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Abstract Yuintroduced Property A on discrete metric spaces. In this paper, a relative Property
A for a discrete metric space X with respect to a set Y and a map px,y is defined. Some
characterizations for relative Property A are given. In particular, a discrete metric space with
relative Property A can be coarse embedding into a Hilbert space under certain condition.
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1. Introduction

Coarse embeddings were introduced by Gromov in [1]. A function f : X — Y between metric
spaces is a coarse embedding if there exist two non-decreasing maps 61,65 : RT™ — RT such that
01(t) = +o00 as t — 400 and 61 (dx(z,y)) < dy(f(z), f(y)) < b2(dx(z,y)) for all z,y € X. The
readers can refer to the book [2] for a self-contained introduction to coarse geometry.

Property A is a weak version of amenability for discrete metric space which was introduced
by Yu [3], who claimed that a metric space satisfies this property can be coarse embedding into
a Hilbert space. For metric spaces with bounded geometry it implies the coarse Baum Connes
conjecture, and for a finitely generated group with word-length metric it implies the strong
Novikov conjecture. Kasparov and Yu treated the case when the Hilbert space is replaced with
a uniformly convex Banach space [4]. In [5], Nowak constructed some metric spaces which do
not satisfy Property A but embed coarsely into a Hilbert space. So coarse embedding into a
Hilbert space and Property A are not equivalent. In [6], Higson and Roe gave a useful equivalent
definition of Property A. They claimed that a discrete metric space with bounded geometry with
Property A if and only if for every R > 0 and ¢ > 0, there exists a map £ : X — ¢}(X)* and
an S € RT such that ||&,]|,r = 1 and supp&, C B(z, S) for every x € X and ||{ — &lln < e
whenever d(z,y) < R. In [7], Ji, Ogle and Ramsey defined relative Property A for a discrete
group G relative to a finite family of subgroups #, and they showed that if G has Property A
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relative to a family of subgroups J# and if each H € . has Property A then G has Property
A. Readers can refer to [8] for more details.

In this paper, we define a relative Property A for metric space with respect to a set Y and
a map pxy, which is a generalization of Yu’s Property A. Several examples and equivalent
characterizations of relative Property A are given. In particular, we show that relative Property
A implies coarse embedding into a Hilbert space if d(z1,22) < px.y(21,¥) + px,v (z2,y) for all
r1,2 € X andy €Y.

2. Relative Property A

Recall that a discrete metric space (X,d) has Property A if for all R,e > 0, there exists
a family {A;}.ecx of finite non-empty subsets of X x N such that (1) for all z,y € X with
d(z,y) < R, we have ||’:Zﬁ:5‘| < g; (2) there exists an S such that for each © € X if (y,n) € A,
then d(z,y) < S.

Definition 2.1 Let X be a discrete metric space (X,d) andY be a set with pxy : X xY — R™.
We say X has relative Property A with respect to Y and px,y if the following are satisfied: for
any R > 0 and € > 0, there exists an S > 0 and a collection { A, }»cx of finite nonempty subsets
of Y x N such that:

(1) For each x € X if (y,n) € A,, then y € B, ,(z,S), where B, ,(z,5) = {y €
Yipx,y(z,y) < S}

(2) Ifd(zy,22) < R, then GHoq= <.

The following proposition givels the2 relationships between Property A and relative Property

A.

Proposition 2.2 Suppose (Z,d) is a discrete metric space, X is a subspace of Z, Y is a subset
of Z and the map px y(z,y) =d(z,y) for allz € X,y € Y, then

(1) If X CY and X has Property A, then X has relative Property A with respect toY and
PX,)Y;

(2) If Y C X and X has relative Property A with respect to Y and pxy, then X has
Property A;

(3) If X =Y, X has Property A if and only if X has relative property A with respect to'Y’

and PX,)Y -

Proof (1) Suppose X has Property A. Then for any R > 0 and € > 0, there exists a collection
{A;}zex and an S satisfying the definition of Property A. Since X C Y, we can see A, as subset
of Y x N. Then if (y,n) € A,, we have d(z,y) < S. Soy € B, , (x,5). For any 21,22 € X

with d(x1,22) < R, we have
A DA
[Aay N Az,

So X has relative Property A with respect to Y and px y.
(2) The proof is similar to that in (1).
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(3) It is clear from (1) and (2). O

Now we give some examples about relative Property A.

Example 2.3 Let X be a finite metric space with a set Y and a map pxy : X x Y — R*.
Forany R >0ande >0, fixyp € Y, let S = rgcneaf):é(px,y(x,yo) and 4, = (y0,1) CY x N for
any r € X. If (y,n) € A;, then y = yo, n = 1. Soy € B,y (x,5). For any 1,2, € X with
d(x1,22) < R, we have % =0 < e. So X has relative Property A with respect to Y and
PX,)Y -

Example 2.4 Let X be a discrete metric space with a set ¥ and a map pyy : X x Y — R™T.
If px,y is uniformly bounded, then there exists an S such that px y(z,y) < S for all z € X and
yeY. Forany R>0ande >0, wefixay, €Y and let A, = (y0,1) CY xNforall z € X. It
is clear that if (y,n) € A, we have px y(z,y) < S. For any z1,z9 € X with d(z1,22) < R, we

|Aay BAap| _ 0 < e. So X has relative Property A with respect to Y and px y.

have TAe A =

Example 2.5 If X =7 and Y is a countable set. Let f be a bijection from Y to Z. We define
pxyv(z,y) = |z — f(y)]. Fix R > 0 and € > 0 where ¢ < 1 and choose an S € N such that
S > 2Re~!. Define A, = {(y,1) € Y x N|px,y(z,y) < S}. It is clear that each A, is a finite
subset in Y x N. By the definition of A4,, px y(z,y) < S if (y,n) € A,. For any z1,29 € X
with |21 — 22| < R, we have [A;, U Ag,| = 25 + |21 — 22| + 1, |4z, AA,,| = 2|21 — 22| and
|Az, N Ag,| =25 — o1 — 22|+ 1. So

| Az, DAL, | 2|z — x4 2R 2R 2e

= < < = .
Ay N Ayl 25—z —ao|+1 25—R+1 2Re1—-R 2-¢

So Z has relative Property A with respect to a countable set Y and pxy. Let ¥ = Z and
px,y(x,y) = | — y|. From Proposition 2.2, we conclude that Z has Property A.
Next we give an example of discrete space with Property A but without relative Property A

with a map px y and some set Y.

Example 2.6 If X =Z and Y = {0} € Z is a single point set. We define px y (z,y) = |z — y|
for all z € X and y € Y. For any S > 0, there exists an xg € Z such that |zg — 0] = |xg| > S.
Since A, is nonempty, there exists n € N such that (0,n) € A,, and px,y (x9,0) > S. So Z dose
not have relative Property A with respect to Y = {0} and px vy (z,y) = |z — y|.

Proposition 2.7 If a discrete metric space X has relative Property A with respect to Y and

Px,y, then any subspace of X also has relative Property A with respect toY and px,y.

Proof Suppose X has relative Property A with respect to Y and px y and X' is a subspace of
X. Let {A;}zex be the sets satisfying the definition of relative Property A with respect to Y
and px,y. We can choose the subfamilies {A,},ex. It is easy to check these sets satisfying the
definition of X’ having relative Property A with respect to Y and px y. O

Proposition 2.8 Let X be a discrete metric space (X,d) and Y1, Yo be subsets of Y. If X has
relative Property A with respect to both Y; and Y5 and px,y, then X has relative Property A
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with respect to Y1 UYs and pxy.

Proof Suppose that X has relative Property A with respect to both Y; and Y5 and px y. For
any R >0 and € > 0, let {A]}.ex and {A”},cx be the sets satisfying the definition of relative
Property A with respect to Y7 and Y2 and pxy, and S’,S” be the relevant constants. Let
Ay, = AL UAY It (y,n) € A, then (y,n) € AL or (y,n) € AY. In the first case, px y(z,y) < 5
in the second case, px.y(z,y) <S”. So pxy(x,y) < S where S = max{S’, S"}.

For each x1,z9 € X with d(z1,22) < R, from the condition (2) of relative Property A, we

|A/ A/l |A”A //‘
getm<€andm<€. Then

Ay DAL (A, U AL A, UAL)|
Ay A Ay (AL, UAZ) 0 (AL, U AT, )]
B (AL DAL U (A2, AL
I, NA,) U (A, N AZ,) U (A2, NAL,) U (A7, N AL)]
AL AAL |
<
(A, 1 A4L,) U (A, M AZ,) U (A%, 0 A,) O (A7, N AZ)
AL DA,
(AL, N AL) U (A, N AZ,) U (AL NAL) U (A7, N AL)]
AL DAL AL DAY,
STa,, nA,| T TAz N A,
<2e.

_|_

So the proposition is proved. [

Proposition 2.9 If X; is a discrete metric space with relative Property A with respect to Y
and px,y and X, is a discrete metric space with relative Property A with respect to Y and
px,v- Then Xy x X5 is a discrete metric space with relative Property A with respect to'Y and
PX1xXa,y, Where px, xx, v ((21,22),y) = min{px, v(1,9), px,,v(w2,y)} for all 2, € X1, 73 €
Xy and y € Y, and dx, xx,((z},75), (2}, 2Y)) = dx, (z},z]) + dx, (x4, x4) for all z},z] € Xj,

/ 1"
x5, 5 € Xo.

Proof Suppose X; and X, have relative Property A with respect to Y and px, y and px,y
For any R > 0 and € > 0, let {4y, }u,ex,, {Az, farex, be the sets satisfying the definition of
relative Property A and Si, Sp be the relevant constants. Set A(y, 4,) = Az, U Ag,. Then if
(y,n) € Az, 2,), We have (y,n) € Ay, or (y,n) € Ag,. In the first case, px, y(z1,y) < S1; in the
second case, px,,v(2,y) < S2. Since px, xx,,y ((z1,22),y) = min{px, v (71,9), px, v (z1,9)},
SO px, x X,y ((x1,22),y) < S where S = max{51, S2}.
Suppose z},z} € X; and zb,z] € Xy with dx, «x,((z],25), (,2)) < R. We have
|AI/ AAI//l ‘A AA //‘
dx, (), 2)) < R and dx,(z},24) < R, so W < € and m < e. As the proof
of above proposition, we can see that
At ap) DAy | [(Aey U Ay )A(Aay U Ay
|A(x’1,1lz) N A(xu 1% | |(AL,«/1 @] Az’Q) n (Am’l' U Azg)|

1wy)

< 2e.

So X1 x Xy is a metric space with relative Property A with respect to Y and px, xx,,y. U
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One of Yu’s main motivations for introducing Property A was that it implies coarse embedding
into Hilbert space. Now we prove that a discrete metric space with relative Property A with
respect to Y and px,y can be coarse embedding into a Hilbert space under the condition of
d(z1,22) < pxy(z1,9) + px,y(xe,y) for all z1,22 € X and y € Y. The main idea of the

following theorem comes from [8].

Theorem 2.10 Suppose (X, d) is a discrete metric space with relative Property A with respect
toY and px,y. If d(z1,22) < pxy(z1,y) + px,y(z2,y) for all x1,22 € X and y € Y, then X

can be coarse embedding into a Hilbert space.

Proof First we define a Hilbert space

H= éﬁ(y x N).

k=1
Since X is a discrete metric space with relative Property A with respect to Y and px y, then
for R=k € N and € = 55+ > 0, we can define a sequence of sets {A%},cx CY x N satisfying:

(1) There exists an S > k, such that if (y,n) € A%, then y € B, , (2, $5);
|AL, AAL | 1

IAk ﬂA,’;Q\ < 22k -
Let x4, be the characteristic function of A,. For any 1, x2 € X with d(z1,22) < k, we have

(2) For any 1,22 € X with d(z1,22) < k, we have

H XAgg1 XAk ”
|A£zl\ |Ak Ay | leo
— 1 24 Loy A A .
\Ag’; \A | (|A Poo|Ak 7
|AF AL AR AL |AE | + A | — 2|4k |z|Ak |2
=ty AR Al [AF 4% )
Ak NAE L AE A AF ‘(IA’;IHIA’;ZI—2|A§1|%\A’;1|%)
|A§?1 m Agg |A§2‘|A§72
(AL NAL AR |+ | AL, - 2|AF AR
- |Ag’g1 N A1;2 |A§§1 N A’;2
214k AAE 1
B |A$1 ﬁ14I2| 22k

Hence
XAf;l XAk,
TR
for any z1,12 € X with d(z1,12) < k.
Now, choose zg € X and define f : X — H by

e XAk o
x) = L —
o kej(lfl’fﬁ | A%
For any € X, there exists a k¥’ € N > 0 such that d(z,z¢) < k’. We have

XAI‘ XA
1/ () ol = ZH b Ak |1 lle2(y xm)

1 [le2 2(Y xN) <

I
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k' —1

XAk XAk XAk,
= +
Ly W T ples ,;;” AEE e
E'—1
X Ak XA
SZ” 71”2 (rxn +1 <oo.

|Ak[2 [AE |2
So f is well-defined.
For any m € N, if x1, 29 € X with m < d(z1,z2) < m + 1, we can get the estimate

Ak:
15 ex) — Fa)I? = Zn = g o
" Xak,
< Z ; |A 1 ||£2(Y><N) +1
- XAk
Z ;Hz Y xN) ||m||e (vxwy)? +1
k=1
=4m

Hence ||f(z1) — f(z2)]| < vV4m + 1.

On the other hand, we define a map @ : RT™ — N by Q(t) = [{Sk|Sk < t}| for t € R*. From
the choice of the families {A*},cx, Q(t) exists for all t € R since Sy > k, and Q(t) — o< as
t — oo. Now we claim that for any 1,29 € X if d(x1,x2) > Sk, then A’;l N A’;2 = (. Indeed,
if there exists (y,n) € Ak N A¥

x2?

then px y(z1,y) < %Sk and px y(z2,y) < %Sk. Since for any
x1,Z2 € X, we have d(xl,xg) < pxy(x1,y)+ px,y(x2,y) < Sk, this is a contradiction. For any
m € N, if m < d(z1,22) < m + 1, we write Q(d(x1,22)) = r. So the number of S satisfies
Sk < d(x1,22) is r. Then we can write the set {S;|Sk < d(z1,22)} as {Sk,, Skys .-, Sk, }. Since
d(x1,2) > Sk, , we have A’;; N Aig =@ for j=1,...,7. We have

XAk
1) = Flaa)|* = Zn T T, o
XAk
||e2(YxN) 2r.

IAmll AR

Hence [|f(21) — f(a2)] > V2r.
Define the maps 61,605 : RT — R by 61(t) = 1/2Q(t) and 05(t) = /4t + 1 for t € RT. Tt is
clear that both 6;(¢) and 03(t) are non-decreasing and 6, () — +oo as t — +o00. We have

01(d(z1,22)) < d(f(21), f(22)) < Oa(d(71, 72))

for any x1,x2 € X.

So X can be coarse embedding into a Hilbert space. [

In [8], the author collected many equivalent formulations of Property A under the condition
of bounded geometry. Recall that a metric space X is bounded geometry if for every C' > 0,
there is an absolute bound on the number of elements in any ball within X of radius C. In this

paper, we need to restrict the discrete metric space with relative bounded geometry in order to
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prove the similar results.

Definition 2.11 A discrete metric space (X, d) with respect Y and px,y is relative bounded
geometry if for all L > 0, there exists an Ni, € N such that {y € Y|y € B, (z,L)}| < N, for
allz € X.

If we let X =Y and px,y = d, then it is exactly the definition of bounded geometry. In the

following, we will give some equivalent formulations of relative Property A under this condition.

Theorem 2.12 Let X be a discrete metric space with relative bounded geometry with respect
to Y and pxy. Then X has relative Property A with respect to Y and px y if and only if for
every R > 0 and ¢ > 0 there exists an S > 0 and £ : X — (1(Y)* satisfying:

(1) Il = 1, for any z € X;

(2) If&(y) #0, theny € By , (z,5);

(3) Ifd(z1,72) < R, then ||&z, — &uyllr < €.

Proof Suppose that X has relative Property A with respect to Y and px y. For any R > 0 and
e >0, let {A;}zex and S satisfy the definition of relative Property A with respect to Y and
PXY-

For any x € X, define
_ A0y xN)|

gz:YHRijfr(y) |A1|

Then 4N )
. X
ngllfl = E , |§I(y)| = E |A—:li| =1.

yey yey
For any x1,20 € X,

||§$1‘A11| _£I2|A$2|||fl = Z “(y X N) mAfL’ll - |(y X N) mAZL’zH

yey
= |Az, AA,, |

Since for any x1,x9 € X with d(z1,z2) < R, we have

|AI1AA$2| _ |AZ1‘ + |AZ2‘ B 2“’411 N AI2|

> =
[ Az, N A, | | Az, N A, |
Whenee Anl+ An| | Ao+ 1Al _ |, |Aso
2+E > 1 2 Z 1 2 — 1 + 2 .
|Arc1 mAm2| |AI1| |A11|
So by symmetry
l+e> A, > 1
[Azy| © 1€
Combining these two comments, we conclude that
| Az, | | A, |
||§I1 - 612”51 < ”6:61 - 512 ‘Ax] ||£1 + ”512 - 512 |Aa:| ”@1
A NA, A,
< ‘ 1 2| + Il _ I 2||
| Az, | Az, |
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A, NA A
< | Tl 3'72| + |1 _ | $2‘ |
[Agy M Az, | |Ag, |
< 2e.

Finally, note that if &,(y) # 0, then A, N {y x N} # (). So there exists an n € N such that
(y,n) € Ap. By the definition of A,, we have y € B, , (,5).
Conversely, suppose that for any € > 0 and R > 0, there exists an S and £ satisfying the
conditions (1), (2) and (3). By relative bounded geometry, for all © € X the number of elements
of y within the support of £, is uniformly bounded. So we can use the same approximation
method as proving [6, Lemma 3.5]. We may assume that there is a natural number M such that
for all z € X, the function &, € £*(Y) assumes only values in the range
0 1 2 M
VMMM

Define

, j>0, jeN}L

i‘u‘

Az ={(y,j) € Y x N[&:(y) >

Set, ’
Al =y eY|Ea(y) > ﬁ}, j=0,..., M.

It is clear that A7 C AJ~! for j =1,...,M. Let Z = U;w:l(Agfl\Agﬁ) U AM. We can see that
the sets {AI"1\ A} (j = 1,..., M) and AM are all disjoint. Since ||£,|| = 1 for all z € X, we

have
M

1= Y 6l) = Sl AL Al A

yey j=1

M
Z AT = AL G - 1) + M|A)

j=1

(A + [AZ] + -+ AT,

i\H i\

So S |AL| = M. Set

AL ={(y.j) €Y x Ny € AL}.
We have |/~U| | A7 ] an A, = U]]Vil AJ. Since AJ are all disjoint for j = 1,...,M. So
|A| = Z |A | =21 ALl = M. If (y,n) € Ay, then &(y) > 17 > 0. Soy € By, (2, 5).

In addition, for any z1,z2 € X, we have

‘AJHAAJW‘ = M||§$1 - §$2 ||f1 = ‘A$1|||£€E1 - £$2||51'

So we obtain
| Az, DAz, |

|[Au, |
when d(z1,z2) < R. Since

|AZ1AAI2| _ |A$1‘ + |A$2‘ B Z‘Aﬂﬁl N A962|
‘A:El| |Azl| 7
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we have ) o
|Ap, N Ag,| > %

Then
|Ag, DAL, _2M — 2|Az, N AL, 2M — (2—e)M 2¢e

= < = .
| Az, N Ag,| | Ay, N Ag,| 2-elM 2—¢

So X has relative Property A with respect to Y and px y. O

The result above can be generalized to the (YY), where 1 < p < 0o and Y is a countable
set. In order to obtain the next corollary, we introduce the Mazur map [9] first. The Mazur map
M, 4 S(P) — S(¢9) is defined by the formula

Mp,q(2) = sign(a)|z|

where S(¢P) is the unit sphere of # and z € S(¢P). It is a uniform homeomorphism between unit
spheres of /P and ¢4. More precisely, it satisfies the following inequalities:
P :
6||$ = Yllp <[ Mpg(x) = My (y)llq < Cllz —yllp
for all z,y € S(¢P) and p < g, where the constant C' depends only on %. We have the opposite
inequalities if p > q.
Corollary 2.13 Let Y be a countable set and X be a discrete metric space with relative
bounded geometry with respect to Y and pxy. Then X has relative Property A with respect
toY and px,y if and only if the following hold for any 1 < p < oco: for every R > 0 and € > 0
there exists an S > 0 and 1 : X — ¢P(Y)T satisfying:
(1) |neller =1 for any = € X;
(2) Ifns(y) #0, theny € By, (x,9);
(3) If d(z1,22) < R, then ||Nz, — Nayller < e.

Proof We prove the sufficiency first. Suppose X has relative Property A with respect to Y and
px.y. For any R > 0 and € > 0, there exists £ : X — ¢1(Y)T and an S satisfying (1), (2) and
(3) of the Theorem 2.12. Take any 1 < p < oo and define a function 1 : X — (V) satisfying

N:(y) = &a(y) 7.

=

Then
||77z||gp = Z e ()P = Z e (y)’ = Z &(y) = Z & (W)] = &alln = 1.

yey yey yey yey

So [|1zller = 1. I 1 (y) # 0, then &, (y) # 0. Soy € B,y (2,5).
For any z1, 29 € X with d(z1,22) < R, we have

17y = s 150 = D 10y (1) = Ms 1P <D 10y ()P = 71 ()7

yey yey
= Z €20 (¥) = & (W)] = €21 — Eauller <&
yey

1
SO 102y — Ny ller < 7.
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Conversely, for any R > 0 and € > 0 give a map n: X — ¢P(Y)T and an S which satisfy (1),
(2), (3) of the corollary. Define £ : X — ¢1(Y)T by the formula

€£C = MpJ(”ac)v

where M), ; is the Mazur map. Then for any z € X, [|;]/;r = 1 and 7n,(y) = 0 if and only if
§e(y) =0forally € Y. Soif £ (y) # 0, we have y € B, , (,5).
For any z1, 29 € X with d(z1,22) < R, we have

€21 = & ller = 1Mp,1 (1121) = My 1 (1) ew < Iy = s [l < pe

So X has relative Property A with respect to Y and px y. O
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