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Global Weak Solution to the Chemotaxis-Fluid System

Mei LIU, Mengling YU, Hong LUO*
College of Mathematics and Software Science, Sichuan Normal University,
Sichuan 610066, P. R. China

Abstract We investigate the existence of the global weak solution to the coupled Chemotaxis-
fluid system

ne+u-Vn=An—V-(nVe)+rn—pun?, z€Q,t>0,

ctt+u-Ve=Ac+n—c, zeQ,t>0,
ut + VP = Au+nVe + g(z,t), zeQ,t>0,
V-u=0, zeQt>0,

in a bounded smooth domain Q C R?. Here, r > 0 and u > 0 are given constants, V¢ € L>(Q)
and g € L*((0,T); L2(Q)) are prescribed functions. We obtain the local existence of the weak
solution of the system by using the Schauder fixed point theorem. Furthermore, we study
the regularity estimate of this system. Utilizing the regularity estimates, we obtain that the
coupled Chemotaxis-fluid system with the initial-boundary value problem possesses a global
weak solution.
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1. Introduction

Chemotaxis is a biological process of directed movement of cells in response to the gradient
of a chemical signal substance [1,2]. One of the first chemotaxis system was developed by
Keller and Segel to describe the aggregation of bacteria [3,4]. A standard Keller-Segel system
assumes that the cells are attracted by higher concentration of the signal chemical and produce
the chemical themselves. The system assumes that there is no interaction between the cells
and their surrounding. But experiments show that the activities of the cells in the liquid are
actually interacting with the liquid. In the paper [5], the authors consider the chemotaxis-fluid
interaction on the basis of experimental observation. Another important example is that sperms
are attracted to chemicals during the proliferation of organisms, which is the direct evidence of

chemotaxis-fluid interaction [1,6-8].
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In this paper, we consider the Chemotaxis-Stokes system with a logistic source

ne+u-Vn=~An—V-(nVe)+rn—pun? x€Qt>0,

¢t +u-Ve=Ac+n—c, reN, t>0, (1.1)
ur + Vp = Du+nVo + g(z,t), e, t>0, '
V-u=0, reQ, t>0,

where ) is a bounded domain in R? with smooth boundary, » > 0, u > 0, V¢ € L>(Q2), and
g € L*((0,T); L2(2)). Here n = n(z,t) and ¢ = c(x,t) denote the density of the cell and the
signal concentration, respectively. It is obvious that n > 0, ¢ > 0. u = u(x,t) and p = p(z,t)
represent the fluid velocity and the associated pressure, respectively. The gravitational potential
¢ is a given function. The model (1.1) presupposes that the motion of the fluid might be
controlled by a given external force g.

There are some results which deal with chemotaxis-fluid interaction. In [9], the authors
discussed the boundedness of a global classical solution in a three dimensional Chemotaxis-fluid
system. Espejo and Suzuki proved the existence of a global weak solution when » =0, g =0 in
system (1.1) [10]. Tao and Winkler have given the global existence and large time behavior of
classical solution to a more complex Keller-Segel-Navier-Stokes system [11]. Zheng proved that

the following Chemotaxis-Stokes system with rotational flux and a logistic source

ne+u-Vn=V-(Dn)Vn) — V- (nS(z,n,c)Ve) +an —bn?, z€Q, t>0,

¢t +u-Ve=Ac+n—c, z e, t>0, (1.2)
u; + VP = Au+nVo + gz, t), e, t>0, '
V-u=0, ze, t>0,

admits a bounded weak solution through the Moser-type iteration [12].

In this paper, we consider this system (1.1) along with the boundary conditions

on Oc
5—E—Oandu—Oforxeaﬂandt>O, (1.3)

and the initial conditions
n(x,0) = no(z), c(z,0) = co(z), u(z,0) =ug(x), €. (1.4)
We assume that the initial data satisfy
ng € L>=(§), ng > 0 in €,
co € HY(R), co > 01in §, (1.5)
wo € HY(Q) N DI2(Q), V-ug =0,

where

a,s o e s — o dtns
Dy (@) = {v € L) : 0]l pg-+(ay = 0] zagey + ( / [ Age™ 0] 3000

?) < oo}
regarding the Helmholtz projection P, : LY — L% and the Stokes operator A7 = —P,A (see [13]).
We assume that
V¢ € L(Q) and A¢ =0, (1.6)
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and
g9 € L*((0,T); L2(92)). (1.7)

This paper is organized as follows. In Section 2, we provide some preliminary lemmas which
play a crucial role in the following proofs. We give a formal definition of weak solution for problem
(1.1), (1.3) and (1.4) and present the main result. In Section 3, we prove the local existence of the
weak solution by using the Schauder fixed point theorem and show the corresponding estimate

to conclude global existence.
2. Preliminaries and main result

The main theorem of stokes equation that will be used in this paper is the next result.

Lemma 2.1 ([14]) Assume that Q C R? is a bounded domain with smooth boundary and 1 < p,
_1

m < oo and 0 < T < oo. Then for every f € LP((0,T); L™(Q)) and ug € D; »"(Q), there exists

a unique solution (u, Vp) of the nonstationary Stokes system

—Au+Vp=f, inQx(0,T),

V-u=0, in Q x (0,7, @21)
u =0, on 012,
u(z,0) = uo, in €2,

such that
u € LP(0,Ty; W24(Q)) for all Ty < T and Ty < oo,

%, Vp € LP(0,T; L™ (),
8’& T T
/0 15 et [ IOyt + [ 10 oy

C m dt—i—
= (/0 Hf( )HL (Q) HUOH
with C' = C(p,q, ).

),
77 (@)

1
m

Lemma 2.2 ([15,16]) (Gagliardo-Nirenberg Interpolation Inequality) Let j, k be any integers
satisfying 0 < j <k. Re Randlet 1 < 5,Q < oo and % < @ <1 such that

1 5 1 k

1
—==40(=—-— 1-0)—. 2.2
r=Llrag-baa-og (2.2
Then for all h € WS (Q) N LP(Q) there exist two positive constants Cy, Cy such that
1D7 k| ey < CLID* AL (@) 1Rl agq) + Callbll o), (2.3)

where 2 C R" is a bounded domain with smooth boundary and Cy = 0 for any h € WOIC’S(Q) N
LR(Q).

Now we present the main result as follows.

Theorem 2.3 Let Q C R? be a bounded domain with smooth boundary and (1.5)—(1.7) be
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valid. The problems (1.1), (1.3) and (1.4) possess a global weak solution (n,c,u,p) in the sense

of Definition 2.4 below.

Definition 2.4 (Weak Solution) Assume that  C R? is a bounded smooth domain and
T € (0,00). A triple of functions (n,c,u) is called a weak solution of problem (1.1), (1.3) and

(1.4) if it fulfills n > 0 and ¢ > 0 as well as V - u =0 a.e., in Q x (0,T), and

n e L%((0,T); H(Q)),
ce L2((0,T); HY(Q)),
u € L2((0,T); H} (),

and for a.e., t € (0,T), we have

t t
/ np1de — / / npydedr —i—/ /[Vn Vo1 — (V1 -u)n —nVe- Vo, —
Q 0 JQ 0 JQ
(rn — pn?)p|dzdr = / n(x,0)e1 (z,0)dx
Q

for any @1 € C§°(Q x [0,T)), as well as

/C(deI—/ /C(thdIdT—/ / Vs - u Cd{EdT-‘r/ /Vgag-VcdxdT
Q Q Q Q

= / c(x,0)p2(x,0)dz —I—/ /(ngag — cpg)dadr
Q 0 JQ
for any @s € C§5°(Q x [0,T)) and

t t
/ u - psdx — / / u - pgpdadr + / (Vu - Vo3 — Vs - — gps)dazdr
Q o Ja o Ja

u(x,0) - p3(x,0)dx
Q

for any @3 € C§°(Q x [0,T); R2) that satisfies V - o3 =0 in Q x (0,T) and 3 = 0 on 9.

3. Global existence

(2.4)

In this section we shall establish the existence of the global weak solution to equation (1.1).

We leave the proof of local existence for the last part of this paper. And we concentrate into

getting a priori bounds that allow us to conclude global existence.
3.1. A priori estimate

Firstly, we plan to derive some appropriate estimates for n, ¢ and w.
Lemma 3.1 Let 0<t<T. Then

t
/O [2(7) 22T < C.

Proof Integrating the first equation of (1.1) in §, we get

d
— ndxzr/ndx—u/nzdxgr/ndx.
dt Jo Q Q Q



Global weak solution to the chemotaxis-fluid system 185

Using the Gronwall’s inequality, we have

/ndxgefot"”/nodx. (3.3)
Q Q

Then we integrate (3.2) over [0, ¢] to obtain

/ndx—/nodx—r/ /nd:vdT— / / n?dadr. (3.4)

Using the positive of n and (3.3), we have

t t
/ /n2d:17d7' < C’(/ /ndxdT—l—/ nodzzr) <C. O
0 JQ 0 JQ Q

Lemma 3.2 We have .
el + / V]2 qydr < C. (3.5)

Proof Multiplying the third equation of (1.1) with v and integrating over {2, we obtain

/ R —i—/ |Vu|*dz = / (nVou + gu)dz.
2dt Q
From Holder’s inequahty and Young’s inequality, we obtain that
53 L ePda+ [ [VuPde < Cillnlag + 5llulae, + Co (36)
Multiplying (3.6) by e~t, we have
1d

QE(e_t”U”%%Q)) + e_tHVU”%%Q) < Cle_tH”H%%Q) +Chet < C3H”H%2(Q) + Cs.

Then we integrate on (0,t) with ¢ <7 and multiply by e’ and apply Lemma 3.1 to obtain that
1 ! ¢ 1
gl + [ IVuldr < Coe™ [ Inladr + 3¢ uolla + Coe” < €. 0

Lemma 3.3 ([10]) There exists a positive constant C' such that

/ Adr < C, (3.7)
Q
t t
/ IVel|%2(qydr < o(/ 1Ae]22(qydr + 1), for 0<t<T, (3.8)
0 0
t
IVellZ2 0 +/ / |Acl?dzdr < O, for0 <t <T. (3.9)
0 JQ

3.2. Bounded for the L?(Q)) norm of n.
In order to pass from local to global existence we need to show that ||n[/z»(q) is bounded.
Lemma 3.4 Lett> 0,2 <p < oo and ng € L>(Q). Then there exists a constant C such that
/andx <C, forall0 <t <T, (3.10)

and
/ |V (n%)|2dzdr < C, for all 0 < t < T. (3.11)
Q
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Proof We multiply the first equation of (1.1) with n?~! and integrate by parts to see that

1d 1
- — npdxz/[—(p— DnP~2|Vn|*> —nPAc— ~Ve- VnP +rnf — unPt]da.
pdt Jo Q D
Hence,
1d 4(p—1 1
-— npdacg—/ (p2 )|V(ng)|2dx—/npAcdx—— Vc-Vnpd:v—i—/rnpd:v
pdt Jo Q P Q D Ja Q
4(p—1 1
S_w |V(ng)|2dx—/npAcdx—F—/npAcdx—F/Tnpdzzr
p Q Q pPJa Q
4(p—1 ® 1-—
S—(pf)/ |V(n§)|2dx+—p/n”Acd:v—i—T/npdiE-
p Q p Q Q
Thus

d Alp—1
—/npdx§ —M/ |V(n%)|2dx+(1—p)/npAcdzzr—l—pr/npdx. (3.12)
dt Jo P Q Q Q
From Lemma 2.2, we can estimate
1 1
npAcdx‘ < /nzpdx : Acl?dz)’
‘/Q ( Q ) ( Q| | )
< 18] 2o € / n?dz)}
) 3 3 3
< ||Acllpza) |C: /npdzzr /|V(ng)|2d:17 + C /npdzzr
sl [ran)*( [ wpan) s [ )’
2 P
<Cu [ wdel Sl + > [ V0P + Cs [ nPde] Al + Co
Q P Ja Q
Thus
2 P
’/npAcd:v‘ §C7||Ac||%2(m/npd:v+—/ |V(n2)|2dz + Cy. (3.13)
Q Q PJa
From (3.12) and (3.13), we obtain that
d 4(p—1 »
S [orae <= D 19+ - (G lacla [ ade
dt Jg P Q Q
2 P
—/ |V(n§)|2dw+C7)+pr/npdx
P Jao Q
2(p—1) 212 _ 2 P P
——= [ [V(n2)["dz + C(p — || Acl|12¢) | nPdz+pr [ nPdz+C
Q Q

p Q
<(Co =Dl Aclay +or] [ w'da+C

< _

By the Gronwall’s inequality, we have

/ nPdr < efff[c(p*l)”ACHiQ(Q)Jr;DT]dT [/
Q

¢
npdz + / CdT}
Q 0

< (/ ngd:v—f—CT)ec(p*l)fJ L
Q
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Moreover, we regrate over (0,7T) and reorganise terms to obtain

/ /|v 3)2dzdr

<C(p —1)/ | Acll2 )dT—i-pr/ /Qn”dxdT—i—CT<C 0

3.3. Local existence
The following Lemma is an adaptation from the Proposition of [17].

Lemma 3.5 Suppose that
u e L*0,T; H*(Q) N Hy () with V-u =0 a.e. t >0,
0<neL*0,T;L*Q)) a.e. t >0

and
c(x,0) = co € L*(Q)

are known functions. Then the parabolic equation

cc+u-Ve=Ac+n—c, z€Q, t>0,

o =0 on 94, (3.14)
c(z,0) = co,

has a unique weak solution ¢ € L?(0,T; H'(Q)) satisfying ¢ > 0. There exists ¢ € L*(0,T; H'(2))

such that
t t t
/cfgd:r—/ /C§2tdIdT—/ /(V{g-u)cdxdr—i-/ /V§2~Vcd3:d7'
Q 0 JQ 0 JQ 0 JQ

- /Q (. 0)&x(, 0)da + / /Q (nés — ca)dadr,
for any & € H*((0,T) x Q).

Proof Firstly, we prove the existence of the weak solution.

It is known that the solution to (3.14) will serve as the limit of the solution to the corre-
sponding regularized system. Thus, we need to consider an appropriately regularized problem of
(3.14) at first.

Let {ug}r>1 be a sequence of bounded functions which satisfies
up(x,t) € C5°(Q) and div ug(z,t) = 0 for a.e. t > 0 and for all k > 1,
such that
up — u in L?(Q x (0,7)).
Next we consider the following regularized problem
cpt +up Ve, =Deg+n—ci, x€Q, t>0,

dex — ), on 09, (3.15)

cx(z,0) = ¢o.
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Similar to the proof process of Lemma 3.3, we can obtain the following estimate

1d 1 )
>di Qcidx-l—HVCkH%z(Q)—|—§/Qcidx§ 5/9”2dx-

Therefore,

1 ! 1 [ 1 [ 1
g/cidx—l-/ ||Vck|\%2(9)d7'+§/ HckHiz(Q)dTS 5/ /n2dxd7'+§/codx§0.
Q 0 0 0o Jo Q

In consequence there exists ¢ € L2((0,T), H*(Q)) and a subsequence of {cj }x>1 such that
cx — ¢ weakly” in L>°(0,T; L*(2)),
cx — ¢ weakly in L*(Q x (0,7)),
Ver — Ve weakly in L2(Q x (0,7)).

We can conclude that ¢j satisfies

t t ¢
/ crpéadx — / / crpéopdadr — / /(V{g - up)cpdadr +/ / V& - Vepdzdr
Q o Ja o Ja 0o Ja

_ /Q oz, 0)6s (z, 0)da + /0 t /Q (0 — cxés)dadr (3.16)

for any & € H((0,T) x ).

For the nonlinear term (3.16) we have

/Ot /Q(sz - uy)epdrdr — /Ot /Q(ng w)edadr
- /Ot /Q(V§2 (uk — u))epdadr — /Ot/ﬂ(vg2 (e — cg)dadr.

Using the convergence of u and ¢k, we conclude

t t
/ /(V{g - up)cpdedr — / /(V{g ~u)edzdr — 0 as k — oo.
Q Q
Hence, we can get the following equality by taking the limit in (3.16)

/cfgd:r—/ /C§2tdIdT—/ / V& - ucdxdT—i—/ /V{g Vedzdr
Q Q Q Q

_ /Q o(z,0)éx(x, 0)dz + /O /Q (ns — céo)dadr.

Then we prove the uniqueness of the weak solution.
Let ¢; and ¢z be two weak solutions of (3.14). Then taking the difference of the two equations,

multiplying it by ¢; — c2 and using V- u =0, we get

2dt/ ley — co?dz = — /|V €1 — C2) |2dx—/ ler — cof*dx </ ey — c2)?da.

Using the Gronwall’s inequality, we have

/ ler — co|?dz < 0.
Q

Thus we conclude that ¢; = ¢2. O
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Lemma 3.6 Suppose that
fe€ L*((0,T) x Q) for some s > 1,
w € L*(0,T; H*(Q) N H(Q)) with V-u =0 a.et >0,

and
ce H'((0,T) x ), n(x,0)=ng € L*(Q)

are known functions. Then the parabolic equation

ntu-Vn=»~An—-V-nVe)+rn—puf, z€Q, t>0,

gn —0, on 09, (3.17)
n(x,0) = ng, x € Q,

has a unique weak solution n € L?(0,T; HY(Q)). There exists n € L*(0,T; H*()) such that

t t
/Q n&dx — /0 /Q néydadr + /0 /Q[Vn V& — (V& -u)n —nVe - V& —
(rn — pf)é&)dadr = / n(x,0)& (z,0)dzx,
Q
for any & € H*((0,T) x Q).

Proof Firstly, we prove the existence of the weak solution.

Let {ug}r>1 be a sequence of bounded functions which satisfies
ug(z,t) € C3°(Q) and div ug(x,t) = 0 for a.e. t > 0 and for all k¥ > 1,

such that
up — u in L?(Q x (0,7)).

Next we consider the following regularized problem

nge +ug - Vg = Ang — V- (ngVe) +rng — uf, =€ Q, t>0,

% =0, on 09, (3.18)
nk(,0) = no, x €.

Similar to the proof process of Lemma 3.4, we can obtain the following estimate

/nzdx<C, forall0 <t < T,

Q
t P

/ IV(n7)|Pdzdr < C, forall 0 <t < T,
0

Q
T
/ / nidzdr < C, forall 0 < ¢ < T.
0o Ja

In consequence there exists n € L?((0,T), H*(2)) and a subsequence of {n}r>1 such that
ny — n weakly” in L>(0,T; L*(Q)),
ny, — n weakly in L*(Q x (0,7T)),
Vny — Vn weakly in L*(Q x (0,7T)).
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We can conclude that ny satisfies

t t
/anﬁldw —/0 /anﬁltdfch-i-/o /Q[V” V& = (V& - ue)ni — Ve - VE -
(rng — pf)é)dedr = /Qn(:v,O)fl (x,0)dz (3.19)

for any & € HY((0,T) x Q).

For the nonlinear term (3.19) we have

/Ot/Q(V&.uk)nkdxdT_/ot/Q(vgl wndadr

- /0 t /Q (Vér - (un — u))npdads — /O t /Q (V€1 - w)(n — n)dadr.

Using the convergence of u; and ng, we conclude

t t
/ /(V& - ug)ngdedr — / /(Vfl -u)ndzdr — 0 as k — oo.
o Jao 0o Ja

Hence, we can get the following equality by taking the limit in (3.19)

t t
/Qngldx — /0 /Qnﬁltd:vdT —l—/o /Q[Vn V& — (V& -u)n —nVe - V& —
(rn — uf)erldadr = [ (e, 00 (s, ).
Q

Then we prove the uniqueness of the weak solution.
Let n1 and ng be two weak solutions of (3.17). Then taking the difference of the two equations,
multiplying it by n; — ny and using V - u = 0, we get
1d
2dt Jo

=— [ |V(m — n2)|2d:17 - / (n1 —n2)V - ((n1 —n2)Ve)de +r | |ng — n2|2dx
Q Q Q

|y — no|*da

1
=— [ |V(ny —n2)Pdz — = | Ac(ng —ng)?dz+r [ |ny — nol?de

Q Q Q
1 1 1
< —/ |V (n1 —ng)|?dz + —(/ [ny — n2|4dx> ’ (/ |Ac|2d:v) ’ —l—r/ Ing — no|?da
Q 2\ Jgo Q Q
1
< —[IV(n1 = n2)|[F2(0) + IV = n2)[|7 20+
1
5”(”1 - n2)”%2(52)”AC”%2(Q) +7([(n1 — ”2)”%2(52)
1 1
< _§||V(”1 - ”2)”%2(9) +(r+ §||AC||%2(Q))||(711 - ”2)”%2(9)
1
< (r+ gl Az @)l = n2)l 720
Using the Gronwall’s inequality, we have

/ Ing — no|?dx < 0.
Q

Thus we conclude that ny = ny. O
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3.4. Fixed point argument

We consider the Banach space (Y, |- |), where

Y := L*((0,T) x Q)

Iy = (/OT/Q |ﬁ|4dxd7—)%. (3.20)

We will show the local existence of the weak solution through the Schauder fixed point theorem
[18]. We first define the convex set

with the natural norm

By(0,R) :=1i:|ii]ly <R.

Next we define the functional I' : Y — Y as follows. We take 7 € By (0, R) and construct
n = I'(7) through the next steps:

Step 1. We put 72 to take place of n in the third equation of (1.1) and then obtain the solution
u. The existence and uniqueness of the solution for the third equation of (1.1) are guaranteed
by Lemma 2.1.

Step 2. Next we obtain ¢ from the second equation of (1.1) and Lemma 3.5.

Step 3. Finally, we put ¢ and u into the first equation of (1.1) and apply Lemma 3.6 to define

n as the solution of the linear problem
ng+u-Vn=An—V-(nVe) +rn — pi?,

with initial data n(z,0) = ng and the Neumann boundary conditions. Then a solution of the
nonlinear system (1.1), (1.3) and (1.4) corresponds to a fixed point of the map T'.
Theorem 3.7 Ifu € L?(0,T; H*(Q) N HY(Q)), c € HY((0,T) x Q) and n(zx,0) = ng € L*(Q).
The following problem

ne+u-Vn=~An—V-(nVe)+rn—pn? x€Q, t>0,

gn —, on 09,
n(z,0) = ng, x € Q,

has a unique weak solutionn € L>((0,T); L*(Q))NL2((0,T); H()) and n; € L2((0,T); H=(Q)).
The following Lemma will be useful later when we prove the hypothesis of Schauder’s point
theorem.

Similar to the proof process of Lemmas 3.2-3.4, we can obtain the following conclusions.

Lemma 3.8 In the construction of n = I'(R) as described above, the next estimations are
satisfied:

(1) [, cPdx < oo,

(2) HUHL2 @ T fo WUHB(Q dr < Cfo |”||L2(Q dr +C,

(3) fo ”VCH Q)dT <O fo [Acl|7 Q)dT +1),

(4) HVc||L2(Q + fo Jo |Acl?dadT < Cfo (1+ ||n||L2(Q )dr
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(5) fsz nPdz < (fsz nhdz + C'T)ec(pfl) Io ”ACH%Q(Q)dTJFpTT.
Lemma 3.9 For T small enough, T' is a map from By (0, R) into By (0, R).

Proof From Lemma 3.8 (5), we have

T 1 T i 1
(/ /”pdxdf)p < [/ (/ nfda + CT )eC0 D o 1ol dr Tz
0 Q 0 Q

ot 1
- g [(/ nPda + CT)@C(pfl)Jo HAC”i2(Q)dT+pTT:| v (3.21)
Q

By Lemma 3.8 (4) and the definition of | - |y, we obtain
t T
| 1adlsaar < [+l < O + 7). (3.22)
From (3.21) and (3.22), we have

1
/ /Q ndedT <Tp K/Q ng_FCT)eC(P*l)(TJrR?)erTT v (3.23)

Therefore, the right hand side of (3.23) tends to zero as the variable T' goes to zero. Thus we

can take p = 4 and T enough small to conclude

T i
iily = (/ / if*dedr) " < R. D
0 Ja
Lemma 3.10 The map I : (By (0, R),|-|y) = (By (0, R),| - |y) is continuous.

Proof Suppose that {fix}r>1 is a sequence of functions in By (0, R) satisfying 7y, — 7 in the

norm | - |y. Then we prove that solutions {nj }ren of the linear equations

ngt +u- Vg = Ang — V- (ngVeg) +rny — pniz, € Q, t >0,

I =, on 09, (3.24)
ng(z,0) = no(z), z e,

converge in the norm | - |y to the unique solution of

ne+u-Vn=~An—V-(nVe)+rn—pn? x€Q, t>0,

gn —, on 09, (3.25)
n(z,0) = no(x), x € Q.

Following the same proof process of Lemma 3.4, we have

d 2(p—1 2

T Qnﬁdmﬁ—% 2|V(n,§)|2dac—|—0(p—1)HAC;€||2L2(Q) /Qnidx—l—pr/Qnde—i—C
<_M v %2d Clp — Dl Acl2 Pq C 3.96
<= 2220 [ 19 f)Pda + (0 - Vsl +or] [ nlderC. (320)

In addition from Lemma 3.8 (4), we have

t T
/0 [Ack|72(q)dT < C/O (14 17k]|F2(0)dT < C(T + R?). (3.27)
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Using the Gronwall’s inequality, we have
T
/ nPda < Cr and / IV(n?)|2dzdr < Oy for all p > 2. (3.28)
Q 0 JQ

Taking p = 2 in (3.28), we find
[l 20,7501 (2)) < C- (3.29)
For any w € H'(Q) with ||lw||g1(q) < 1, we have
kel oy = | = - Vg + Ang =V - (g Vey) + rg, — png || 5 q)-
< C(Jlu- V”k”%{l(sz)* + ||A”k||§{1(n)* +V- (”kvck)”%{l(n)**‘

el F - + 160313 ()-)

<C( sup  (u-Vng,w) @ m@))’+C( sup  (Ang,w) ) o @)+
HwHHl(Q)Sl ||W||H1(Q)§1

C( sup (V . (nchk), w)(Hl(Q)*ﬁHl(Q)))z + C( sup (T’nk, w)(Hl(gz)*1H1(Q)))2+
HwHHl(Q)Sl HwHHl(Q)Sl

C( sup  (uAg,w)(m (@) 1 @)°
HwHHl(Q)Sl

< C(/Qu : Vnkwd:v)2 + C( ; Ankwdx)z + C( i V- (nchk)wdx)2+

C(/ankwd$)2—|—0(/ﬂ,uﬁiwd$)2

< O(/Q(u-Vw)nkdx)2+O(/QVnk'de:r)z—kC'(/Q(nkvck).vwdx)2+

C(/ankwdxf—l—C(/Q,uﬁiwdxf

< CHVWH%Q(Q)HUHKH%Q(Q) + C”vnk”%?(Q)HVWH%Q(Q) + C||"kvck||2L2(Q)||VW||%2(Q)+
Clinkllzeie)lwliZzoy + Cllail 7z @]z
< O||”k||%4(sz)||u||%4(sz) + CHV”k”%%Q) + O||”k||%3(sz)||Vck||%6(sz) + C||ﬁk||%2(sz) +C
< Cllullfay + ClIVklZzo) + CliVerlio@ + Clailliaq) +C
< C(HUH%Q(Q) + ||VU||2L2(Q)) + C||V”k||2Lz(Q) + C(HACkHQL?(Q) + ||Ck||%2(9))+
Cllag|| 2y + C
< C|IVull72iq) + ClIVRklZ2(a) + Cl Ak 72) + Cllill 24y + C-

Hence, we obtain
T
| el ay-ar
T
< O/O (IVullZziq) + 1VnRlT2(q) + 1 AckllT2 ) + 17kl 24y )dT + CT < C. (3.30)

Applying the Aubin-Lions compactness lemma, there exists a subsequence {n }ren such that

ny — n. strongly in L*(0,T; L*(Q)). (3.31)
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From (3.31), we observe that
ni — ny a.ein (0,7) x Q.

This implies that
ni —n?aein (0,7) x Q. (3.32)

By the part (5) of Lemma 3.8 and (3.32), we have
ni — n? strongly in L?(0,T; L*()).

Hence, we obtain

ng — Ny in the norm | - |y.
On the other hand, Lemma 3.8 (4) allows us to conclude that
Ver — Ve weakly in L2(0,T; L*(Q)).

We have
niVeg — n. Ve weakly in L2(0, T; L2(Q2)).

Finally we take the limit in (3.24) as kK — oo to conclude that n. corresponds to the weak

solution of problem (3.25) and we conclude that n = n, by the uniqueness of solution. [J

Lemma 3.11 ([10]) The set I'(By (0, R)) is relatively compact in By (0, R).
Using Lemmas 3.9-3.11 and the Schauder’s fixed theorem, we can obtain Theorem 3.7.

Proof of Theorem 2.3 By the Moser-type iteration [19, Lemma A.1], we can use the Lemma
3.4 to obtain |n||L~q) < C. Moreover, we can prove ||c|[y1.oq) < C and [Jully1.0q) < C
by using the standard parabolic regularity arguments. Then the local-in-time solution can be

extended to the global-in-time solution. Thus we obtain Theorem 2.3. [J
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