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Abstract In this paper, we investigate the bounds of the coefficients of several classes of
meromorphic bi-univalent functions. The results presented in this paper improve or generalize
the recent works of other authors.
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1. Introduction

Let A denote the class of functions of the form:
f2) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk U = {z : |z| < 1}. Further, by S we shall denote the
class of all functions in A which are univalent in U. A function f in S is said to be starlike of
order a (0 < o < 1) in U if and only if Z{zf'(2)/f(2)} > a (z € U;0 < a < 1) and convex of
order o (0 < o< 1) in U if and only if Z{1+ zf"(2)/f(2)} > a (# € U;0 < o < 1). As usual,
we denote these subclasses of S by S*(a) and K(«), respectively.
Mocanu [1] studied linear combinations of the representations of convex and starlike functions
and defined the class of a-convex functions. In [2], it was shown that if
2f'(2) 2f"(2)
Z{(1 - a) 5 +a(l+ 702)

then f is in the class of starlike functions §*(0) for « being a real number and is in the class of

)} >0, z€0,

convex functions K(0) for o > 1.
In [3], it was shown that if
az?f"(2) | 2f'(2)
f(2) f(2)
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then f € §*(0).
Babalola [4] defined the class 25 (8) of A-pseudo-starlike functions of order J as follows:

Definition 1.1 ([4]) Let f € A and suppose that 0 < 3 < 1 and A > 1. Then f(z) € £\(8),

consisting of \-pseudo-starlike functions of order 8 in U if and only if

%(W)>ﬁ, 0<p<1; A>1; zeU.

In particular, Babalola [4] proved that all A-pseudo-starlike functions are Bazilevié¢ of type
1- % and order (8 % and are univalent in open unit disk U.

It is well known that every function f € S has an inverse f~!, which is defined by
FTHf() =2 =2€l,
FUTH W) =w, |wl <ro(fliro(f) 2

In fact, the inverse function f~! is given by

B~

fHw) = w — aw? + (243 — a3)w® — (5a3 — Bagas + ag)w* +--- .

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in U. Let

Y. denote the class of all bi-univalent functions in U given by (1.1).

Definition 1.2 ([5]) A function f € X is said to be in the class S(k,3) if the following

conditions are satisfied:

A(D*f(2)]
D¥f(2)

2[(D*g(w))']*
Dfg(w)
where the function g = =1, D* f(2) = z + Z:z nFa,z".
The class of bi-univalent functions was introduced by Lewin in 1967 in [6] and was showed
that |az| < 1.51. Brannan and Clunie [7] conjectured that |as| < v/2 for f € ¥. Netanyahu [§]

showed that max |az| = 4/3 if f € ¥. Recently, many authors investigated bounds for various

R( )>pB, 0<B<1; A>1; 2€U

and
)>B8, 0<B8<1; A>1, wel

subclasses of analytic bi-univalent functions [9-11].

Let X’ denote the class of meromorphic univalent functions g of the form:
0o bn
= b —, 1.2
g(z) =z + 0+n§1 g (1.2)

which are defined on the domain U* given by U* = {2z : 1 < |2| < 4+00}. Since g is univalent, it

1

has inverse ¢~ = h that satisfies the following conditions:

97 (9(2) =2, zeU,
9(g7 (W) =w, 0<M < |w| < oo,

where b bbb
g (W) = h(w) = w—by — 2 =200 g M < Jw] < 4o, (1.3)
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Analogous to the bi-univalent analytic functions, a function g € ¥/ is said to be meromorphic
bi-univalent if g~ € ¥/. We denote the class of all meromorphic bi-univalent functions by Msy.
Estimates on the coefficients of meromorphic univalent functions were widely investigated in the

literature, for example, Schiffer [12] obtained the estimate |b;| < 2 for meromorphic univalent

2

functions g € ¥’ with |bg| = 0 and Duren gave an elementary proof of the inequality |b,| <
n+1

on the coefficient of meromorphic univalent functions g € ¥ with |by| =0 for 1 <k < 3.

Motivated by the earlier works [13-19], in the present investigation, several subclasses of
meromorphic bi-univalent functions are introduced and estimates for the coefficients |by| and |b;|
of functions in the newly introduced subclasses are obtained.

In order to derive our main results, we shall need the following lemma.

Lemma 1.3 ([20]) Ifp(z) € &, then |c,| < 2 for each n, where & is the family of all functions
p, analytic in U for which #{p(%)} > 0, where

p(z)=1+ciz+c2>+---, 2€U. (1.4)

2. Coefficient estimates

In the sequel, it is assumed that ¢ is an analytic function with positive real part in the unit
disk U, satisfying ¢(0) =1, ¢'(0) > 0, and (U) is symmetric with respect to the real axis. Such

a function has a Taylor series of the form
@(z) =14 Biz+ Baz* + Bgz® + -+, By > 0. (2.1)

Define the functions p and ¢ in & given by

1+ u(2) P1 |, P2
— 1 2y 2
p(2) = u(2) + +Z2 +-
1+v(z) g Q2
_ -1 21 12
a(z) 1—v(2) + +22+
It follows that ()1 ) )
G s _biy o
u(z)_p(z)—Fl Z[z + (P2 2>z2+ )
_a@ -1 _la o ogf 1

Note that for the functions p(z),q(z) € &, we have |p;| < 2 and |g;| < 2 for each i. By a

simple calculation, we have

Bipi |  Bipa By — B 5 1
o 1+ 20 B BBl it (2
Bigg |  Bigz  Ba— B 5 1
- 1 . 2.
o) =1+ 28 (B BB L ke (29

Definition 2.1 A function g(z) € ¥’ given by (1.2) is said to be in the class Ms: (X, p) if the
following conditions are satisfied:
zlg' ()

o(2) <p(z), \>1; zeU", (2.4)
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wlh! (w)]*
h(w)

where the function h is given by (1.3).

< p(w), A>1; weU" (2.5)

The class My (), ¢) includes many earlier class, which are mentioned below:
(1) Ms(X\, (F2)%) =Spa-(@) (A > 1;0 < a < 1) (see [13]);

(2) M(1,(122)%) = Si(a) (0 <o < 1) (see [14]);

(3) My (A, (FG=222)) = £5. (A, 8) (A > 1;0 < B < 1) (see [13));

(4) M (1,(

4 1“1””» S5(8) (0 < B <1) (see [14]).

)

Theorem 2.2 Let g(z) given by (1.2) be in the class Ms: (X, ). Then

BivB
|bo| < min{By, /By + By — By, ———or——}, (2.6)
|B1 +B1 _BQ‘
By
bi| < . 2.7
bl < (2.7)

Proof Let g(z) € My (A, ¢). Then, by Definition 2.1 of meromorphically bi-univalent function
class Msv (A, ¢), the conditions (2.4) and (2.5) can be rewritten as follows:

2[q" (2)1

hﬁg]:www» (2.8)
and y \

s = oo, (2.9

In light of (1.2), (1.3 ) and (2.2)—(2.5), we have
zlg' (2) 1 by N b2 — (1 +M\)by N b — (24 Nbob1 + (1 + 2X)ba 4

g(2) z 22 23
Bipi | Bipa By —Bi 5 1
-1 — ... 2.1
t—, t )t (2.10)
and
wlh (w)]* s bio N b2+ (1+ \)by N b3+ 3(1 4+ N)boby + (1 + 2X\)by N
h(w) w? w3
B B1Q1 Bigz By —DB; 5, 1
=1+ o +( 5 T q) + - (2.11)

Now, equating the coefficients in (2.10) and (2.11), we get

by = %pl, (2.12)
b2 — (1+ \)by = Blng B ;Blpf, (2.13)
bo = %Ch, (2.14)
B2+ (14 \)by = 312‘” + #gf. (2.15)

From (2.12) and (2.14), we get
p1=—aq, (2.16)
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p2 _ Bipi+di)
0 8 N

Applying Lemma 1.3 for the coefficients p; and ¢;, we have
|bo| < Bj.

Adding (2.13) and (2.15), we have

Bi(p2 + g2 By — By
(2 )+ T it

Applying Lemma 1.3 for the coefficients p; and ¢;, we have

lbo| < v/ B1+ |Bz — Byl

Substituting (2.16) and (2.17) into (2.19), we get

2 _ Bi(p2 + q2)
=B B B,

202 =

From (2.16), (2.21) and (2.17), we get

o Bilptae)
0" 4B? + B, — By)

Then, in view of Lemma 1.3, we have

Ibo| < BivB;
~ VI|B? + By — By

Now, from (2.18), (2.20) and (2.23), we get

BivB
|bo| < min{B1,+/B1 + |B2 — B, —— }-

|B% + B; — Bg‘

Substituting (2.12) into (2.13), we get

Bipy | By — By — B} ,
9 + 1 pi-
Applying Lemma 1.3 for the coefficients p; and ps, we have
By + |By — By — Bi|
1+ A '
By subtracting (2.15) from (2.13), in view of (2.16), we have

(14 A)by =

b1] <

B _
—2(1+ \)by = 71(1’22 a)
Applying Lemma 1.3 for the coefficients po and ¢o, we have
B

bl < .
b1] < )

By using the Egs. (2.13) and (2.15), we get

Bi(p3 +4¢3)  Bi(B2 — Bi)
+
4 4
Using Lemma 1.3, we have

(B2 — By)?
16

2(1 4 \)2 = (p2p? + 4247) +

(1+N)2|b3| < B? +2|B1(By — By)| + |(B2 — B1)?| + |bg).

(1 +

601

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

qf) —2b5.  (2.26)
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Substituting (2.12) into (2.26) and using Lemma 1.3, we get

1+ A
Substituting (2.19) into (2.26) and using Lemma 1.3, we get

01| < B +2|B1(B2 — B1)| + [(B2 — B1)?| + Bi. (2.27)

1
o] < 755 /282 + 4181 (B2 — B)| + 2/(B2 — By, (2.28)

Substituting (2.22) into (2.26) and using Lemma 1.3, we get

BY
|(Bf + By — Ba)?|’

1
|b1] SM\/Bf+QB1(Bz—B1)+|(BQ—B1)2|+ (2.29)

Then, from (2.24), (2.25) and (2.27)—(2.29), we have
Bi + |By — B1 — Bf|

. . B 1
] < minf 7= TV BE + 21By(Ba = B+ (B2 — Byl + B,

A 14+ A
—— | B} +2|B1(By — B1)| + |(B2 — B1)?| + By
T+ Ayt |(Bf + B1 — Bs)?|’
1 9 o _ D
T V2B + 4B (B — Byl +20(B2 = B} = 15

This completes the proof of Theorem 2.2. [

Corollary 2.3 Let g(2) given by (1.2) be in the class My (), (3£2)%) = $p z«(a). Then

1—2z
2« 2c
bo| < min{2a, v/4a — 2a2, = , 2.30
|bo| < min{2a«, V4« o \/1—|—oz} Nier ( )
20
|b1] < T (2.31)

Remark 2.4 Recall Srivastava et al. [13, Theorem 2.1] coefficient estimate, |bg| < 2a, |b1| <

2\1/3’\‘2 for functions g(z) € ¥\« (), where the coefficient of |b;| should be |b;| < 2evBor—datd V5i’i;4”‘+4.

The bounds on |by| and |b1] given in (2.30) and (2.31) are more accurate than that given by [13,
Theorem 2.1].

Corollary 2.5 Let g(z) given by (1.2) be in the class Msy (1, (3£2)%) = ¥%,(a). Then

11—z

2 2
bo| < min{2a, V4o — 202, — , 2.32
|bo| < min{2« o o \/1+a} it ( )
[b1] < . (2.33)

Remark 2.6 Recall Halim et al. [14, Theorem 2] coefficient estimate, |bg| < 2q, |b1] < V5a?
for functions g(z) € M/ (1,(1£2)%) = X%,(a), where the coefficient of [b;| should be |by]| <

avba? —4a + 4. Obviously, the bounds on |bg| and |b1| given in (2.32) and (2.33) are more
accurate than that given by [14, Theorem 2].

Corollary 2.7 Let g(z) given by (1.2) be in the class Msy (A, %) = ¥p+(\, B). Then

ol < min{2(1 - ), VAT = B)) ={ oy (239
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and

2(1-5)
I

Remark 2.8 Recall Srivastava et al. [13, Theorem 3.1] coefficient estimate, |bg| < 2(1—23),|b1| <

20-F) A" 86 +5 ”131_//3\2_8/3% for functions g(z) € X« (A, 8), the bounds on |bg| and |b;| given in (2.34) and

(2.35) are more accurate than that given by [13, Theorem 3.1].

b1] < (2.35)

Corollary 2.9 Let g(z) given by (1.2) be in the class My (1, (%)) = ¥%,(8). Then
(lfﬂ)a jf0§ﬂ<la
bo| < min{2(1 — = 2 2.36
ol < min{2(1 — 5), /21— B)} = { S5 heser (2.36)
and

b1 <1-8B. (2.37)

Remark 2.10 Recall Halim et al. [14, Theorem 1] coefficient estimate, |bg| < 2(1 — ), |b1] <

(1-)\/4B8? — 83 + 5 for functions g(z) € My~ (1, (%ﬁfﬁ)z)) = X%,(8). Obviously, the bounds
on |bg| and |by] given in (2.36) and (2.37) are more accurate than that given by [14, Theorem 1].

Definition 2.11 A function g(z) € ¥ given by (1.2) is said to be in the class B(p, p1) if the

following conditions are satisfied:

g<(>) <), 0<u<t; zew,
&xN%?W<wWLO<u<hw€Uﬂ

where the function h is given by (1.3).
The class B(p, 1) includes many earlier class, which are mentioned below:
(1) B((+£2)*,8) = 25(8,a) (0 <a <1;8 > 0) (see [14]);
(2) B2, 8) = Bl f] (0< o <130 < < 1) (see [15)).

By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.12 Let g(z) given by (1.2) be in the class B(p, ). Then

lbo| < min{ -2 \/QBNL?'BQ_B1| s b
= minty C=m0 = " Vu—2(- B+ 2B - Ba)(u— 12|
‘B1 + |B2 _Bl| + (2— N)Bl 1
. 1 2(1—p) 2 _ _ 2
ba] < min{=-, o =V 2BE HAIBU(Bs — B+ 2(Bs ~ B2
| (2 —p)*BY
B} +2|Bi(Bz2 — B)| + (B2 — B1)?| + ; !
2—pu\ 7t (1 = 2)B? +2(B1 — B2) (1 — 1)]?|
1 2B4
ﬂ Bl2+2|Bl(BQ_B1)|+|(B2_Bl)2|+ (4( ) ) }

B

2—u
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Corollary 2.13 Let g(z) given by (1.2) be in the class B((1£2)*, 8) = £Z,(8, ). Then

2a 2a¢ 8a — 4a?

B VIB-2B - Da+T-a)B-1)7 | 2-5)1-5)

|bo| < min{1 I3 (2.38)

2
< —. .
b <575 (2:39)

Remark 2.14 The bounds on |bg| and |b;| given in (2.38) and (2.39) are more accurate than
that given by [14, Theorem 3].

Corollary 2.15 Let g(z) given by (1.2) be in the class B(:£0=20)2 3) — Blq, 3]. Then

1—=z
2v/1—a f < 1
Ibo| < min{2(1 —a) 2vl—a } = Gopep) 10S@<ap (2.40)
oF = 1—8 " /(1 — &3\ — 3 2(1—a) P
and 2(1 )
—
< — " .
il < == (2.41)

Remark 2.16 The bounds on |bg| and |b;| given in (2.40) and (2.41) are more accurate than
that given by [15, Theorem 2].

Definition 2.17 A function g(z) € ¥/ given by (1.2) is said to be in the class MY, () if the
following conditions are satisfied:
29'(2)
(1= p)g(2) + pzg'(2)
wh'(w)
(1 = ph(w) + pwh! (w)
where the function h is given by (1.3).

<e(z), 0<pu<l; zeU”,

<pw), 0<pu<l; welUr,

The class M&, (¢) includes many earlier class, which are mentioned below:
(1) M3 ((32)) = () (0<a<1;0<A<1) (see [16]);

11—z

(2) MY (HEA=202)y — 7 (BA) (0<B<1:0<\<1) (see [16]).

11—z
By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.18 Let g(z) given by (1.2) be in the class M, (¢). Then

. - Bi /Bi+|By— By BB
|b0| Smln{ ) ’ 3 }7
1—p 1—p (1—pw)/IBi = B2 + Bi|

Bi By +|By— B, — B}

1
b1| <mi 2B? +4|B1(By — B 2|(By — B1)?
1] < min{ g, SR, S s\ 2B 1B (B — B+ 2(B — By,
LB 2By (By— By)| + |(Ba— B + By
21—y CY B B - B
1
————\/B? +2|B1(By — By)| + |(Bz — B1)?| + B{
ST VB 2B (B = B (B, ~ B?l + BY)
B,

2(1—p)
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Corollary 2.19 Let g(z) given by (1.2) be in the class M3, ((32)*) = .#,(a, \). Then

1—=z
2 Via — 2a2 2 2
lb| < min{ > YT @ )= a , (2.42)
1I-X 1-X "0-MV/Ifta (1-MVI+a
Q
< . 2.4
bal < (2.43)

Remark 2.20 The bounds on |bg| and |by| given in (2.42) and (2.43) are more accurate than
that given by [16, Theorem 5].

Corollary 2.21 Let g(z) given by (1.2) be in the class Mg,(%) = My(B,\). Then

(1-8) V20-8), ) XD ro<p<
1—X"7 1—A 2(11:5)’ jf%§5<1,

(2.44)

2
|bo] < min{

and

|b1] < % (2.45)

Remark 2.22 The bounds on |by| given in (2.44) are more accurate than that given by [16,
Theorem 10].

Definition 2.23 ([17]) A function g(z) € ¥’ given by (1.2) is said to be in the class ML, (), @
»

if the following conditions are satisfied:

I C N (C N o -
1+7[>\g(2) +1-XN1+ g,(z)) 1] <p(z), veC—-{0}; 0<A<1; z€U",

1, wh'(w) wh' (w) ) ) X
1+;[)\ () +(1=N(1+ h/(w))—1]<g0(w), vyeC—-{0}; 0<A<1; z €U,

where the function h is given by (1.3).
The class MY, (), ) includes many earlier class, which are mentioned below:
(1) M3 (L) = S () (see [17));
(2) Mb(1,) = S (i) (see [17)).
By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.24 Let g(z) given by (1.2) be in the class M, (A, ¢). Then

. B B1+|B,— B B B
|bo| Smln{hl)\ 17\/|7|( 1 |/\ 2 ll)’ 21"V|\/71 1 (2.46)
VAIYBE + A(Bi — By)|
L B vl IA(By — By) — vBj|
< B
_ bl ope N rRT
2|1_2/\| 2Bl +4|B1(BQ B1)|+2|(B2 Bl) |,
2B}

ol
_ M /B2 4 9|By(By — By)| + |(Bs — B1)?| + :
D I 7 N

Iv2|Bi‘} _ B
\2 21— 2]

(2.47)
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Remark 2.25 Recall Murugusundaramoorthy et al. [17, Theorem 2.2] coefficient estimate,
|bo| < M%, 1] < 2@)\ 0 \/32 +2|By(Bs — By)| + |(Bs — By)?| + 2 ‘Bl for functions g(z) €
M, (X, ). We find that the bounds on |by| and |by| given in (2.46) and (2.47) are more accurate
than that given by [17, Theorem 2.2].

Corollary 2.26 Let g(z) given by (1.2) be in the class M, (1, ¢) = S (¢). Then

Bi|v|v By ) (2.48)
VIWB} + By — Bo|

bo| < min{|y|By, \/|’Y|(Bl + |By — By,

|7\Bl

[b1] < (2.49)

Remark 2.27 The bounds on |bg| and |b;| given in (2.48) and (2.49) are more accurate than
that given by [17, Theorem 2.3].

Corollary 2.28 Let g(z) given by (1.2) be in the class ML, (1, ) = Ssv(p). Then

Biv B,
|B? + B; — By

‘b0| S min{Bl, (Bl + |BQ — B]_|7 }, (250)

| < 2L (2.51)

Remark 2.29 The bounds on |bg| and |by| given in (2.50) and (2.51) are more accurate than
that given by [17, Theorem 2.4].

Corollary 2.30 Let g(z) given by (1.2) be in the class M3, (A, (32)%) = My (X, ). Then

1—=
2 4o — 202 2
A A VA7 + A1 - a)]
aly|
. 2.53
| 1| = |1 — 2/\| ( )

Remark 2.31 The bounds on |bg| and |b;| given in (2.52) and (2.53) are more accurate than
that given by [17, Corollary 3.1].

Corollary 2.32 Let g(z) given by (1.2) be in the class M}, (X, (3£2)®) = S5/ (A, «). Then

o <{ V \//\\2044—/\ 1—a)|}’ 254)

(2.55)

|b1] <

11— 2>\|
Remark 2.33 The bounds on |bg| and |by| given in (2.54) and (2.55) are more accurate than
that given by [17, Corollary 3.3].

Corollary 2.34 Let g(z) given by (1.2) be in the class M, (), 1+(1722[3) M, (X, B). Then
2]7[(1-8)

241 =8) [2h(1-2 \/ L 0SB <1 — 2,
1bol < min{ | |()\ )’ | |()\ )}: Jn1=8) il (2.56)
WAG=D i1 - A< g <
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e y[(1 = 5)
~)(1 —
b| < ———~.
Iba] < 11— 2)
Remark 2.35 The bounds on |bg| and |b;| given in (2.56) and (2.57) are more accurate than
that given by [17, Corollary 3.2].

(2.57)

Definition 2.36 A function g(z) € ¥ given by (1.2) is said to be in the class M3, () if the
following conditions are satisfied:

/ 2 11
() |2
9(2) 9'(2)
wh/ (w) n w?h” (w)
h(w) h' (w)
where the function h is given by (1.3).

<p(z), 0<A<1; z€eU”,

< p(w), 0<A<1; welUr,

By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.37 Let g(z) given by (1.2) be in the class M3, (¢). Then

BivB
|b()| Smin{Bl,\/B1+|Bngl|, 1\/71 },

|B? + B, — By
. By Bi+|B.—B —-B} 1
< 2B2 + 4|B{(By — B 2|1(By — B1)?
1] < min{ gy S S 2B B (B — Byl +2(B: — B)?
1
L B2 9By (Bs— B+ |(Bs — B2 + it )
20—N |t ez 2T (B2 + By — By)?|
S 2(1-))°

Corollary 2.38 Ifg(z) given by (1.2) is in the class M@(W), 0<a<l,and0< A<,

then
1

1-— if0 <
|bo| < min{2(1 — ), /2 a)} = 2(1 - a), Osa<s,
20—a), ifi<a<l
and )
-«
< .
bl = T
Corollary 2.39 Let g(z) given by (1.2) be in the class M3, ((32)%) (0 < B < 1;0 < A < 1).
Then 25
bo| < min{28, /458 — 2532, ,
[bo| in{28, V48 — \/14—5 = i
|b1] < LA
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