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Abstract Let SH be the class of functions f = h + ḡ that are harmonic univalent and sense-

preserving in the open unit disk U = {z ∈ C : |z| < 1} for which f(0) = f ′(0) − 1 = 0. In

the present paper, we introduce some new subclasses of SH consisting of univalent and sense-

preserving functions defined by convolution and subordination. Sufficient coefficient conditions,

distortion bounds, extreme points and convolution properties for functions of these classes are

obtained. Also, we discuss the radii of starlikeness and convexity.
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1. Introduction and preliminaries

A complex valued harmonic function f in a simply connected domain D ⊂ C has the canonica

representation f = h+g, where h and g are analytic in D and g(z0) = 0 for some prescribed point

z0 ∈ D. A necessary and sufficient condition for f to be locally univalent and sense preserving

in D is that |h′(z)| > |g′(z)| in D (see [1]; also see [2–5]).

Denote by SH the class of univalent and harmonic functions f that are sense preserving in

U = {z ∈ C : |z| < 1} and have the form

f = h+ g, (1.1)

where

h(z) = z +
∞∑
k=2

akz
k and g(z) =

∞∑
k=1

bkz
k, |b1| < 1. (1.2)

In [2–6], many authors further investigated various subclasses of SH and obtained some

important results.

For 0 ≤ β < 1, we let S∗
H(β) and Sc

H(β), respectively, denote the subclasses of SH consisting

of harmonic starlike and harmonic convex functions of order β, that is [2]

f ∈ S∗
H(β) ⇐⇒ ∂

∂θ

(
arg f(reiθ)

)
> β, 0 ≤ θ < 2π, |z| = r < 1
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and

f ∈ Sc
H(β) ⇐⇒ ∂

∂θ

(
arg

∂

∂θ
f(reiθ)

)
> β, 0 ≤ θ < 2π, |z| = r < 1.

We say that an analytic function f : U → C is subordinate to an analytic function g : U → C,
and write f(z) ≺ g(z), if there exists a complex value function ω which maps U into itself with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U), such that f(z) = g(ω(z)) (z ∈ U). Furthermore, if the function

g is univalent in U, then we have the following equivalence [7]:

f(z) ≺ g(z) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

More recently, various differential and integral operators for harmonic functions have been

studied by Jahangiri et al. [8], Cotirla [9], El-Ashwah and Aouf [10], Yalçin and Altinkaya [11]

and by using convolution, some subclasses of harmonic functions have been studied by Ahuja [12],

Ali et al. [13], Nagpal and Ravichandran [14], Li et al. [15, 16] and Çakmak et al. [17].

Let F be fixed harmonic function given by

F = H(z) +G(z) = z +
∞∑
k=2

Akz
k +

∞∑
k=1

Bkzk, |B1| < 1. (1.3)

We define the convolution (or Hadamard product) of F and f by

(F ∗ f)(z) := z +

∞∑
k=2

akAkz
k +

∞∑
k=1

bkBkzk = (f ∗ F )(z). (1.4)

Also, we denote by TH the class of harmonic functions f(z) and

f(z) = h(z) + g(z) = z −
∞∑
k=2

|ak|zk +

∞∑
k=1

|bk|zk. (1.5)

Now we introduce the following two classes.

Definition 1.1 Let the function f ∈ SH of the form (1.1), and i, j ∈ {0, 1}, A,B ∈ R;

−1 ≤ B < A ≤ 1. The function f(z) ∈ SH(ϕi, ψj ;A,B) if and only if

(f ∗ ϕi)(z)
(f ∗ ψj)(z)

≺ 1 +Az

1 +Bz
, (1.6)

also, the function f(z) ∈ KH(ϕi, ψj ;A,B) if and only if

(f ∗ ϕi)′(z)
(f ∗ ψj)′(z)

≺ 1 +Az

1 +Bz
, (1.7)

where z = reiθ, f ′(z) = ∂
∂θf(re

iθ), 0 ≤ θ < 2π and

ϕi(z) = z +
∞∑
k=2

pkz
k + (−1)i

∞∑
k=1

qkz
k, ψj(z) = z +

∞∑
k=2

ukz
k + (−1)j

∞∑
k=1

vkz
k (1.8)

for pk ≥ uk ≥ 0, qk ≥ vk ≥ 0, k ≥ 2.

We let

SH(ϕi, ψj ;A,B) = TH
∩
SH(ϕi, ψj ;A,B)
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and

KH(ϕi, ψj ;A,B) = TH
∩
KH(ϕi, ψj ;A,B).

The set classes SH(ϕi, ψj ;A,B) and SH(ϕi, ψj ;A,B) are comprehensive family that contains

several previously studied subclasses of TH :

SH

( z + z2

(1− z)3
+

z + z2

(1− z)3
,

z

(1− z)2
− z

(1− z)2
; 1− 2β,−1

)
= KH(β) =

{
f ∈ H : ℜ

(
1 +

zf ′′(z)

f ′(z)

)
> β

}
(see [3]);

SH(ϕi, ψj ; 1− 2β,−1)

= T H(ϕi, ψj ;β) =
{
f ∈ H : ℜ (f ∗ ϕi)(z)

(f ∗ ψj)(z)
> β, 0 ≤ β < 1

}
(see [14]);

SH

( z

(1− z)2
− z

(1− z)2
,

z

1− z
− z

1− z
; 1− 2β,−1

)
= SH(β) =

{
f ∈ H : ℜzf

′(z)

f(z)
> β

}
(see [4, 18]).

Making use of the techniques and methods used by the paper [19], in this paper, we find

sufficient coefficient conditions, distortion bounds, extreme points, convolution and radii of star-

likeness and convexity for the above-defined class SH(ϕi, ψj ;A,B).

2. Basic properties

Firstly, we give the sufficient coefficient conditions for functions of these classes.

Theorem 2.1 Let f = h + g be such that h and g are given by (1.2). Also, suppose that

A,B ∈ R and −1 ≤ B < A ≤ 1. If

∞∑
k=2

λk|ak|+
∞∑
k=1

µk|bk| ≤ 1, (2.1)

where {
k ≤ λk = (1−B)pk−(1−A)uk

A−B , k ≥ 2;

k ≤ µk = (1−B)qk−(−1)j−i(1−A)vk

A−B , k ≥ 1,
(2.2)

then f(z) is sense-preserving harmonic univalent in U and f ∈ SH(ϕi, ψj ;A,B).

Proof If z1 ̸= z2, then∣∣f(z1)− f(z2)

h(z1)− h(z2)

∣∣ ≥ 1−
∣∣ g(z1)− g(z2)

h(z1)− h(z2)

∣∣
= 1−

∣∣ ∑∞
k=1 |bk|(zk1 − zk2 )

(z1 − z2) +
∑∞

k=2 |ak|(zk1 − zk2 )

∣∣
> 1−

∑∞
k=1 k|bk|

1−
∑∞

k=2 k|ak|

≥ 1−
∑∞

k=1 µk|bk|
1−

∑∞
k=2 λk|ak|

≥ 0,
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which proves univalent. Note that f is sense-preserving harmonic in U. This is because

|h′(z)| ≥ 1−
∞∑
k=1

k|bk||z|k−1 > 1−
∞∑
k=1

µk|bk|

≥
∞∑
k=1

µk|bk| >
∞∑
k=2

k|ak||z|k−1 ≥ |g′(z)|.

We first show that if the inequality (2.1) holds for the coefficients of f = h+ g, then the required

condition (1.6) is satisfied. The function f ∈ SH(ϕi, ψj ;A,B) if and only if there exists an

analytic function ω(z), ω(0) = 0, |ω(z)| < 1(z ∈ U) such that

F (z)

G(z)
=

1 +Aω(z)

1 +Bω(z)
, ϕ ∈ R, z ∈ U,

where

F (z) = (f ∗ ϕi)(z) = z −
∞∑
k=2

|ak|pkzk + (−1)i
∞∑
k=1

|bk|qkzk

and

G(z) = (f ∗ ψj)(z) = z −
∞∑
k=2

|ak|ukzk + (−1)j
∞∑
k=1

|bk|vkzk,

or equivalently ∣∣ F (z)−G(z)

AG(z)−BF (z)

∣∣ < 1 (z ∈ U), (2.3)

it suffices to show that

|AG(z)−BF (z)| − |F (z)−G(z)| > 0. (2.4)

Therefore, we get

|AG(z)−BF (z)| − |F (z)−G(z)|

=
∣∣∣(A−B)z −

∞∑
k=2

(Auk −Bpk)akz
k + (−1)i

∞∑
k=1

((−1)j−iAvk −Bqk)bkzk
∣∣∣−

∣∣∣− ∞∑
k=2

(pk − uk)akz
k + (−1)i

∞∑
k=1

(qk − (−1)j−ivk)bkzk
∣∣∣

≥ (A−B)|z| −
∞∑
k=2

(Auk −Bpk)|ak||z|k −
∞∑
k=1

((−1)j−iAvk −Bqk)|bk||z|k−

∞∑
k=2

(pk − uk)|ak||z|k −
∞∑
k=1

(qk − (−1)j−ivk)|bk||z|k

= (A−B)|z|
[
1−

∞∑
k=2

λk|ak||z|k−1 −
∞∑
k=1

µk|bk||z|k−1
]

> (A−B)|z|
[
1−

∞∑
k=2

λk|ak| −
∞∑
k=1

µk|bk|
]
≥ 0.

By hypothesis the last expression is nonnegative. Thus the proof is completed. �
Using the same method as Theorem 2.1, we can get
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Theorem 2.2 Let f = h + g be such that h and g are given by (1.2). Also, suppose that

A,B ∈ R and −1 ≤ B < A ≤ 1. If

∞∑
k=2

kλk|ak|+
∞∑
k=1

kµk|bk| ≤ 1, (2.5)

where λk and µk are defined by (2.2). Then f(z) is sense-preserving harmonic univalent in U
and f ∈ KH(ϕi, ψj ;A,B).

Theorem 2.3 Let f = h + g be given by (1.5). Then f ∈ SH(ϕi, ψj ;A,B) if and only if the

condition (2.1) holds true.

Proof Since SH(ϕi, ψj ;A,B) ⊂ SH(ϕi, ψj ;A,B). According to Theorem 2.1, we only need to

prove the “only if” part of the theorem. Let f ∈ SH(ϕi, ψj ;A,B), −1 ≤ B < A ≤ 1. Then it

satisfies (1.6) or equivalently∣∣ ∑∞
k=2(pk − uk)akz

k − (−1)i
∑∞

k=1(qk − (−1)j−ivk)bkzk

(A−B)z +
∑∞

k=2(Auk −Bpk)akzk + (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk

∣∣ < 1. (2.6)

From (2.6), we have

ℜ
{ ∑∞

k=2(pk − uk)akz
k − (−1)i

∑∞
k=1(qk − (−1)j−ivk)bkzk

(A−B)z − [
∑∞

k=2(Auk −Bpk)akzk − (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk]

}
< 1, (2.7)

which is equivalent to

ℜ
{
1−

∑∞
k=2(pk − uk)akz

k − (−1)i
∑∞

k=1(qk − (−1)j−ivk)bkzk

(A−B)z − [
∑∞

k=2(Auk −Bpk)akzk − (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk]

}
> 0

or

ℜ{ρ(A,B)}

= ℜ
{ (A−B)z − [

∑∞
k=2(Auk −Bpk)akz

k − (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk]

(A−B)z − [
∑∞

k=2(Auk −Bpk)akzk − (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk]
−∑∞

k=2(pk − uk)akz
k − (−1)i

∑∞
k=1(qk − (−1)j−ivk)bkzk

(A−B)z − [
∑∞

k=2(Auk −Bpk)akzk − (−1)i
∑∞

k=1((−1)j−iAvk −Bqk)bkzk]

}
> 0, (2.8)

which yields

ℜ{ρ(A,B)}

≥
{ (A−B)− [

∑∞
k=2(Auk −Bpk)|ak||z|k−1 − (−1)i

∑∞
k=1((−1)j−iAvk −Bqk)|bk||z|k−1]

(A−B) +
∑∞

k=2 |Auk −Bpk||ak||z|k−1 +
∑∞

k=1 |(−1)j−iAvk −Bqk||bk|z|k−1
−∑∞

k=2(pk − uk)|ak||z|k−1 − (−1)i
∑∞

k=1(qk − (−1)j−ivk)|bk||z|k−1

(A−B) +
∑∞

k=2 |Auk −Bpk||ak||zk−1|+
∑∞

k=1 |(−1)j−iAvk −Bqk||bk||z|k−1

}
> 0. (2.9)

The above inequality must hold for all z ∈ U. Taking |z| = r (0 < r < 1), then (2.9) gives

∞∑
k=2

λk|ak|rk−1 +

∞∑
k=1

µk|bk|rk−1 < 1. (2.10)

Letting r → 1− in (2.10), we will get (2.1). �
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Applying the same method as Theorem 2.3, we can obtain

Theorem 2.4 Let f = h + g be given by (1.5). Then f ∈ KH(ϕi, ψj ;A,B) if and only if the

condition (2.5) holds true.

Obviously, from Theorems 2.3 and 2.4, we have

K̄H(ϕi, ψj ;A,B) ⊂ S̄H(ϕi, ψj ;A,B). (2.11)

Next, using Theorems 2.3 and 2.4, we give the distortion theorems for functions of these

classes.

Theorem 2.5 Let f ∈ SH(ϕi, ψj ;A,B), λk and µk be given by (2.2). If {λk} and {µk} are

non-decreasing seqences, then

(1− |b1|)r −
(A−B)(1− µ1|b1|)

τ
r2 ≤ |f(z)| ≤ (1 + |b1|)r +

(A−B)(1− µ1|b1|)
τ

r2, |z| = r,

for all z ∈ U, where τ = min{λ2, µ2} and b1 = fz(0).

Proof Since f ∈ SH(ϕi, ψj ;A,B), using (1.5) and Theorem 2.3, we have

|f(z)| = |z −
∞∑
k=2

|ak|zk +
∞∑
k=1

|bk|zk|

≤ (1 + |b1|)r +
∞∑
k=2

|ak|r2 +
∞∑
k=2

|bk|r

≤ (1 + |b1|)r +
A−B

τ

∞∑
k=2

τ

A−B
(|ak|+ |bk|)r2

≤ (1 + |b1|)r +
A−B

τ

∞∑
k=2

( τ

A−B
|ak|+

τ

A−B
|bk|

)
r2

≤ (1 + |b1|)r +
A−B

τ

∞∑
k=2

(
λk|ak|+ µk|bk|

)
r2

≤ (1 + |b1|)r +
A−B

τ
(1− µ1|b1|)r2.

The bounds given in Theorem 2.5 are respectively attained for the following functions

f(z) = (1− |b1|)z −
(A−B)(1− µ1|b1|)

τ
z2

and

f(z) = (1 + |b1|)z̄ +
(A−B)(1− µ1|b1|)

τ
z̄2. �

Using Theorem 2.5, we obtain the following covering result.

Corollary 2.6 Let f ∈ SH(ϕi, ψj ;A,B). Then{
w : |w| < (1− |b1|)−

(A−B)(1− µ1|b1|)
τ

}
⊂ f(U).

Similarly, we can obtain
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Theorem 2.7 Let f ∈ KH(ϕi, ψj ;A,B), λk and µk be given by (2.2). If {λk} and {µk} are

non-decreasing sequences, then

(1− |b1|)r −
(A−B)(1− µ1|b1|)

2τ
r2 ≤ |f(z)| ≤ (1 + |b1|)r +

(A−B)(1− µ1|b1|)
2τ

r2 (|z| = r),

for all z ∈ U, where τ = min{λ2, µ2} and b1 = fz(0).

Next, we give the extreme points of these classes.

Theorem 2.8 Let f ∈ SH(ϕi, ψj ;A,B), λk and µk be given by (2.2). Then f ∈ clcoSH(ϕi, ψj ;A,B)

if and only if

f(z) =
∞∑
k=1

[Xkhk + Ykgk] z ∈ U, (2.12)

where

h1 = z, hk = z − 1

λk
zk, k ≥ 2, gk = z +

1

µk
z̄k, k ≥ 1

and

X1 ≡ 1−
∞∑
k=2

Xk −
∞∑
k=1

Yk, Xk ≥ 0, Yk ≥ 0; k = 1, 2, . . . .

Proof Let −1 ≤ B < A ≤ 1. We get

f(z) =
( ∞∑

k=1

[Xk + Yk]
)
z −

∞∑
k=2

1

λk
Xkz

k +
∞∑
k=1

1

µk
Ykzk.

Since, 0 ≤ Xk ≤ 1 (k = 1, 2, . . .), we obtain

∞∑
k=2

λk
1

λk
Xkz

k +
∞∑
k=1

µk
1

µk
Ykzk =

∞∑
k=2

Xk +
∞∑
k=1

Yk = 1−X1 ≤ 1.

Consequently, using Theorem 2.3, we have f ∈ SH(ϕi, ψj ;A,B).

Conversely, if f ∈ SH(ϕi, ψj ;A,B), then

|a
k
| ≤ 1

λk
, |b

k
| ≤ 1

µk
.

Putting

Xk = λk|ak|, Yk = µk|bk|

and

X1 = 1−
∞∑
k=2

Xk −
∞∑
k=1

Yk ≥ 0,

we obtain

f(z) = z −
∞∑
k=2

|ak|zk +
∞∑
k=1

|bk|zk

=
( ∞∑

k=1

Xk +

∞∑
k=1

Yk

)
z −

∞∑
k=2

1

λk
Xkz

k +

∞∑
k=1

1

µk
Ykz

k

=
∞∑
k=1

[hk(z)Xk + gk(z)Yk].
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Thus f can be expressed in the form (2.12). �

Theorem 2.9 Let f ∈ KH(ϕi, ψj ;A,B), λk and µk be given by (2.2). Then f ∈ clcoKH(ϕi, ψj ;A,B)

if and only if

f(z) =
∞∑
k=1

[Xkhk + Ykgk], z ∈ U,

where

h1 = z, hk = z − 1

kλk
zk, k ≥ 2, gk = z +

1

kµk
z̄k, k ≥ 1

and

X1 ≡ 1−
∞∑
k=2

Xk −
∞∑
k=1

Yk, Xk ≥ 0, Yk ≥ 0; k = 1, 2, . . . .

Theorem 2.10 The classes SH(ϕi, ψj ;A,B) and KH(ϕi, ψj ;A,B) are closed under convex

combinations.

Remark 2.11 If A = 1−2β, B = −1, then Theorems 2.1, 2.3, 2.5 and 2.8, respectively, coincide

with [14, Theorems 2.1, 2.5, 2.9 and 2.11].

3. Convolution properties

Firstly, we give the convolution properties for functions of these classes.

Theorem 3.1 Let the functions f(z), F (z) ∈ TH with |Ak| ≤ 1 and |Bk| ≤ 1.

(i) If f(z) ∈ SH(ϕi, ψj ;A,B), then (f ∗ F )(z) ∈ SH(ϕi, ψj ;A,B);

(ii) If f(z) ∈ KH(ϕi, ψj ;A,B), then (f ∗ F )(z) ∈ KH(ϕi, ψj ;A,B).

Proof In view of Theorems 2.3 and 2.4, it suffices to show that the coefficients of f ∗ F satisfy

the conditions (2.1) and (2.5). Since

∞∑
k=2

λk|ak||Ak|+
∞∑
k=1

µk|bk||Bk| ≤
∞∑
k=2

λk|ak|+
∞∑
k=1

µk|bk| ≤ 1

and
∞∑
k=2

kλk|ak||Ak|+
∞∑
k=1

kµk|bk||Bk| ≤ 1,

the results follow immediately. �
Recently, El-Ashwah and Frasin [20] have studied the Hadamard product (or convolution)

of harmonic univalent meromorphic functions. In this section, we establish certain results con-

cerning the convolution properties of functions belonging to the classes SH(ϕi, ψj ;A,B) and

KH(ϕi, ψj ;A,B). In order to obtain that, we now introduce a new class of analytic functions.

Definition 3.2 Let δ ≥ 0, 1 ≤ B < A ≤ 1. The function f = h + g, where h and g are given

by (1.5), belongs to the class f ∈ S
δ

H(ϕi, ψj ;A,B) if and only if

∞∑
k=2

kδλk|ak|+
∞∑
k=1

kδµk|bk| ≤ A−B, (3.1)
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where λk and µk are defined by (2.2).

Obviously, for any positive integer δ, we have the following inclusion relation:

S
δ

H(ϕi, ψj ;A,B) ⊂ KH(ϕi, ψj ;A,B) ⊂ SH(ϕi, ψj ;A,B).

Let the harmonic functions fi (i = 1, 2, . . . , p) and Fj (j = 1, 2, . . . , q) have the form

fi = hi(z) + gi(z) = z +

∞∑
k=2

|ak,i|zk + (−1)i
∞∑
k=1

|bk,i|zk, |bk,1| < 1 (3.2)

and

Fj = Hj(z) +Gj(z) = z +
∞∑
k=2

|Ak,j |zk + (−1)j
∞∑
k=1

|Bk,j |zk, |Bk,1| < 1. (3.3)

We define the Hadamard product (or convolution) of fi and Fj by

(fi ∗ Fj)(z) := z +
∞∑
k=2

|ak,i||Ak,j |zk(−1)i+j
∞∑
k=1

|bk,i||Bk,j |zk =: (Fj ∗ fi)(z), (3.4)

where i = 1, 2, . . . , p and j = 1, 2, . . . , q.

Using Theorems 2.3 and 2.4, we obtain the following theorem.

Theorem 3.3 Let the functions fi defined by (3.2) be in the class KH(ϕi, ψj ;A,B) for every

i = 1, 2, . . . , p; and let the functions Fj defined by (3.3) be in the class SH(ϕi, ψj ;A,B) for every

j = 1, 2, . . . , q. Then the Hadamard product (f1 ∗ f2 ∗ · · · ∗ fp ∗ F1 ∗ F2 ∗ · · · ∗ Fq)(z) belongs to

the class S
2p+q−1

H (ϕi, ψj ;A,B).

Proof Putting

ξ(z) = (f1 ∗ f2 ∗ · · · ∗ fp ∗ F1 ∗ F2 ∗ · · · ∗ Fq)(z), (3.5)

from (3.5) we have

ξ(z) = z −
∞∑
k=2

( p∏
i=1

|ak,i|
q∏

j=1

|Ak,i|
)
zk −

∞∑
k=1

( p∏
i=1

|bk,i|
q∏

j=1

|Bk,j |
)
zk. (3.6)

To prove the theorem, we need to show that

∞∑
k=2

k2p+q−1λk

( p∏
i=1

|ak,i|
q∏

j=1

|Ak,i|
)
+

∞∑
k=1

k2p+q−1µk

( p∏
i=1

|bk,i|
q∏

j=1

|Bk,j |
)
≤ 1, (3.7)

where λk and µk are defined by (2.2).

Since fi ∈ KH(ϕi, ψj ;A,B), we obtain

∞∑
k=2

kλk|ak,i|+
∞∑
k=1

kµk|bk,i| ≤ 1, (3.8)

for every i = 1, 2, . . . , p. Therefore

kλk|ak,i| ≤ 1 or |ak,i| ≤
1

kλk
(3.9)

and

kµk|bk,i| ≤ 1 or |bk,i| ≤
1

kµk
. (3.10)
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Further, since λk ≥ k and µk ≥ k, we get

|ak,i| ≤ k−2 and |bk,i| ≤ k−2, (3.11)

for every i = 1, 2, . . . , p. Also, since Fj ∈ SH(ϕi, ψj ;A,B), we have

∞∑
k=2

λk|Ak,j |+
∞∑
k=1

µk|Bk,j | ≤ 1, (3.12)

for every j = 1, 2, . . . , q. Hence we obtain

|Ak,j | ≤ k−1 and |Bk,j | ≤ k−1 (3.13)

for every j = 1, 2, . . . , q.

Using (3.11) for i = 1, 2, . . . , p; (3.13) for j = 1, 2, . . . , q − 1 and (3.12) for j = q, we obtain

∞∑
k=2

k2p+q−1λk

( p∏
i=1

|ak,i|
q−1∏
j=1

|Ak,i|
)
|Ak,q|+

∞∑
k=1

k2p+q−1µk

( p∏
i=1

|bk,i|
q−1∏
j=1

|Bk,j |
)
|Bk,q|

≤
∞∑
k=2

k2p+q−1(λkk
−2pk−(q−1))|Ak,q|+

∞∑
k=1

k2p+q−1(µkk
−2pk−(q−1))|Bk,q|

=
∞∑
k=2

λk|Ak,j |+
∞∑
k=1

µk|Bk,j | ≤ 1,

and therefore ξ(z) ∈ S
2p+q−1

H (ϕi, ψj ;A,B). We note that the required estimate can also be

obtained by using (3.11) for i = 1, 2, . . . , p− 1; (3.13) for j = 1, 2, . . . , q and (3.8) for i = p. �
Taking into account the Hadamard product of functions f1 ∗ f2 ∗ · · · ∗ fp only, in the proof of

Theorem 3.3, and using (3.11) for i = 1, 2, . . . , p− 1; and relation (3.8) for i = p, we are led to

Corollary 3.4 Let the functions fi defined by (3.2) be in the class KH(ϕi, ψj ;A,B) for ev-

ery i = 1, 2, . . . , p. Then the Hadamard product (f1 ∗ f2 ∗ · · · ∗ fp)(z) belongs to the class

S
2p−1

H (ϕi, ψj ;A,B).

Also, taking into account the Hadamard product of functions F1 ∗ F2 ∗ · · · ∗ Fq only, in the

proof of Theorem 3.3, and using (3.13) for j = 1, 2, . . . , q − 1; and relation (3.12) for j = q, we

are led to

Corollary 3.5 Let the functions Fj defined by (3.3) be in the class SH(ϕi, ψj ;A,B) for ev-

ery j = 1, 2, . . . , q. Then the Hadamard product (F1 ∗ F2 ∗ · · · ∗ Fq)(z) belongs to the class

S
q−1

H (ϕi, ψj ;A,B).

4. Radii of starlikeness and convexity

Let Q ⊆ H. We define the radius of starlikeness and the radius of convexity of the class Q,

respectively

R∗
β(Q) = inf

f∈Q
(sup{r ∈ (0, 1] : f is starlike of order β in D(r)})
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and

Rc
β(Q) = inf

f∈Q
(sup{r ∈ (0, 1] : f is convex of order β in D(r)}),

where D(r) = {z ∈ C : |z| < r ≤ 1} (see [21]).

Using [4, Theorem 2], we have

The function f = h+ ḡ is starlike of order β in D(r) if and only if∣∣ (zh′(z)− zg′(z))− (1 + β)(h(z) + g(z))

(zh′(z)− zg′(z)) + (1− β)(h(z) + g(z))

∣∣ < 1, |z| = r < 1. (4.1)

Theorem 4.1 Let 0 ≤ β < 1, |b1| < min{ 1
µ1
, 1−β

1+β }, λk (k ≥ 2) and µk (k ≥ 1) be given by

(2.2). Then

(i) R∗
β(SH(ϕi, ψj ;A,B)) = infk≥2[

(1−β)−(1+β)|b1|
1−µ1|b1| min{ λk

k−β ,
µk

k+β }]
1

k−1 ;

(ii) Rc
β(KH(ϕi, ψj ;A,B)) = infk≥2[

(1−β)−(1+β)|b1|
1−µ1|b1| min{ λk

k(k−β) ,
µk

k(k+β)}]
1

k−1 .

Proof (i) Let f ∈ SH(ϕi, ψj ;A,B), |z| = r < 1. Then using (1.1) we have∣∣ (zh′(z)− zg′(z))− (1 + β)(h(z) + g(z))

(zh′(z)− zg′(z)) + (1− β)(h(z) + g(z))

∣∣
=

∣∣ −βz +Σ∞
k=2((k − 1− β)akz

k − (k + 1 + β)bkz̄
k)

(2− β)z +Σ∞
k=2((k + 1− β)akzk − (k − 1 + β)bkz̄k)

∣∣
≤ β +Σ∞

k=2((k − 1− β)|ak| − (k + 1 + β)|bk|)rk−1

(2− β)− Σ∞
k=2((k + 1− β)|ak|+ (k − 1 + β)|bk|)rk−1

.

From (4.1), we get f ∈ S∗
H(β) if and only if

∞∑
k=2

[ k − β

(1− β)− (1 + β)|b1|
|ak|+

k + β

(1− β)− (1 + β)|b1|
|bk|

]
≤ 1. (4.2)

Also, by Theorem 2.3, we have
∞∑
k=2

λk|ak|+
∞∑
k=1

µk|bk| ≤ 1.

The condition (4.2) is true if

k − β

(1− β)− (1 + β)|b1|
rk−1 ≤ λk

1− µ1|b1|
and

k + β

(1− β)− (1 + β)|b1|
rk−1 ≤ µk

1− µ1|b1|
, k = 2, 3, . . . ,

or if

r ≤
[ (1− β)− (1 + β)|b1|

1− µ1|b1|
min{ λk

k − β
,
µk

k + β
}
] 1

k−1 , k = 2, 3, . . . .

It follows that the function f is starlike of order β in the disk U(r∗) where

r∗ = inf
k≥2

[ (1− β)− (1 + β)|b1|
1− µ1|b1|

min
{ λk
k − β

,
µk

k + β

}] 1
k−1 .

Using a similar argument as above we can obtain (ii). �

Acknowledgements We thank the referees for their helpful suggestions.



42 Shuhai LI, Huo TANG and En AO

References
[1] J. CLUNIE, T. SHEIL SMALL. Harmonic univalent functions. Ann. Acad. Sci. Fenn. Ser. A I Math., 1984,

39(1): 3–25.

[2] J. M. JAHANGIRI. Coefficient bounds and univalent criteria for harmonic functions with negative coeffi-

cients. Ann. Univ. Marie-Curie Sklodowska Sect. A., 1998, 52: 57–66.

[3] J. M. JAHANGIRI. Harmonic functions starlike in the unit disc. J. Math. Anal. Appl., 1999, 235: 470–477.

[4] H. SILVERMAN. Harmonic univalent function with negative coefficients. J. Math. Anal. Appl., 1998, 220(1):

283–289.

[5] H. SILVERMAN, E. M. SILVIA. Subclasses of harmonic univalent functions. New Zealand J. Math., 1999,

28(2): 275–284.
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[11] S. YALÇIN, Ş. ALTINKAYA. On a subclass of harmonic univalent functions involving a linear operator. AIP

Conference Proceedings 2018, 1926(1): 020045.

[12] O. P. AHUJA. Planar harmonic convolution operators generated by hypergeometric functions. Integral Trans-

forms Spec. Funct., 2007, 18(3-4): 165–177.

[13] R. M. ALI, A. STEPHEN, K. G. SUBRAMANIAN. Subclasses of harmonic mappings defined by convolution.

Appl. Math. Lett., 2010, 23(10): 1243–1247.

[14] S. NAGPAL, V. RAVICHANDRAN. A comprehensive class of harmonic functions defined by convolution

and its connection with integral transforms and hypergeometric functions. Stud. Univ. Babes Bolyai-Math.,

2014, 59(1): 41–55.

[15] Shuhai LI, Huo TANG, Li-na MA, et al. A new class of harmonic multivalent meromorphic functions. Bull.

Math. Anal. Appl., 2015, 7(3): 20–30.

[16] Shuhai LI, Huo TANG. A new class of harmonic multivalent functions defined by subordination. J. Math.

Res. Appl., 2016, 36(2): 185–202.
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