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Abstract In this paper, we propose four new classes of structured tensors: QDB(QDBy)-
tensors and SQDB(SQDBy)-tensors, and prove that even order symmetric QD B-tensors and
SQD B-tensors are positive definite, even order symmetric QQ D Bo-tensors and SQ D Bp-tensors
are positive semi-definite.
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1. Introduction

A real order m dimension n tensor A = (a;,...;,, ), denoted by A € RI™") consists of n™ real

entries:
iy .y € R,

where i; € N = {1,...,n} for j = 1,...,m. Obviously, a vector is a tensor of order 1 and a

matrix is a tensor of order 2. A real tensor A = (aj,...;,,) is called symmetric [1] if
cosim = Or(in,sim)s VT € ip,

where II,,, is the permutation group of m indices. Furthermore, a real tensor of order m dimension

n is called the unit tensor, if its entries are d;,...;,, for i1,...,%, € N (see [2,3]), where

1, ifig = =ip,

51’1---1' =

m

0, otherwise.

For a tensor A = (aj,...;,, ) € RI™") if there are a number A\ € R and a nonzero vector x =

(x1,22,...,2,)T € R™ that are solutions of the following homogeneous polynomial equations:

Azt = Mglm1,
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where
(Az™ 1), = Z Qiig vy Lig " Ly
i2yeeyim EN
and (zI™~1); = 271 then X is called an H-eigenvalue of A and z is called a corresponding
H-eigenvector of A associated with A (see [1]). Asshown in [1], Qi used H-eigenvalues of real sym-
metric tensors to determine positive (semi-)definite tensors, that is, an even order real symmetric
tensor is positive (semi-)definite if and only if all its H-eigenvalues are positive (non-negative).

Here a tensor A is called positive (semi-)definite [4,5] if for any nonzero vector € R", such that
Az™ > (>) 0,

where Azx™ =37, o N Qigigein Tiy 0 Ty,

Positive definiteness and semi-definiteness of real symmetric tensors have important appli-
cations in automatical control, polynomial problems, magnetic resonance imaging and spectral
hypergraph theory [4,5,7-18].

It is not effective by using H-eigenvalues in some cases to determine that a real symmetric
tensor A is positive (semi-)definite because it is not easy to compute the smallest H-eigenvalue
of that tensor when its order and dimension are large. Hence one tries to give some checkable
sufficient conditions [4-6,18-20]. In [4], Song and Qi introduced the class of B(Bjy)-tensors, which
is a natural extension of B-matrices, to provide a checkable sufficient condition for positive (semi-)

definite tensors.
Definition 1.1 ([4]) Let A = (aii,...i,,) € R"™™. A is called a B(By)-tensor if for all i € N
Z Qiig-ipy, > (>) 0,
02,..,im €N

and )
W( > aiz‘z»»»im) > (2) @ijgerej> fOT j2 - jm € N, 04jy..,, = 0.

0250y tm EN

By Definition 1.1, Song and Qi [4] gave the following property of B(By)-tensors.

Proposition 1.2 ([4]) Let A = (ai,iy..i,,) be a real tensor of order m dimension n. Then A is
a B(By)-tensor if and only if for each i € N,

Z Wiy, > () N Bi(A),
i2)~~~7im6N

where

ﬂl(A) = j2,,¥}f}§eN,{O7aij2mjm}'
8ijo - jm =0

In [4], Song and Qi gave the definition of P(Pp)-tensor as an extension of P(Pp)-matrices.
Definition 1.3 ([4]) Let A = (ai,i,...;,,) € R"™". We say that A is
(1) A Py tensor if for any nonzero vector x € R", there exists i € N such that z; # 0 and

z;(Az™ ) > 0;
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(2) A P tensor if for any nonzero vector x € R™, max;e n x;(Az™"1); > 0.

In [6], Li and Li provided the following necessary and sufficient conditions for B(By)-tensors.

Proposition 1.4 ([6]) Let A= (a;4,...i,,) € RI™™. Then
(1) A is a B-tensor if and only if for eachi € N,

Qijoi — Bi(A) > D (A),

where BZ(A) = Inang---jmeN, {0, aih...jm} and (I)l(.A) = E;g---imer (BZ(A) — aii2...im).
ijodm T Qi i

(2) A is a By-tensor if and only if for each i € N, aj...; — Bi(A) > D, (A).

In [8], Ding et al. gave the definition of Z-tensors as an extension of Z-matrices.

Definition 1.5 ([8]) Let A = (a;,...i,,) € RI™™ with n > 2. If all of the off-diagonal entries of
A are non-positive, that is a;,i,....,, <0, fori; € N, j =1,2,...,m, and 0;,4,...,, = 0, then A is
called a Z-tensor.

In this paper, we continue to focus on the positive (semi-) definiteness identification problem
of real tensors. By introducing four new classes of structured tensors: QD B-tensors, QD Bg-
tensors, SQD B-tensors and SQ D By-tensors, we give two checkable sufficient condition for the
positive definiteness of tensors and two checkable sufficient condition for the positive semi-
definiteness of tensors. Also the relationships between these four classes of tensors and some

existing classes are given.

2. QDB(QDBy)-tensors and SQDB(SQDB,)-tensors
We begin with some notation. Given a tensor A = (a;,...;, ) € R"™™, let
A; ={(i2,i3,...,4m) : i; =1 for some j € {2,...,m}, where i,ia,...,%m € N},

A; = {(i2,i3,...,1m) 1 i; # i for any j € {2,...,m}, where i,49,...,%m, € N}.

A = Y il A = Y -

(ig-im)€A, (i2++im )ED;
@i im =0

Obviously, ri(A) = r2i(A) + r2i(A), 1 (A) = r2 (A) + 12 (A) = |ag...;|-

Given a nonempty proper subset S of N, we denote
AN = {(ig,i3,...,im) : eachi; € N for j =2,...,m},
A = {(iy,i3,...,im) : each ijeSforj=2,...,m},

and then AS = AN\ AS,

For a tensor A = (a4,4,...4,,) € R™™, we can write it as
A=B"+¢,
where Bt = (bilig---im) S R[m,n]7 C = (Ciliz"'im) S R[m,n],

biig--i,, = Qiig--i,, — Pi(A) for i € N,
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and
Ciigerripy, — ﬂZ(A) for 1 € N.

Obviously, bi,...i,, = Giip..i,, — Bi(A) <0 for 4,49, ...,4, € N and d,...;,, = 0. It is easy to get
that B1 is a Z-tensor.

Definition 2.1 ([21]) Let A = (a;,...i,,) € R™™ with n > 2. A is called a QSDD(QSDDy)-
tensor, if the following two statements hold:

(1) For anyi,j € Nyi # j, lag.i| > (2)r (A);

(2) For any i,j € N,i # j,

(ii = 7] (A)) (@ = 72 (A)) > (2laij|r8 (A), or laii| > (>)ri(A).

J

By Definition 2.1 and Proposition 1.4, we can get the following definition.

Definition 2.2 Let A = (aii,..;,,) € RI™™ with a;..; > Bi(A) for alli € N. A is called a
QDB(QDBy)-tensor if the following two inequalities hold:
(1) Foranyi,j € N,i# j, ai..i — B;(A) > (>)®!(A);
(2) For any i,j € N,i # j,
(@i — Bi(A) = ©1(A)) (0.5 — Bi(A) = ®L1(A)) > (2)(Bi(A) = aij...;) D (A),
or

ai...i — Bi(A) > (=) i (A)

where

OI(A) = Bi(A) — (Bi(A) — i) = D (BiA) = dijj),

)

ijg-+jm =0

Proposition 2.3 Let A = (ai,i,...;,, ) € R"™™ with n > 2. Then A is a QDB(QD By)-tensor if
and only if BT is a QSDD(QSDDy)-tensor, that is, for any i,j € N,i # j,

bi...; > (Z) Tg(5+)7

and
(bii = 71 (B9)) (bjuoy = 152 (BH)) > (2)bio s | (BY), or bivos > (>)ri(BY).

Definition 2.4 ([22]) Let A = (aj,...;,,) € RI™" with n > 2, S be a nonempty proper subset
of N. Ais called an S — QSDD(S — QSDDy)-tensor if the following four statements hold:

(1) Foreachi€ S, j €S, |a;.;| > (>)r!(A);

)

(2) Foreachi€ S, j €S, |a;..;|> (>)rl(A
(3) Foreachic S, j€S,

i
i

)

(@i = 1] (A) (a5 = 2 (A)) > (2)r2 (Alagsl,  or laii] > ri( A)

Fi =
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(4) Foreachic S, j€ S,
J AS AS
(@ii =i (A))aj...; =15 (A) > (2)r; (Alaij...jl, or |ai.i| > ri(A).
By Definition 2.4 and Proposition 1.4, we can get the following definition.
Definition 2.5 Let A = (ai,i,...i,,) € R™™ with a;;..; > Bi(A) for alli € N, and S be a

nonempty proper subset of N. Then A is called an SQDB(SQDBy) tensor if for each i € S and
each j € S, the following four inequalities hold:

(1) Foreachi€ 8, j€ 8§, a.;— Bi(A) > (>)®(A);

(2) Foreachie 8, jeS, aj.;— Bi(A)> (=)D (A);

(3) Foreachic S, j€S,

. 35 -~z
(a:.-iBi(A) = ®](A))(a;..; = B;(A) = 837 (A)) > (2)8F (A)(Bi(A) = aij...j).
or a;...; — ﬂZ(A) > (I)l(.A)

(4) Foreachic S, j €S,
(aivei — Bi(A) = ® (A))(ajos — B (A) — 827 (A)) > (2)27(A)(B;(A) — ayjo.),
or a;...; — ﬂZ(A) > (I)l(A)

where

HA) = i(A) — (Bi(A) —aijg) = D (BilA) = ijyj)-

K3
5i12"‘jm:O

P87 (A) = > (Bi(A) = ajj); q’fg(A): > BiA) = ajjp i)

(G2--dim)ES, (J2++jm)€ES

5jj2"'jm:0

By Definition 2.5 we can get the following proposition.
Proposition 2.6 Let A = (a,i,...;,,) € RI"™™ and S be a nonempty proper subset of N. Then
A is an SQDB(SQDBy)-tensors if and only if B* is an S — QSDD(S — QSDDy)-tensors, that
is for each
(1) i€S8,jeb, bii>(>)rl(B);
(2) i€8,j€S8, bi;>(>)rl(B);
(3) ieS,jes,
(bioes =} (B (bgecy = 15 (BY)) > ()" (B by,
or b;...; > ri(B");
(4) i€ S,jeSs,
(b = 13 (B¥)) (b — 12" (B)) > (2)r2 (BH) by,

or b;..; > Ti(BJr).

3. Positive definiteness
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Now, we discuss the positive (semi-)definiteness of Q D B(QD By)-tensors and SQDB(SQD By)
-tensors. In [21,22], Jiao et al. gave sufficient conditions for positive (semi-)definiteness of QSDD
(QSDDy)-tensors and S-QSDD(S-QSDDy)-tensors.

Lemma 3.1 ([21, Theorem 5]) An even order QS DD symmetric tensor with all positive diagonal
entries is positive definite. And an even order QSDDy symmetric tensor with all nonnegative

diagonal entries is positive semi-definite.

Lemma 3.2 ([22, Theorem 6]) Let A = (aj,...;,,) € R™™, with n > 2 and S be a nonempty
proper subset of N. If A is an even order S — QSDD(S — QSDDy) symmetric tensor with
ag...x > (>) 0 for all k € N, then A is positive (semi-)definite.

Now according to Lemmas 3.1 and 3.2, we study the positive (semi-)definiteness of sym-
metric QDB(QD By)-tensors and symmetric SQDB(SQD By)-tensors. Before that we give the
definition of partially all one tensors, proposed by Qi and Song [5]. Suppose that A is a sym-
metric tensor of order m dimension n, and has a principal sub-tensor A/ with J € N and
|J| =7 (1 <7 < n) such that all the entries of A/ are one, and all the other entries of A are
zero, then A is called a partially all one tensor, and denoted by /. If J = N, then we denote £/
simply by € and call it an all one tensor. And an even order partially all one tensor is positive

semi-definite, see [5] for details.

Theorem 3.3 Let A = (a;,iy...i,,) be a real symmetric QD B-tensor of order m dimension n.
Then either A is a QSDD symmetric Z-tensor itself, or

S
A=M+Y hyes, (3.1)

k=1
where M is a QSDD symmetric Z-tensor, s is a positive integer, hy > 0 and J C N, for
k=1,2,...,s. Furthermore, if m is even, then A is positive definite, consequently, A is a P-

tensor.

Proof Let J(A) = {i € N : there is at least one positive off-diagonal entry in the ith row of A}.
Obviously, J(A) € N. If J(A) = ¢, then A is a Z-tensor. The conclusion follows in the case.
Now we suppose that J(A) # ¢, let A = A = (a(l) ), and let dl(-l) be the value of the

i1 i
largest off-diagonal entry in the ith row of A;, that is,
)

182 Ty "

1
dl(-): max a
igimeN,
s

iig- i =0

Furthermore, let J; = j(Al), h1 = min, ; dz(-l) and

J1 = {Z S jl : dz(l) = hl}

Then J; C J; and hy > 0.
Consider Ay = Ay — hie’t = (a(2,), .

) i i, ). Obviously, A is also symmetric by the definition of
/1. Note that

ol

(1) - g
(2)%_{‘%‘1 o —hay o, iy € J (3.2)

otherwise,
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for i € Jy,
Bi(Az) = Bi(A1) — h1 =0, (3.3)

and that for i € Jy\Ji,
Bi(Az) = Bi(A1) — h1 > 0. (3.4)

Combining (3.2)-(3.4) with the fact that for each j ¢ Ji, 8;(A2) = Bi(A1), we easily obtain by
Definition 2.2 that A, is still a symmetric QD B-tensor.

Now replace A; by As, and repeat this process. Let J(A) = {i € N : there is at least one
positive off-diagonal entry in the ith row of As}. Then J(Ay) = J1\J1. Repeat this process until
J(Asy1) = ¢. Let M = Agy1. Then (3.1) holds.

Furthermore, if m is even, then A is a symmetric QD B-tensor of even order. If A itself is
a QSDD symmetric Z-tensor, then it is positive definite by Lemma 3.1. Otherwise, (3.1) holds
with s > 0. Let © € R™. Then by (3.1) and the fact that M is positive definite, we have

S S
Ax™ = Ma™ + Y hpelha™ = Ma™ + > hyllz, [ > Ma™ > 0.
k=1 k=1
This implies that A is positive definite. Note that a symmetric tensor is a P-tensor if and only

if it is positive definite [4], therefore A is a P-tensor. (.

Theorem 3.4 Let A = (aiyiy.-i,,) be a real symmetric QD By tensor of order m dimension n.
Then either A is a QSD Dy symmetric Z-tensor itself, or

S
A=M+> et
k=1
where M is a QSDDy symmetric Z-tensor, s is a positive integer, hy > 0 and Ji C N, for
k=1,2,...,s. Furthermore, if m is even, then A is positive semi-definite, consequently, A is a
Py-tensor.

Similar to the proof of Theorem 3.3, by Lemma 3.2 we easily get the following results.

Theorem 3.5 Let A = (a;,4,...4,,) be a real symmetric SQD B-tensor of order m dimension n.
Then either A is an S — QSDD symmetric Z-tensor itself, or

A= M+ hie',
k=1

where M is an S — QSDD symmetric Z-tensor, s is a positive integer, hy > 0 and Ji C N,
for k = 1,2,...,s. Furthermore, if m is even, then A is positive definite, consequently, A is a

P-tensor.

Theorem 3.6 Let A = (a;,4,..i,,) be a real symmetric SQD By-tensor of order m dimension n.
Then either A is an S — QSDDy symmetric Z-tensor itself, or

A:./\/l—l—ihkajk,

k=1
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where M is an S — QS DDy symmetric Z-tensor, s is a positive integer, hy, > 0 and Ji C N, for
k=1,2,...,s. Furthermore, if m is even, then A is positive semi-definite, consequently, A is a
Py-tensor.

Since an even order real symmetric tensor is positive (semi-)definite if and only if all of its

H-eigenvalues are positive (non-negative) [1], by Theorems 3.3-3.6 we have the following results.

Corollary 3.7 (1) All the H-eigenvalues of an even order symmetric QD B-tensor are positive.
(2) All the H-eigenvalues of an even order symmetric QD By-tensor are nonnegative.
(3) All the H-eigenvalues of an even order symmetric SQD B-tensor are positive.

(4) All the H-eigenvalues of an even order symmetric SQD By-tensor are nonnegative.

4. Relationships between ()D B-tensors and SQD B-tensors

In this section, we discuss the relationships between B-tensors, QD B-tensors and SQD B-

tensors.

Proposition 4.1 Let A = (a,4,...i,,) € R™" n > 2 and S be a nonempty proper subset of N.
If A is a B-tensor, then A is a QD B-tensor. If A is a QD B-tensor, then A is an SQ D B-tensor.

Proof First, let A be a B-tensor. It is easy to see from Proposition 1.4 that for any i € N,
aii.i — Bi(A) > ©;(A),

then
iii — Bi(A) > ©;(A) > & (A).

So, by Definition 2.2, A is QD B-tensors.

Secondly, let A be a QD B-tensor. It is easy to see from Proposition 2.6 that for any i,j €
N,i#j,

(1) b >l (BY),ifieS,j €8, then (3.1) holds; if i € S,j € S, then (3.2) holds.

(2) (b — 7} (BY))(bjg — 12 (BY)) > (2) by |r2 (BY), o1 byy > mi(BY). i € 5,5 € 8,
then (3.3) holds; if i € S, j € S, then (3.4) holds. So, by Proposition 4.1, A is SQ D B-tensors. [J

By Proposition 4.1, we easily obtain the following proposition.

Proposition 4.2 Let A = (aj i,...i,,) € R"™™ n > 2 and S be a nonempty proper subset
of N. If A is a By-tensor, then A is a QD Bgy-tensor. If A is a QD By-tensor, then A is an
SQD By-tensor.

By Propositions 4.1 and 4.2, we can get the following result.

Corollary 4.3 The relationships of B(By)-tensors, QDB(QD By)-tensors and SQDB(SQD By)-
tensors are as follows:

(1) {B-tensors}C{ QDB-tensors}C{SQDB-tensors}.

(2) {Bo-tensors}C{ QD By-tensors}C{SQD By-tensors}.

5. Conclusions
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In this paper, we define four classes of structured tensors: QD B(QD By)-tensors and SQDB
(SQDBy)-tensors. We prove that even order symmetric @D B-tensors and SQD B-tensors are
positive definite and they are subclasses of P-tensors, even order symmetric QD By-tensors and

SQD By-tensors are positive semi-definite and they are subclasses of Py-tensors.
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