let the (nonconstant) function w(z) be analytic in U such that w(0) = 0.
If |lw(z)| attains its maximum value on circle |z| = r < 1 at a point z, € U, we have z,w'(z) =

kw(z,), where k > 1 is a real number.
Lemma 2.4 ([6]) The function defined by (1.5) is univalent if and only if
0<nb<2. (2.4)

Futhermore, the condition in (2.4) is necessary and sufficient for the function to be a starlike

function.

Lemma 2.5 ([16]) Let ©(u,v) be a complex-valued function such that © : D — C(D C C x C).
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Here C is (as usual) the complex plane. Let u = uq + iug and v = vy + ive. Suppose that the
functions O (u,v) satisfy each of the following conditions:

(i) ©(u,v) is continuous in D;

(ii)) (1,0) € D and Re(O(1,0)) > 0;

(iii) Re(O(iug,v1)) <0 for all (iug,v1) € D such that vi < —3(1 + u3).

Let p(z) = 14+ p1z+p2z+--- be analytic (regular) in U such that (p(z), zp'(z)) € D, z € U.
If Re(O(p(2),2p'(2))) € D, then Re(p(z)) >0,z € U.

3. The subordination and superordination results

Theorem 3.1 Let f(z) € A satisty f(z) # 0, z € U. Also let the function q(z) be univalent in
U, with ¢(0) =1 and ¢(z) # 0, such that

W), dC)

q(2) q'(2)

Re{l + (8 + ni) >0, z€U (3.1)
and

Re{l + %[(ﬂ—Fni—l—Z)q(z) - é(ﬁ+m+ 1) —(B+ni+1)+

2q'(z) | 2¢"(z)

(B +mi) e + e 0}, 2€U (3.2)
for |B+mni| <1 and a> 0. If
S (NN /() VR (C N
( () )7 () JA—a+a(l-A) h) T AL+ 8 )] =< h(2), (3-3)
where
h(z) = alg(2)]7T7H2 + (1 = a)[g(2)] 7 + adzq/(2)[a(2)] 77, (3-4)
then Zfié((zz)) < q(2),z € U and q(z) is the best dominant of (3.3).

Proof Firstly, choose

B Zfé(z) _ L Bmif1 _ 2 _ ., B+ni
) = S () = (1 - @)+ aw?] and ow) = wt
bl 2
then f(w) and ¢(w) exist and are analytic inside the domain D* = C\ {0} which contains
q(U),q(0) =1 and ¢(w) # 0 when w € ¢(U).

Now, if we define the functions Q(z) and h(z) by

Q(2) = arzq (2)gla(2)] = arzq'(2)[g(2)] "+

and
h(z) = 0la(2)] + Q(2) = alg()]7"2 + (1 = a)[g(2)] "7 + adzq'(2)[g(2)] 7,

then it follows from (3.1) and (3.2) that Q(%) is starlike in U and

zh/(z)

R0

) =1 5B+ 7+ 2)a() + (B + i+ 1) — (B i+ 1))+

() | ()

q(z)  q'(2)

(B4 ni) >0, zeU.
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We also note that the function p(z) is analytic in U, with p(0) = ¢(0) = 1. Since 0 ¢ p(U),
therefore p(U) C D* and aX > 0. Hence, the hypotheses of Lemma 2.1 are satisfied.

Since p(z) = ZJ{ b((z)) we have

fo(2)zf3 (2) + £3(2)] — 2[4 (2)]

o HE
P'(2) Tilz
ARG +

(=
)2
(2) f(2)] = 2[fp(2)]?
[fo(2)]?
_HG) | e i)
fo(2)  fo(z) fo(2)

.

Multiplying p’(z) with z, we have

Applying Lemma 2.1, we find that

B o D g 2 SF(2)
( AP RAC S e 18

TN 6 NS 65 NS/ (€)
SV = o aX) () + el = MRS+ an(TE)
_|_

NP1 = o+ aX)p(z) + a1 = A)(p(2))* + aX(zp'(2) — p(2) + [p(2)])]
= (p(2))"""[(1 = @)p(2) + alp(2))? + adzp'(2)]
= a(p(2))*(p(2)"*" + (1 = a)p(2) (p(2)) 7 + adap (2) (p(2))
= (p(2)""[(1 = a)p(2) + a(p(2))’] + adzp' () (p(2))

+ a1+

)]

(2)
(a(2)"*" + (1 = a)q(2)(a(2)"*" + aXzq (2)(a(2) "+
(2)

which implies
2y (%)
fo(2)

and it is proved that g(z) is the best dominant of (3.3). O

(

)<q(z), z€U

Theorem 3.2 Let f be analytic in U such that f(0) = 0, h be convex univalent in U and
h € H[0,1) N Q. Assume that

B s 2B G 2R
h) gyt matal=27es Fadl+ =5 ey

is a univalent function in U, where |8 + ni| <1 and a > 0.

If h € A and the subordination
h(z) = 0(q(2)) + arzq'(2)(q(2))" T
z

215 (2) \pnir 2082\ i o 2fe2) 21y (2)
fb()) [( ())(1 +a(l=A) AR aA(l+ 8 )]
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holds, then q(z) < (Zfiéi((;))) implies that q(z) < p(z), where p(z) = (Z]{Z’;((ZZ))) and q(z) is the best

subordinant.

Proof Our aim is to apply Lemma 2.2. By setting

2) — Zfl;(z) w :wﬂ ni — o)w an w :wﬁ ni
p()ifb(z)’ﬁ() T = e)w + aw?], p(w) o,

then ¥(w) and ¢(w) exist and are analytic inside the domain D* = C\ {0} which contains p(U),
p(0) =1 and p(w) # 0 when w € p(U).
It can be observed that ¥(w) and ¢(w) are analytic in C. Thus
¥ (q(2))
e >0
ey

Now, we must show that
h(z) = ¥(q(2)) + arzq' (2)p(a(2)) < (p(2)) + arzp'(2)p(p(2)).

By the assumption of the theorem

h(z) = 9(q(2)) + adzq (2)p(q(2))
= a(q(2))*(¢(2))" + (1 = a)q(2)(q(2)) """ + adzq'(2)(q(2))
< a(a(2)*(a(2))"" + (1 = a)a(2)(g(2))7 7" + adzq'(2)(g(2))
=9(p(2)) + arzp' (2)(p(2))
B e B e RE) L ERG)

Thus in view of Lemma 2.2, ¢(z) < p(z) which implies g(z) < (zf];g—((j))) and ¢(z) is the best

subordinant. [J
If we combine Theorems 3.1 and 3.2, then we obtain the differential Sandwich-Type theorem.

Remark 3.3 From Theorems 3.1 and 3.2 it follows
(i) Setting 8 =mn = 0, we obtain the result as asserted by Siregar and Darus [10];
(ii) Putting 8 =n =0 and A = 1, we get the result obtained by Siregar [3];
(iii) Substituting A = 1, we have the result as shown by Pauzi and Darus [14].

4. The properties of the class My(«a, A, 5,7)
The method of proving the next theorem is similar to Kamali and Srivastava [9].

Theorem 4.1 Let the n-fold symmetric function fy(z), defined by (1.4), be analytic in U, with
@ #0, z € U. If f,(2) satisfies the inequality

200 s B o ZE) L g HEC)
(fb(z) (fb(z) JA—a+a(l=2) () + aA(l+ 8 )]
nb

= (1 7)B[cosln(2 — nb) nb anb a)\nb]’ (1)

. L
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then fy(2) is starlike in U for o > 0 and |8+ ni| <1 and

(0 < nb < a)\+2a+27\/g<nb<a/\+2a+2+\/g)
20 - = 20 ’

where A 1= a?(A + 2)2 + 4a(\ — 2) + 4.

Proof Let a >0, A > 0 and f,(z) satisfy the hypothesis of Theorem 4.1. We put

2fi(2) 1+ (b= Du(z)
fo(2) 1—w(z)

where w(U) is analytic in U with w(0) = 0 and w(z) # 1.

Then by differentiating (4.2) respect to z, we have

[f5(2) + 2£t (2)] fo(2) = 2[f5(2)]?
[fo(2)]?
_ (b —Dw'(z)(1 —w(2)) + w'(2)[1 + (nb — Dw(2)]
(1 —w(z))?

which implies that

G RE
h@ T hG)

and when multiplied by £ 7 Z) gives

LG ahe) nbzw(2) |
RE T W T wEIL+ (b - D))

We can write
z2fll(z) _ nbzw’(z) n 14+ (nb—Dw(z)
fiz) L =w@[L+ (nb - Dw(2)] 1—w(z)

which in turn from (4.2) and (4.3) implies (1.5). Therefore

2f3(2)
fo(2)
1+ (nb—Dw(z)
1—w(z)
nbzw’(z) +1+(nb—1)w( 2)
(1 —w(z))[1+ (nb—Lw(z)] —w(z)
1+ (nb—1w(z )/Her B + (nb — Dw(z)
(el o (R
[1+4 (nb— Dw(2)]? + Anbzw/(z ))]
(1 —w(z))? '

Now, we claim that w(z) < 1 (z € U). If there exists a z, in U such that |w(z,)| = 1, then by using
Lemma 2.3, z,w'(2) = kw(z,), where k > 1 is a real number. Setting w(z,) = ¥ (0 < 0 < 27)

1+

(4.3)

b (2)
fb( 2)

)1 —a+a(l =N

2fp(2) B+ni 2fp(2)
R
14 (nb—1Nw(z)

= 1—w(z)

—a+a(l-XN)

+ar(1+ 2

)]

1+ (nb—Dw(z)
1—w(z)

)P

)+

aA(

)]

o
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gives
2of4(20) \gnip Zof(Z0) | 1 a4 all — Zof3(20) o 2oy (%0)
Re{( Fo(za) )7 Foza) JA—a+al-A) o) T AL+ 71 (o) NI}
e ) g _ g L=l
[1 4 (nb— 1)w(20)]? + Mnbzow’(z0)
° (L= w(z)? &
e ) g _ g L,
1+ (nb— 1) ( )] —|—)\nbkjw(zo)
n nb — 1)e®
_ Re{(—1 at few) )‘”’”[( e
nbkei® 2
NI
= Ref (LD g _ g LT
Anbke®? 1+ (nb—1)e"
a((l_ew)g +[ (1_ei9) ])]} |
— Re{(1— %b)ﬁ[cosln(Q —nb) ; sinln(2 — nb)z][(1 o)1 %b)+
—Anbk nb.,  mb o, 14 cosf
Oé(élbin (g) +- ?) + (?) (1 = 0059))]}
= (- D=y oy -y
—Anbk nb., ,nb, cos
CY<4$i1r12(g) - ?) + (?> (11_(:050))]
nb_ 4. cosln(2 — nb) anb nb.  anb k+ Anbkcos®(%)
= (1= PTG - A - ) - P )
< (- ooy g onby oAby ey,
since k > 1.
If we let

Ref(ZefeCo)ypenip ZofilZo)y g _ o o q  pyZeelzo) |y 4 2o] 5'(:"’) )]}

fo(z0) fo(zo) fo(zo) fp(20)
b sIn(2 — nb b b Anb
R )] (4.4
then 7(nb) < 0. From (4.4) we get 0 < nb < 2 and
W<nb<a)‘+2a—+2\ﬁ A = ()\+2) —|—4a()\—2)+4.

2 - - 2c
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Thus we have

Re{(ZOfé(ZO) )5+ni[(zofl;(zo))(1 —a +O((1 _ )\) Zofé(zo) + O[A(l 4 ZOfl;/(ZO)))]}

fb(zo) fb(zo) fb(zo) fl/,(zo)

<0, (4.5)

where 0 < nb < 2 and M+;%ﬂ < nb< W with A == a?(A + 2)? + 4a(\ — 2) + 4,
which is a contradiction to the hypotheses of (4.1).

Therefore, |w(z)| < 1 for all z in U. Hence f; is starlike in U. This completes the proof of
our theorem. [

By taking 8 = n = 0 in Theorem 4.1, then we get the following corollary as asserted by
Siregar and Darus [10].

Corollary 4.2 Let the n-fold symmetric function fy(z), defined by (1.7), be analytic in U, with
@ #0, z € U. If f,(2) satisfies the inequality:

S s ) L )
Re{ 50 [I—a+a(l-2A) 1) + a1+ 8 )}
> (1- %b)a - O‘T”b) ~ O‘Z”b, (4.6)

then fy(2) is starlike in U for a > 0 and |8 + ni| < 1 and

al+2a+2— VA al+2a+ 24+ VA
( 5 <nb < 5
« «

where A = o?(\ + 2)% + 4a(\ — 2) + 4.

);

Remark 4.3 Setting A = 1 in Theorem 4.1, we arrive to Theorem 4.1 obtained by Pauzi and
Darus [11].

5. Applications of differential inequalities

We apply the following result involving differential inequalities with a view to deriving several
further sufficient conditions for starlikeness of the n-fold symmetric function f defined by (1.4)
by using Lemma 2.5.

Let us now consider the following implication:

4

Re((LCEhy o 2y ) oy ar - 2B a2 By

fo(2) fo(2) fo(2) fo(2)
> (1= Dy RE iy 1y onhy adnh, 6.1
G
= Re{( () ¥} >0, z€U (5.2)
and
_ nb gcosln(2—nb),.  nb anb, aAnb

(1 Q)B[f][(l 7)(1—7)— 1 <1, a>0, A>0, BeR; p>1.
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If we put p(z) = {M}“, then (5.2) is equivalent to

fo(2)
a\ 1w 2/ 1 nb. 5
Re{f{P(z)} ey (2) +afp(2) 4 (1= a)p(e)r — (1= )
cosIn(2 — nbd) nb anb,  Aanb
[—— Q-0 - =)+ ——)}>0
= Re(p(z)) >0, zeU. (5.3)
By setting p(z) = u and zp’(z) = v, and letting
O(z) :a—)\ul%v + au?M + (1 - a)u/%—
i
nb. 5 cosln(2 — nb) nb anb,  Aanb
Nl Ve Pt Sl ) — 01— =
(1= Ty 1y onhy  Aanb,
for a > 0 and p > 1, we have O(u,v) is continuous in D = (C\ {0} x C), (1,0) € D and
nb, z.cosln(2 —nb nb anb,  Aanb
Re(O(1,0)) = 1 - (1 - Dy @@RC= by g 1y anby by
Since b In(2 — nb) b b, Aanb
_ nb gcosln(2 —n _nb. . anb an

the condition (i) and (ii) of Lemma 2.5 are satisfied. Moreover, for (iug,v1) € D and v; <

—1(1+u3), we obtain

A 1—p 1—
Re(O(iug, v1)) :%|u2|( #”vl COS(M) + a|u2|% cos(%) +(1- a)|u2\i cos(%)—

2p
(1 - Tyl Z by My anby  deny
<- ‘;‘—2@ + ) fug| sin(%) + aug|* cos(%) + (1 - a)us|* cos(%w
(1 Doy RE by 1y anby | Aanby
which upon putting |us| = ¢ (¢ > 0), yields
Re(O(iug,v1)) < ®(C), (5.4)
where
B() 1= = (14 ¢ T sin(g) + a¢F cos(5) + (1= )¢ os(7) -
nb, 5.cosIn(2 — nb) nb anb,  Aanb
(1—3) [f”(l—?)(l—T)‘f‘ 1 ]. (5.5)

Remark 5.1 If; for some choices of the parameters a, A, g and nb, we find that ®(¢) < 0,
¢ > 0, then we can conclude from (5.4) and Lemma 2.5 that the corresponding implication (5.2)
holds true.

First of all, for the choice: p =1 and nb = 1, we have

Theorem 5.2 If n-fold symmetric function f,, defined by (1.4) and analytic in U with
fo(2)

z

#0, z€U,
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satisfies the following inequality:

2I3(2)\ganig 2002) g NY2/1C) 21y (2)
Re{( 702 )P 702) ([I—a+al-2A) () + a1+ 8 NI >0, (5.6)
then f, € S* for any real « > 0 and A > 0.
Proof For =1 and nb =1, from (5.5) we find that
aA

() == f%(l + 3as?) — é(a —2)(1— ?)“m’ <0, (€R,

which implies Theorem 5.2 in view of the remark. [J
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