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Abstract In this paper, we present a general approach to the construction of the Said-type
generalized Ball basis functions. The advantage of our approach lies in the fact that it can be
used to derive the expressions for polynomials of not only odd degrees but also even degrees
in terms of the Said-type generalized Ball basis functions. We then define dual functionals for
the Said-type generalized Ball basis in a very natural manner and bring to light the integral
property of the Said-type generalized Ball basis functions. Last but not least, new polynomial
basis functions are defined which include the Said-type generalized Ball basis functions as their
special case, and the corresponding dual functionals and Marsden-like identity are obtained.
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1. Introduction

Since Ball developed a cubic basis in his lofting surface program Consurf [1,2] in 1974, the Ball
curves and surfaces, as a new method for computer aided geometric design, have aroused more and
more global attention. Said [3] introduced a kind of generalized Ball basis by extending the Ball’s
cubic basis to the general polynomials of arbitrary odd degrees, defined the so-called generalized
Ball curves of higher orders and obtained a recursive algorithm for efficient computation of the
generalized Ball curves. Wang [4] presented another kind of generalized Ball basis by extending
the Ball’s basis to the general polynomials of arbitrary degrees and defined the generalized
Ball curves of higher orders. The generalized Ball basis defined by Said [3] and Wang [4] are
usually called the Said-type generalized Ball basis and the Wang-type generalized Ball basis,
respectively. Goodman and Said [5, 6] investigated some properties of the Said-type generalized
Ball curves and surfaces, including degree raising and lowering properties, approximate degree
lowering properties and shape preserving properties. Hu et al. [7] further extended the Said-type
generalized Ball basis functions to the arbitrary polynomial space by introducing the Said-type

generalized Ball basis in even cases and studied the degree elevation and reduction, recursive
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algorithm, enveloping theorem and Bézier representation of both the Said-type and the Wang-
type generalized Ball curves. Xi [8], and Othman and Goldman [9] independently launched the
study of the dual basis functions for the Said-type generalized Ball basis of odd degrees, and
Ding et al. [10] further worked out the dual basis for the Said-type generalized Ball basis of
even degrees. As we know, the Hermite two-point Taylor interpolation method, as suggested
by Said in [3], can be used to construct the Said-type generalized Ball basis polynomials of
odd degrees, but fails for one to obtain the generalized Ball basis polynomials of even degrees.
Our purpose in this paper is to present a new approach to the unified construction of the Said-
type generalized Ball basis of both odd degrees and even degrees, which will be helpful and of
enlightenment to study the generalized Ball surfaces on a triangular domain. As a by-product,
we define the dual functionals in a very natural and easy manner, which seems to be a hard job
in Xi’s paper [8] and in the paper by Ding et al. [10]. We work out the integral property of the
Said-type generalized Ball basis functions and point out the difference between Bézier basis and
the Said-type generalized Ball basis in this respect. Last but not least, a new kind of polynomial
basis functions are defined by extending the two-point based Said-type generalized Ball basis to
multiple-point based ones which include the Said-type generalized Ball basis functions as their

special case, and obtain the corresponding dual functionals and Marsden-like identity.

2. Said-type generalized Ball basis

Othman and Goldman [9] gave an expression for polynomial p(t) of degree 2m+1 in terms of
the Said-type generalized Ball basis, which is based on the Hermite two-point Taylor interpolation
[3]. In this section we derive slightly different expressions for polynomial p(t) of degree 2m + 1

and degree 2m, respectively by a new approach.

Proposition 2.1 For any polynomial p(t) of degree 2m + 1, there holds

=3 [ (7R L)+

=0 k=0
S0 3 (" ). (21)
1=0 k=0

Proof It is easy to show that the 2m + 2 polynomials {t!(1 —¢)™*1}™ - and {(1 —¢t)itm+1}m
are linearly independent and therefore form a basis for the space Ps,,+1 of all polynomials of

degree 2m + 1. For p(t) € Psy,y1, there exist a;,b;,i =0,1,...,m such that

= ait'(1—t)" T 4 Z bi(1 — )it (2.2)
=0

In order to find out the coefficients a;¢ = 0,1,...,m, we rewrite the above expression as

follows

(1 _ t) m+1) Za tz —(m+1) Z b tm+1
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from which we see for k =0,1,...,m.
k
o= =0 0les = 53 (7) 00
B Zk: mAk=1\1 g
= ( - ) P (0).
1=0
To find out the coefficients b; i = 0,1,...,m, we rewrite (2.2) as follows

m

t= (m+1) — ¢~ (m+1) Z a; tz _ t)m+1 + Z bi(1— t)i.

Differentiating the above expression k times at ¢ = 1, one gets for k =0,1,...,m

SR dE
e = S Lm0y

ke & m —1)!
:(kll) Z(ID( +rr]:! DL 1)1y
=0
2

"imt k=1 (—1)
(")

Consequently

=S 3 () o)«

k=0
iz:(l — pyigm! [;0 (m +ni— k) %p(k)(l)}.

Proposition 2.1 is proved. [J

In particular, if one sets p(t) = 1 in (2.1), then one obtains

Em: (m;: Z) (-t 4 i <mn:r z) (L—t)tmt =1 (2.3)

i=0 i=0
Now let
BEMHN(E) = (ML — )™, 0<i<my o)
4 ‘ 24
Bomii—a(t) = (M)A =™ 0<i<m,
which is the very Said-type generalized Ball basis defined in [5,6], then the identical relation
(2.3) now turns out to be nothing but the property of partition of unity for Said-type generalized

Ball basis {871 (¢)}275F! and expression (2.1) can now be rewritten as

=S (5 () ol

=0

Zﬁ%ﬁ?ﬂ i (mﬂj l>_1[z (m +ni_k)( k,,) PO (). (2.5)

k=0
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In particular, if one sets p(t) = (¢t — z)", then

p(kk)!(t) _ (;) (t — )"

and by (2.5) we have for 0 <r <2m+1

m+i—k\ (r
t _ LL’ Zﬂ2m+1 [Z(_l)r—k ( (Tn_g_y))(k) l,r—k:| +
k=0 m

S st S Ca o] 20
k=0 m

This is the Marsden’s identity given in [9]. If one sets z = 0 in (2.6), then we obtain for 0 < r < m

Z 52m+1 <’ITL + Z) - (m 4;:; N T) +
N -1 i ‘
Zﬁézﬁii (™ (" e ()
k=0
N -1 .
:Zﬁfmﬂ(t)(mri—z) (m—i—ni—r)_i_
N —1 .
Zﬂilﬁﬂ N (mn:r z) <m +Z 7"> 27)

where the combinatorial identical relation

(e (-2 ()0

k=0

isused. If m < r < 2m + 1, then we have

=o' ) S (e ()

k=0
m AN —1 .
2m1 m—+1 m-+1—r
—Zﬂzlﬁiu ( m ) ( ; ) (2:8)
(2.7) and (2.8) are the Marsden’s identities developed by Xi in [8].
Similarly we can get

Proposition 2.2 For any polynomial p(t) of degree 2m, it can be expressed as

p(t) :7521 #i(1— ¢)mHt [zz: (m —|—nil— k) %p(k) (0)} +

=0 k=0
72:)1(1 _ )it [;0 (m +Wilf k) %p(k)(l)} i
(- mY (an; ’”") =9 0)] (2.9)
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613
or
m—1 i
+i—k\1
— tl 1_tm+1[ m 7(k)0:|
Zz; 0 o P ()] +
m—1

m kP (1)}—1—
k=0
ra=oe [ (7, ) S

(2.10)
This is the Said-type generalized Ball basis in even cases extended by Hu et al in [7]. Now

the identical relation (2.9) turns out to be the property of partition of unity for even Said-type
generalized Ball basis {52™ (1)

and expressions (2.9) and (2.10) can now be rewritten as

=Sao(") (e ol

Saol) EEH LA e
k=0
() —2163’”@) (") [_ (") o)
Zﬁzm 1 (m”>_l[ i (" SR, (212
k=0
In particular, if one sets p(t) b

(t — )", then by (2.11) and (2.12) for 0 < r < 2m we have the
following Marsden’s identity

m

(1o =3 st [Z D

m+i—k\ (r
( m (k:) rfkr:|+
k=0

r—k ) T

(")

7 m-+ti—k\ (T

Zﬂgmz )| <1>’“((7n+3)(’f)<1—x>”“} (2.13)
k=0 m

(t _ x)r _ Z ﬂzm(t)[ (_l)rfk (mtviik) (T) r—k

ey

Zﬁzm 0]

o

N

i m4i—k\ (T
( 1)k ( n:nJr) (k) (1 o I)Tﬁk].
= (")

m

(2.14)

3. Dual functionals of Said-type generalized Ball basis

In this section, we focus on how to construct the dual functionals for Said-type generalized
Ball basis functions. Although the dual basis was discussed in |
tive and natural.

—10], our approach is construc-
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Proposition 3.1 The dual functionals for the Said-type generalized Ball basis functions Bizmﬂ (t)

are given by

M = () Sheg (M AIO0), i=0,1,..,m; (31)
Nomirif = () i (M SO, =01 m, '
Proof By (2.5) we have

2m+1 Zﬁzmﬂ 152m+1 Jrzﬂggﬂ () Az 152m+1(t). (3.2)
From the independence of {57! (¢)}776H it follows

1,
)\iﬁ?mH =05 = {

0, fori#j.

for ¢ = j;

This completes the proof of Proposition 3.1. O
Similarly by using (2.14) and (3.1) one can work out the following proposition concerning

the even case.

Proposition 3.2 The dual functionals for the Said-type generalized Ball basis functions 32™ (t)

are given by

N —1 2 .
wif = (mnfz) > (m+,;_k) L), i=0.1.m
k=0 ' (3.3)

- N
N2mif2<m+l> (mﬂ k)(k,)f(’“)(l), i=0,1,....,m—1
or

N :

m -+ m+i—k\1 .
o E — =0,1,...,m—1,
l/l/lf ( m ) ( m )k!f (0)7 ? 07 ) 7m )

k=0

. 1 .
/i2mif:(mw—:l) Z(m:i_k)(_kl!)kf“ﬂ(l), i=0,1,...,m.

k=0

4. Integral property of Said-type generalized Ball basis

For the Bézier basis functions

B (t) = (?) #i(1 — )

there is a well known integral formula
B Vi=0,1,...,n.
n+1’
This formula shows that the Bézier basis functions are uniformly distributed on the interval [0, 1],
or in other words, each of the n + 1 basis functions has the same moment. However, this is not

the case for the Said-type generalized Ball basis functions.

Proposition 4.1 For the Said-type generalized Ball basis functions 32™ V! (t) defined in (2.4)
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there holds

1
il = [ gamt] = mE i =0,1,... 11
/ ﬁ / /82m+1 1, (m+l+1)(m+l+2), 1 P 7m7 ( )

and for the Said-type generalized Ball basis functions B2™(t) defined in (2.13) there holds

m+1

2m — ) — _
/5 )dt = /52m, R CETER et i=0,1,...,m—1, (4.2)

and

! 1
| emon= o (43)

Proof Making use of the definition of the beta functions and the relation between beta functions

and gamma functions, we have

! m ! m +1 1i m
Aﬁ?“wwzéﬂaﬂ4ww=CZj)Atu—w+w
_(m+i ! il _<m+i> ,

_( )/0(1 )T de = m B(i+1,m+2)

m
C(m+)ITE+1)C(m+2)  (m+d)! il(m+1)!
 omlil T(m+i+3) mlil (m+i+2)!
m+1

= , 1=0,1,...,m.
(m+i+1)(m+i+2)

Similarly one can prove (4.2) and (4.3). Proposition 4.1 is proved. OJ

Clearly the Said-type generalized Ball basis functions neither in odd cases nor in even cases
are uniformly distributed on the interval [0, 1]. Their moments are symmetric and decrease with
increasing index i. A2 F1(¢) and 821" (t) have the minimum moment 1/(4m+2) while B2 | (¢)

m

and (27 | (t) share the minimum moment (m + 1)/[m(4m + 2)]. It is easy to get

1
S [ a3 [,
1

EZ/ﬁm t)d = §:06%4m&:%ﬁl

=0

which implies that the total moments of the Said-type generalized Ball basis functions in both

odd and even cases sum up to the unit one.

5. New polynomial basis functions

In this section, we define a new kind of polynomial basis functions based on divided d-
ifferences, which include the Said-type generalized Ball basis functions as their special case.
As we know, the divided differences [11] of a bivariate function f(z,y) at the grid of points
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{z1,29,. .., 20} X {y1,92,...,ys} are defined as follows

flziyl = f(z,y),
flzsye] — flz;p1]

flosy, 2] =
Y2 — Y1
Iy, Ys—2.9s] — flosyn, o Ys—1]
m; ) AR | ] = )
flzy1, y2 Ys| e — Yo
To3y| — flzi;
fle, zo3y] = flwsiy) = flon y]7
T2 — X1
Flon .. zmy] = fler, - wr g, eyl = flo, e ;y)
) b) b T z/r_x/r_l bl
f[wl Tri Y1 y]:f[xlw"wr'r‘;ylw"7y372,y8]_f[xla"wx'r;ylw"aysfl]
) b T 9 b S ys_ys_l
_ flzr, ooy e, ey yty oy Ys) — flT1y oo s Tre13 Y1, - -+ 5 Us)
Ty — Tr—1 .

Proposition 5.1 Suppose that p(t) is a polynomial of degree 2m+1. Then p(t) can be expressed

as

m 7 m+1 1+1

p(t):ZH(tfuj H Zpul, c R Uk, e Wik 130T, e U1 ]

i=0 j=1 j=1

m 7 m—+1 7+1

ZH(t_vj H t_uj vala"‘v [Uk,...,UZ‘+1;’U/1,...,Um+1],

i=0 j=1 j=1
where u; # v; for i =0,1,...,m; 7 =0,1,...,m, ¢(z,y) = 1/(x —y), and plus, ..., ux] denotes
the divided difference of p(t) at points uy, . .., ux while qlug, ..., uj+1;v1, .- ., Um+1] stands for the
divided difference of bivariate function q(z,y) at grid of points {ug, ..., ui+1} X {V1,. .., Umt1}-

Proof It is easy to verify that {Hj.:l(t —uy) HT:ll(t —v) ™, {H;zl(t —v;) H;’:ﬁl (t—uj)}m,
are the basis functions of the polynomial space Ps,,11 of degree 2m + 1, which means that there

exist a;,b;,1 = 0,1,...,m such that
m 7 m—+1 m 7 m—+1
S 1) T+ 30 T =0 Tl - )
=0 j=1 j=1 =0 j=1 Jj=1
Therefore
p(t)
a; = ( 1 )[ula 7u’i+1]
H;nzl (t—v;)
i+1 1
=3 bl s b (ks - 1]
2::1 H;n:1 (t—v;)
i+1
= Zp[ul,...,uk}q[uk,...,ui_H;vl,...,vm_H]
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and o
o pt o
B TATETS L
i+1 1
:ZP[U1»~-~,Uk](m+17)[vkwwvi+1]

k=1 Hj:l (t — uy)
1
= Zp[vlv cey Uk]Q[Uka sy Uil UL, - 7Um+1]~
k=1
Substituting the above a;, b; into the expression of p(t), one gets

m+1 i+1

:ZH(t —Uj) H (t—vj)Zp[ul,...,uk]q[uk,...,ui+1;vl,...,
k=1

i=0 j=1 j=1
m+1 i+1

ZH(t—vj) H (t—uj)Zp[vl,...,vk]q[vk,.‘.,viH;ul,...,
k=1

i=0 j=1 j=1
as asserted. [J

Let p(t) = 1. Then we have by Proposition 5.1

m 1 m—+1
Zq ULy e ooy Uik 15Uy« oy U] H(t —uj) H (t—vj)+
1=0 j=1 Jj=1

i m+1

m
ZqU17~'~7Ui+1;u1a~'~7um+1]H(t_vj) H(t_uj) =
=0

j=1 j=1
Set for: =0,1,...,m

Um+1]+

uerl]

i m+1
ﬂ?m+1(t;u; U) = C][Uh cees U413V, - ,’Um+1] H(t - u]) H (t - v])
j=1 j=1
and
m+1

2m+1
ﬁzxil S v) = qlur, U U U] H t— ;) H (t — uy).
i=1 Jj=1

Then every p(t) in Py,,11 can be expressed in terms of the basis functions {82 (t;u,v)}

i+1

Uy oo yUitr1,V15...,0 1
ZBZm—Htuvzq 5 s Wi+1, V1, 7m+]p[u1"”
u17

-an+1;U17---,Um+1}

1+1

2m+1 qvka . ,’Ui+1§ul,~--,um+1]
Zﬂzm-ﬂ it Z alon plvg, ...
— ’

7'UZ‘+]_;U1, ... 7um+1]

Now we define the following linear functionals

i+1

ULy ooy Ug s U1,...,0 .
Nif = Zq Rorty Sl bt et e, i= 0,1,
u17 .,Ui+1,U17...,Um+1]

1+1

qVky -y Vit UL, - e U1 .
Aomy1—if = Z U7 P D T flog, e vk], i=0,1,...,m
)

Loy Vig 13 ULy - oy U g1

auk]+

7vk]-

617

2m—+1
=0
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Then

p(t) = S Ap) B (t,0) + 3 amr—p) BI85, )
=0 =0

and the independence of {82 (t;u,v)}275 implies
NiBFH (G u,v) = 8y, 0,5 =0,1,...,2m+ L.

Therefore \; f, i = 0,1,...,2m + 1, are the dual functionals with respect to the basis functions

{ﬁfmﬂ (t;u, v)}?foﬂ. In order to derive the dual functionals in even cases, we need the following
lemma.

Lemma 5.2 For p(t) € Py, and q(z,y) = 1/(z — y), there holds

m—+1
plut, . urlqlu, -« oy Umt1; U1y - - s Umpd ]
k=1
m+1
= — Z Plot, - VR]Q[VE, -« V13 ULy - ey U1 -
k=1

Proof It suffices to prove that Lemma 5.2 is valid for p(t) = [[_, (t — u;) for 0 <n < m and
p(t) = H;nztl(t —u;) [Tj=, (t = vj) for 0 <n <m — 1. From

m—+1
Z P, - UE]Q[VE, - - - s Vg 15U, « v U]
k=1
p(t)
:( 1 )[Ula"'vvm+l,
HT:1 (t —uy)
it follows for p(t) = [[j_,(t — u;) for 0 <n <m
m+1
Z o1, - VE]Q[VE, - - o V15U« vy U]
k=1
() |
= ()1, U1
H;n:nﬂ(t*uj)
= q[Ulv oy Um413Un41, - 7um+1]
and
m—+1
Z plut, - uk)q[Ur, - -y U151, - - Ut
k=1
= p[u:l? L] ,un—&-l]Q[un-i-la L] ,Um+1;?}1, o.. ;vm—i-l]
= _Q[Uh ce ey Um15 Un41, - - aunH-l]a

since q(z,y) = —q(y, x).
Therefore Lemma 5.2 holds true for p(t) = [[;_, (t —u;), 0 < n < m. Since p(t) = HT:ll(t -
uj) [Tj= (t —v;) for 0 <n < m—1, we have plus, ..., ug] =0, k =1,2,...,m+1, which leads to
m—+1

Z plut, - uklgug, - o Umt1; 01, -« o Umt1] = 0.
k=1
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In this case, we also have

m+1
Z v, - VE]Q[VE, - - - s Vg 15U, - v U]

o1 Vma]

TS -y
= (H(t— Uj))[vl,...,vm+1] =0.

As aresult, Lemma 5.2 also holds true for p(t) = H?Zl(t—uj) H?Zl(t—vj) for0 <n <m-1.

This completes the proof of Lemma 5.2. O

Proposition 5.3 For p(t) € Pay, and g(x,y) = 1/(x — y) there holds

m—1 1 m—+1 1+1
H (t —uj) H (t —wvj) Zp[ul, o uglqug, - Wi 01, e U1 ]
i=0 j=1 j=1 k=1
m—1 1 m+1 i+1
Z (t—wvy) H (t —uj) val,... lalvk, -« -y viz1; 01, o U ]+
i=0 j=1 j=1
m m—+1
H(t — ;) (t — ;) (Umt1 — Vm1) Z plut, . urlqun, o U1V, - U]
j=1 k=1
Proof By Proposition 5.1 and Lemma 5.2
m—1 1 m—+1 1+1
H t—uy) H (t—vy) ZP[Uh e UG, - U130 s U
=0 j=1 Jj=1 k=1
m—1 1 m+1 i+1
Z H (t —vy) H (t —uy) Zp[vl, e VR VR, e Ui UL e U1 ]
=0 j=1 j=1 k=
m m+1
H(t —uj)(t —v;)((t — V1) Z plut, .y uklgug, ooy Um1; V1, -y U1 ]+
j=1 k=1
m—+1
(t - um+1) Z p[vla e 7/l)k]q[vk7 ey Um1, ULy - e ey um+1D
k=1
m—1 1 m+1 i+1
:Z (t —uj) H (t—wvj) ZPU17-~7 quky ooy Uig 15301, Ut ]+
i=0 j=1 j=1
m—1 1 m+1 i+1
Z (t —vy) H t—uy) val,..., q[Vky -y Vig13 UL, -y U1 ]+
i=0 j=1 j=1
m m—+1
H(t - U])(t - Uj)(um-‘rl - Um-i—l) Z p[ula s 7uk]q[uk7 s Um15 01, - -4 Um-‘rl]-
j=1 k=1

Proposition 5.3 is proved. [
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Let
7 m—+1
BI™ (t; u, v) :Q[Uh---,Ui+1;U17---7Um+1]H(t*uj) H(tfvj), 0<i<m-—1,
j=1 j=1
7 m+1
SZLL ;(tu,v) —q[vl,...,viﬂ;ul,...,umﬂ]H(t—vj) H(t—uj), 0<i<m-—1,
j=1 j=1
m
ﬁ?nm(t;ua U) = (um+1 —’l)erl)q[Uh...,Um+1;?}1,...,1)m+1 H t_uj t_vj)
Then p(t) can be expressed as the linear combination of 32" (t;u,v), i =0,1,...,2m
m—1 —+1 [’U, w v v ]
ZBQm t u, v Z [ Ky Z--‘rl-y 15---5Ym+1 p[Uh...,U]g]“r
e 1qU1, .,U2+1,'U1,...,'Um+1]
= [k, - Vi1 U U +1]
ﬁ tuv PR B b AR | m p’U7._.)’Uk+
Z 2m= l );Q['Ula'~-;vi+1;u1,'~';um+1} [1 ]
R s Uy 13015 U]
B2 (s u, v P M Pt M UL, ..., U
m )kz::l q[ul,...,um+1;v1,...,v,ﬂ+1]p[ b )

Now we define the following linear functionals

i+1 .
Aif = Zquk’””uH_l’vl""7vm+1]f[u1,...,uk], i=0,1,...,m,
U17 -7Ui+1;v17'-'7vm+1]
gl Vit1; U Um+1)
Nom—if = Zq ky ooy Uitl; ULy .oy Umt1 Flon, oo, i=0,1,... m—1.
vlu"'7vi+1;u17"'7um+1]
Then
m m—1
p(t) = Z(Alp)ﬂf t u, ’U + Z >‘2m P ﬂZm z(t u ’U)
1=0 1=0
From
m m—1
B?m(t;u,v) = Z( 62’”(15 u, v))BE™ (t;u,v) + Z Aom— 1,6’ (t;u,v)) B3 (t;u,v)
=0 1=0

and the independence of {B2™ (t;u,v)}2™, it follows
X7 (tu,v) =65, 0,5 =0,1,...,2m.

Therefore A;f, ¢ = 0,1,...,2m, are the dual functionals with respect to the basis functions
{827 (10, ) 27 Notice

0, k>r+1;
Sk (uj )" E<r+1,

J=1 (uy—ua)-(ug—uj—1) (uy —u 1) (uj —ug)?

(' —x)r[ul,...,uk] = {
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we obtain the following Marsden-like identity

m min{r+1,i+1}

(t—x)T:Zﬁferl(t;u,v) Z q[uk7-~'7ui+1;vlv"'7vm+1]_

—~ = quty - Ui 1301, - ey Vg1 ]

k

(uj —z)"
Z(u,_ul)...(u,_ +

= (y i~ wj—1)(uj — ujyn) - (g — ug)

min{r+1,i+1}

m

ViyoooyU; ULy e oo U
Zﬁgmi%il(mu’v) Z q[ ks s Ui4-1, UL, 5 m-‘rl].
=0

=1 q[vl,...,viﬂ;ul,...,umﬂ]

zk: (v —x)"
= (g =) (05 = 0-) (v =) - (05— vk)
Denote by I(ug,...,u) the smallest interval that contains wq, ..., u,. Then making use of

the relation between divided differences and derivatives, one gets

(k=1 (¢,
p[Uh...,U/k] = p(k_gé;;)a Ek S I(“lw"a”k)a

(k—1)
p['l/l,...,’l}k} = p(/{_(l?;]:)a Mk € I('l/l,...,’l}k),

1 az’—k+m+1

qug, - Uir 1301, Ut =0k Dl 9 gy q(&k.ism)

m m+i—k+1 (i
ey (M g gk

and
m+i—k+1

m

q['l}k, N ,’Ui+1; Uy ,’LLerl] = (_1)m+1 < ) (5 - TIk,i)i(m+i7k+2)a

where &p; € I(ug,...,uit1),n € I(v1, ..., 0my1),€ € T(ur,..., Umt1),Mk,i € T(Vg, .., vig1).
Therefore for p(t) € Papyy1, we have

ST o L fmi - k) ) .
p0) =Y TT—u) [T -0 X ("7 ) g g meisens
=0 :

. . m
j=1 Jj=1 k=0

m 7 m—+1 7 m i— 1\ (k) ‘
Z (v; —1) H (t — uy) Z < + k) w(nkﬂd _ f)*(m+sz+1).

=0 j=1 J=1 k=0
In the particular case when w1 = ug = -+ = U471 = 0,91 = v = -+ = vp41 = 1, the above

expression turns out to be

o i — (k)

p(t) Zﬁ(lt)m“Z( +m k>p k,(O)Jr
i=0 k=0 )
Z(l o t)zthrl Z < +m k) ( 1) ]g (1)
i=0 k=0 ’

which is the very expression in Proposition 2.1.
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6. Conclusion

We first present a new approach to the unified construction of Said-type generalized Ball
basis of both odd degrees and even degrees. The advantage of our approach is based on the
fact that it can be used to derive the expressions for polynomials of not only odd degrees but
also even degrees in terms of the Said-type generalized Ball basis functions. We then define the
dual functionals for the Said-type generalized Ball basis in a very natural manner and bring
to light the integral property of the Said-type generalized Ball basis functions. Last we extend
the Said-type generalized Ball basis functions to multi-point case by defining new polynomial
basis functions, which include Said-type generalized Ball basis functions as their special case,
and the corresponding dual functionals and Marsden-like identity are obtained. Our future work
will be focused on exploring the applications of the new polynomial basis functions in numerical

approximation and geometric modeling.
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