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Abstract In this article, we are concerned with the scattering problem of Schrodinger operators
with compactly supported potentials on the real line. We aim at combining the theory of Dirichlet
series with scattering theory. New estimate on the number of poles is obtained under the situation
that the growth of power series which is related to the potential is not too fast by using a classical
result of Littlewood. We propose a new approach of Dirichlet series such that significant upper
bounds and lower bounds on the number of poles are obtained. The results obtained in this
paper improve and extend some related conclusions on this topic.
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1. Introduction

We study the distribution of poles for the Schrodinger operator H, = —j—; + q with a
compactly supported potential q. Our work in this direction aims at combining the theory of
Dirichlet series with scattering theory, extending the classical work by Zworski [1] where it is
shown that the density of scattering poles is proportional to the length of the convex hull of the
support of the potential.

Since the classical work by Zworski [1], a considerable amount of rigorous results on Schrodinger
operators have been achieved by many researchers with the complex-analytic method. We refer
to [1-9] for the general background in the field. Motivated by the complex-analytic method
in [10, 11], we believe that combining theory on zeros of Dirichlet series with the theory of
Schrédinger equations may yield more interesting results on the scattering of poles. The theory
of Dirichlet series is one of the most fundamental pure mathematical branches, which has been
comprehensively developed and has got a great amount of fruitful results. As far as we know,
there are few applications of Dirichlet series in the field of scattering and differential equations.
In this paper, we aim at combing Dirichlet series with scattering theory of differential equations.
We hope that it may be a worthwhile endeavor which applies Dirichlet series to the filed of

Schrodinger operators from real world.
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In [1], it is shown that in one dimensional case
r
N(r) = 2 x (length of support of the potential) x — + o(r),
0

where N(r) denotes the number of poles in a ball of radius r. In this paper, we are setting
out to prove analogous statements. In particular, we want to treat compact potentials with the
approach of Dirichlet series. The starting point in this endeavour is the representation of poles
as the zeros of an entire function [1], then we relate the poles to zeros of Dirichlet series in a strip
by conformal transformation. With some restrictions on the growth of Dirichlet series relating
to poles, using a classical result of Littlewood, we prove our main results in the present paper
(Theorem 3.1) which provides a new upper bound for the scattering of poles: denote by N (u,)

the number of poles of (2.1) inside the rectangle with vertices, —u, u, —u + im, u + im, then

N(t,m)dt < Alul,

—u
where A is a positive constant depending on u. Similar lower and upper bounds for scattering
of poles are obtained by application of existing results on the zeros of Dirichlet series. It is
interesting to note that in last section, we prove the poles may concentrate on Julia lines.

This paper is divided into 4 sections. Section 2 is devoted to the background knowledge on
scattering and Dirichlet series. We recall the preliminary knowledge on scattering. A theorem
of Littlewood which is frequently used in the study of Riemann-Zeta functions is recalled for
later use. We also recall some existing results on the zeros of Dirichlet series and a theorem on
the value distribution of general Dirichlet series. In Section 3, we will prove the main result of
this paper. We will also prove some results on lower and upper bound for distribution of poles.

Finally, we prove that the poles may concentrate on Julia lines.

2. Preliminaries

At the beginning of this section, we gather some results about scattering from [1]. We shall
only consider potentials ¢ which are compactly supported.

Throughout this paper, we use the letter A to denote positive constants and it may be
different at each occurrence. And we denote the complex plane by C = {z = x + iy}, the lower
half-plane by C_ = {z = z + iy : y < 0}, the upper half-plane C; = {z = z + iy : y > 0},
respectively. The symbol D(a,t) is used to denote the disk |z — a| < t.

Following [1] and [6] consider the Schrédinger operator

2
da?

where ¢(z) is a real-valued measurable potential which is compactly supported. Let the convex

Hyh = ( +¢)h, (2.1)

hull of supp(q) be the interval [a,b]. There exists a unique operator B4 with kernel B (z,y)
such that
H,B, = B, Hy, (2:2)

Bi(z,y) =6(x —y) for xz >b.
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Eq. (2.2) is equivalent to the wave equation
Byy(2,y) — Byy(z,y) — q(z)B(z,y) = 0.
The kernel By can be decomposed as
6(z —y) + Ry(z,y),

where R, satisfies

Ry(z,y) =0 for x >y,

Rq(xay) = R0($7y> + (LqRq)('rvy)a

Ro(e,9) = (3 /( )y,

z+y)/2
LT (z,y) = // E(z — s,y —t)q(s)T(s,t)dsdt,

%, <0
E(z,y) =
0, otherwise

04 (x) =1if x > 0 and 0 otherwise.

The solution R can be written as
o0
k=0
Denote by the Fourier transform of By with respect to the second variable by ¢,

pr(0.0) = [ "Bz )y
then
—¢lL (@) + g1 = Coy,

o (z,0) = e ™ for x> b.

Similarly, B_ and ¢_ are defined so that
B_(z,y) =6é(z —y),

o_(2,¢) = e for x < a.

From [1] and [6], we know the existence of a distribution X and a function X such that
—iCp (@, Q) = X(=Qp—(,0) + V(e (#,—0)
iCp—(w,0) = X(Ops (#,0) + Y (O (2, =0),

where
X(y)=0'(y) - (% /q(S)dS) (y) — %/Q(S)Rq(sas —y)ds
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X(y) = EQ(%) + % /Q(S)Rq(sas —y)ds.

Thus, X (¢) and Y (¢) are entire functions. Since
(X(Q)” = X(=¢) and (Y(Q))” =Y (¢) for (€ R,
the unitary relation
(XQF =+ [Y(QF for CeR

extends to the whole plane as

X(OX(=¢) =+ Y(OV(=0) for ¢ € C.

From [1], we know that
supp(X) C [=2(b - a),0]

and
supp(Y’) C [2a, 2b].

Denote by S, the scattering matrix of ¢ which is as follows

i< Y©)

g — | XO X©
1T\ Y0 i

XQ  X©

The scattering poles of S, are the points ¢ € C\{0} which satisfies X (¢) = 0. Tt follows from [1]
that the number of poles in C\C_ is finite. Thus, we will be concentrated on the poles ¢ for
which ¢ < 0. For the scattering poles, we have the following:

Lemma 2.1 Suppose that ¢ € L', then

(i) = ~t— 5 [ato)s =5 [ o)t

where

Proof See [1, p.284]. O

Let us introduce the classical Dirichlet series, that is, the series of the form
o0
Z ann” %, an,z € C, (2.3)
n=1

which has been attracting attentions for a long history. This interest stems mainly from the fact

that such series is closely related to the Riemann zeta function (i.e., Y oo a,n™?, an,z € C)
which is the core of the grand Riemann Hypothesis.
Recently, the mathematicians are concerned with the general Dirichlet series with real fre-

quencies of the form

F(8) =3 ane™, ans=u+iveC, 0<\, T oo, (2.4)
n=1
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This is a “direct” generalization of the classical ones, as in the case when A\, = logn, we get
(2.3).

Denote by o.,0,, and o, the abscissa of convergence, absolute convergence, and uniform
convergence of series (2.4), respectively. Then o. < o, < 0,. It is well-known that between
these abscissae, coefficients (a,) and frequencies (A,), there are some interesting relations. In

particular, if denote

1
L = lim sup ogn’
n—oo An

(2.5)

then the following inequalities always hold:

log |a
0<0,—0:.<L; limsupM < oe.
n—r oo n
We now turn to the zeros on Dirichlet series. The following results on zeros of general Dirichlet

series are due to Little [12].

Lemma 2.2 Let f(s) be a general Dirichlet series defined in (2.4) which can be continued
analytically in (u > % — 00, T —logT < v < 2T +logT), where dy is a positive constant, and
log(max |f(s)| + 100) < logT. Let f(s) — 1 as s — oo. For o > 1/2, let N(o,T) denote the
number of zeros of f(s) in (u > 0,T <v < 2T). Then (for o > 1/2), we have

oo 2T
271'/ N(t, T)dt = / log |f (o +iv)|dv + O(log T).
o T

Hence
2T

N(1/2+ 25,T) < (A)~'Tlog (% / £(1/2 48+ iv)|Adt) + O(log T)

T
holds uniformly for all positive constants A and §.

Lemma 2.3 Let > __lan| < B(0), | > crndonem @nl®> < 0B(0), and >, - |an|* < 0B(0),
where B(o) depends ono. If B(o) <. o° for eV;ry e > 0, then the gener;ll Dirichlet series
defined in (2.4) converges uniformly over compact subsets of o > 0, § > 0 and hence is analytic
there. We have

N1/2+06,T)<sT.

If further log B(o) < loglog o, then we have
N(1/2+46,T) < 6 'Tlogs™!

uniformly for 0 < 6 < 1/2.

We need some background knowledge on the lower bound of zeros for Dirichlet series from [13].

Definition 2.4 Let f(s) be a general Dirichlet series defined in (2.4) and o +i7 be real numbers
with | f(o+i7)| > 7 (where X is a positive constant independent of T) for a set of points o +iT.
Then we call o + it a Titchmarsh point and the rectangle (uw > o — §,|v — 7| < &) (where § and

¢ are arbitrary small positive constants) the associated rectangle.

Lemma 2.5 Let f(s)(s = u+iv) be a general Dirichlet series defined in (2.4). Let 7 > 79(¢, )
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and oo +i7(09 = 0¢(7)) be a Titchmarsh point for f(s). Then the associated rectangle contains
> logT zeros provided f(s) is continuable analytically in the associated rectangle and there
max |f(s)] is less than v* for some constant A > 0. Next if oo(7) is bounded below by a, which
is a constant independent of T and f(s) can be continued analytically in (o > a—6,T < v < 2T),
where & is a positive constant and there max |f(o +i7)| > T4 and further if there are > T
well-spaced Titchmarsh points in (o0 > a — §,T < v < 2T), then f(s) has > TlogT zeros in
(c>a—0,T<v<2T).

We need the result on value distribution of general Dirichlet series from [14].

Lemma 2.6 If {\,} satisfies (2.5) and the following conditions

0= 1irginf()\n+1 —An) >0, (2.6)
lim In lan| = —00, (2.7)
n—oo

n

where {a,} is a sequence of complex numbers, then f(s) defined in (2.4) is an entire function,

and for any strip of width 2mwd

S ={s:]S8s —v| < 7o},

f(s) has one of the following properties:

(1) Forse S, limy,_o 2B — 4o

(2) The Dirichlet series f(s) has got a Julia line Im = vy (Jv1 — vo| < 79), i.e., Ya € C, for at
most one exception, Ve > 0

uHrElOON(u,f =a,|Ss —v1| <eg) =400,

where N(u, f = a,|Ss — v1] < €) denotes the number of points {s : Res > ug, |S's — v1| < €} for
which the function f has value a.

Let us recall a theorem of Littlewood which is frequently used to estimate the number of

zeros of Dirichlet series [15].

Lemma 2.7 Let f(s) be regular in and upon the boundary of the rectangle M with vertices,
—a, a, —a—1T, a—1iT, and not zero on o = a. Denote by v(o,T) the number of zeros o = 3+~

of f(s) inside the rectangle with 8 > o including those with v =T but not v = 0. Then

/M log f(s)ds = —2mi /a v(o,T)do.

—a

3. Results on scattering of poles

We will deal with the scattering of poles with an approach of Dirichlet series [15, Theorem
1]. The main technique is application of Littlewood’s theorem which is Lemma 2.7. The main

result of this paper is as follows.
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Theorem 3.1 Suppose that g € L', denote by

w7 [aoas = [ g (3.1)

= —i(l + %/g(s)sds), (3.2)

and
Cn = _=0" /g(s)s"ds, n>2, (3.3)

where g is defined in Lemma 2.1. If {c,} € L' and Y ¢, # 0, denote by N (u, ) the number of

poles of (2.1) inside the rectangle with vertices, —u, w, —u + im, u + im, then

N(t,7)dt < Alul,

—Uu

where A is some positive constant depending on u.

Proof The scattering of poles is reduced to the zeros of the entire function X(z) By Lemma

2.1, we have the expansion

X(z)=Y" %z" (3.4)
n=0

Thus, the poles of infinite number are zeros of X(z) in C_. If we take the conformal transfor-

mation —s = —u — iv = log z, then (3.4) can be rewritten as
([, —S — Cn _sn
X(e™%) = Z e (3.5)
n=0

The scattering of poles is reduced to the zeros of (3.5) in the strip G = {s = u+iv, 0 <v < 7}.
Denote by M the rectangle with vertices, —u, u, —u+ i, u+im, furthermore, denote by N (u, )
the number of zeros o = 8 + iy of )A((e’s) inside the rectangle. Then Littlewood’s theorem, i.e.,

Lemma 2.7 yields

/ log X (e™%)ds = —2mi N(t,m)dt.
M —u
Thus, we can conclude

—2mi | N(t,m)dt = / log | X (%) |dv + / log | X (e!7™)|dt+

—u 0 —u

0 —u
/ 10g|X(e“+“’)|dv—|—/ log | X (e")|dt+

0
arg X (e ") dv + / arg X (e"T)dv
0 ™

6

=> 1,

T
us

<
—

To define log X (e™*), we choose the principal branch of the logarithm on the real axis as 0 — o0;

for other points s the value of the logarithm is obtained by analytic continuation.
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Recall that

- ([ —u+iv OOC" n(—u+iv
X(emvtiy =3 —entmutil,
n=0

For fixed u € R, there exists some constant k(u) which depends on u such that

enu

T <1, n>k(u). (3.6)
Denote by log™ a = max{loga,0}. By (3.6),
k(u) nu o0 nu
log | X (e7"F™)| < log™ (Z |cn|en—') + log™ ( Z |cn|en—'> + log2
n=0 n=k(u)+1
k(u) nu 0o
< Z log™ (|enl]) + log‘L(en—!) +log™ ( Z len|) + log k(u) + log 2.
n=0 n=k(u)+1
Since {c,} € L', we have
log | X (e7"+ )| < Alul, (3.7)

where A is some constant depending on u. Thus, we can conclude
I < Alu| + A. (3.8)

By the same reasoning, (3.8) holds for I, I5, I4.

We will estimate the integrals I5, Ig. If %X(e’“””) has m zeros for 0 < u < 7, we may divide
the interval [0, 7] into at most m + 1 subintervals in each of which RX (e~%*i) has constant sign.
Then

|arg X (e “T™)| < (m 4 1) (3.9)

Choose R = 2|u| and without loss of generality, we may suppose that |u| is bigger than 7. Denote
by n(r) the number of zeros of X (e~ %) in |s| < R. Applying Jesen’s formula to X (e~ 4t%)
yields

2R 2m ) .
/ n(r) dr = L / log |X(e2Rele)|d6‘ —log | X (1)].
0 27 Jo

r
Since ¢, # 0 which is X (1) # 0, we deduce

log | X (1)]

1
<
n() log 2

~ 2mlog?2

2w )
/ log |X(62Rele )|d —
0

By (3.7), we can conclude n(R) < AR. Since the interval (—u,u) is contained in the disk |s| < R,

we have m < n(R). Thus, we have
Iy < Alu| + A. (3.10)

The same reasoning can apply to Is and the estimate is the same as (3.10). O
Let us apply the zeros of Dirichlet series to get more interesting results on the upper or lower

bounds on the distribution of poles.

Theorem 3.2 Suppose that ¢ € L', and {c,} are defined in (3.1), (3.2) and (3.3). If {<4} € L'
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and X (e) — ao(# 0) as Rs — oo, denote by N(o,T) the poles of (2.1) in (u > o,T < v <
2T) (0 < T < %). Then, for o > 1/2, we have

N(1/2+25,T) < A6 T + O(log T')
holds uniformly for some positive constants A, and 9.

Proof Recall the definition of X (e~%),

oo

> (—S Cn _sn
X(e™®) = Z e
n=0

It is just a general Dirichlet series defined in (2.4) as long as A, = n. Thus, scattering of poles
has now been reduced to the zeros of a general Dirichlet series.
Since {4} € L', for (u>1/2+26,T <v <2T) (0< T < %), we have

%) < Z |Cn|

We also have
log &

lim sup <0<,

—00, T—logT <

which verifies that Dirichlet series X (e~*) can be continued analytically in (u > 1

v < 2T +logT). Thus, without loss of generality,
log(max | X (e7*)| + 100) < T,

otherwise, we may consider AX (e~%) where A is some constant. Since X(e™*) — ag(# 0) as
Rs — oo, without loss of generality, we may suppose that X(e_s) — 1 as s — oo. The
conclusion follows by applying Lemma 2.2. [J

Theorem 3.3 Suppose that q € L', and {c,} are defined in (3.1), (3.2) and (3.3). If

Z|Cn| Z(|703| < Z|Z |2<aB)

n<o n<o o<m n<m

where B(o) depends on o. If B(0) <. 0° for every € > 0, denote by N(o,T') the poles of (2.1)
n(u>o0T<v<2T)(0<T<Z). Then, for o > 1/2, we have

N(1/2+40,T) <5 T.
If further log B(o) < loglog o, then we have
N(1/246,T) < 6 'Tlogs™!
uniformly for 0 < 6 <1/2.
Proof The conclusion follows by applying Lemma 2.3 and the proof of Theorem 3.2. [J

Theorem 3.4 Suppose that g € L', and {c,} are defined in (3.1), (3.2) and (3.3). If T > 19(¢, )
(00 + iT(09 = 00(7)) is a Titchmarsh point for X (e~*), denote by N (o, T) the number of poles
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in the associated rectangle, if X (e™#) is continuable analytically in the associated rectangle then
N(o,T) > logT.

Further, if 0o (7) are bounded below, max | X (e~%)| > T, moreover, if there are > T well-spaced
Titchmarsh points in (¢ > a —§,T < v < 2T), then we have

N(o,T)> TlogT
in(c>a-6T<wv<2T).

Proof The conclusion follows by applying Lemma 2.5 and the proof of Theorem 3.2. [J

The next result will show that there may exist Julia lines for the scattering of poles.

Theorem 3.5 Suppose that g € L', and {c,} are defined in (3.1), (3.2) and (3.3). Denote by
N(u, |Ss —v1| < €) the poles of (2.1) in the strip {s : |Ss — v1| < e}. If

——Inle,|
Jim == = —00, (3.11)
and for s € Sy. If R
log | X (e™*
lm 0BIXEY) (3.12)
§——0Q —U

where

S1 ={s5:]S8s —vg| < 7},

then there exist v; and ug such that X (e=*) # 0 on H = {s : Res > uq, |Ss—v;| < )}, otherwise,
Ve > 0,

lim N(u,|Ss —vi| <€) = 400,
U—r—00

for s € H.

Proof Recall the definition of X (e™%),
X —s\ __ - Cn _gsn
() => e ™
n=0
it is a Dirichlet series defined in (2.4) with frequencies \,, = n, which verifies the conditions (2.5),
(2.6). It is obvious that (3.11) is just (2.7).

Since (3.12) holds, the conclusion follows from Lemma 2.6. O
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