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Abstract In this paper, we make use of the binormial-residue-representation (BRR) to generate
(24 1)-dimensional super integrable systems. By using these systems, a new (24 1)-dimensional
super soliton hierarchy is deduced, which can be reduced to a (2+1)-dimensional super nonlinear
Schrodinger equation. Especially, two main results are obtained which have important physics
applications, one of them is a set of (2 + 1)-dimensional super integrable couplings, the other
one is a (2 + 1)-dimensional diffusion equation. Finally, the Hamiltonian structure for the new
(2 + 1)-dimensional super hierarchy is produced with the aid of the super trace identity.
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1. Introduction

Seeking new integrable systems has been an important aspect in soliton theory. Different
approaches for generating integrable systems have been proposed, such as the results in [1-4].
For the (14 1)-dimensional case, Tu has proposed an efficient method for deducing integrable hi-
erarchies of equations and the corresponding Hamiltonian structures [5]. Afterwards, Ma called
the method as Tu scheme [6]. From then on, many interesting integrable systems and some
corresponding algebraic properties were obtained [7-11]. Actually, the Tu scheme was proposed
based on the Lax pair method [12]. Therefore, it is important for us to derive (2+ 1)-dimensional
integrable systems by the Lax pair method. For example, Ablowitz et al. discussed the gener-
ation on (1 4 1)-dimensional and (2 4 1)-dimensional integrable systems by using the self-dual
Yang-Mills hierarchy and its reductions [13], which is actually the Lax pair method. Tu et al.
proposed a method for generating (2 + 1)-dimensional hierarchies of evolution equations and
their Hamiltonian structures [14], which was called the TAH scheme. However, the TAH scheme
did not adopt zero curvature equations to directly derive (2 + 1)-dimensional integrable systems.
Therefore, the integrability of the systems obtained could not be ensured. Dorfman et al. pro-

posed a method for generating (2 + 1)-dimensional integrable systems through the construction
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of Hamiltonian operators [15]. Based on this research, Tu et al. presented the BRR method to
obtain the (2 4 1)-dimensional AKNS hierarchy [16]. Zhang et al. employed the BRR method
to produce a few integrable systems [17].

In this paper, we extend the BRR method to (2 + 1)-dimensional super integrable systems.
Firstly, some new (2+1)-dimensional super integrable hierarchies are generated by using the BRR
method. Moreover, a new type of (2+ 1)-dimensional super soliton hierarchy is obtained different
from the one in [18] and further reduce it to the (2 + 1)-dimensional super nonlinear Schrédinger
equation. In particular, the super integrable hierarchy can be reduced to two different (2 + 1)-
dimensional super integrable couplings, which are new findings. Another prominent result is a
(2 + 1)-dimensional diffusion equation by reducing the (2 + 1)-dimensional integrable couplings.
Furthermore, the super trace identity over the corresponding loop super algebra is used to furnish

the super Hamiltonian structure for the (2 + 1)-dimensional super soliton hierarchy.

2. The Lie super algebra sl(m/n)

The definition of the Lie super algebra sl(m/n) is given by [19]

sl(m/n)(X(é i),strXTrATrDO), (2.1)

where A is m X m matrix, B is m X n matrix, C' is n X m matrix and D is n X n matrix.
The Lie bracket of sl(m/n) is denoted by

s[X, V] = XY — (-1)POPMy X vX|Y eslim/n), (2.2)

with the degration of the element X defined as

A 0
0,X = , str X =0,
B 0 D

x| % B,
C 0
A0

The matrix (6‘ g) is called the bosonic or the even element, while the matrix ( o D) is called

P(X) (2.3)

the fermionic or called the odd element. Hu introduced different bases of the Lie super algebra
sl(m/n) and presented the super trace identity in 1997 (see [19]), but he did not give its rigorous
proof. Recently, Ma gave a systematic proof of the super trace identity and the expression of
its constant vy (see [20]). For application, the super Hamiltonian structures of the super AKNS
hierarchy and the super Dirac hierarchy have been obtained. Geng and Wu constructed a new
super KdV equation by using the Lie super algebra as stated [21]. Zhang and Rui adopted the
special Lie super algebra to obtain some super integrable systems [22]. Wei and Xia started
from a 3 x 3 spectral problem to obtain a new six-component super soliton hierarchy and its
super Hamiltonian structure [23]. It also has been generalized to a super case for studying
super integrable couplings [24-26]. All the results above are (1 + 1)-dimensional super integrable

systems, except for the (2 4+ 1)-dimensional super soliton hierarchy in [22] obtained by the TAH
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scheme. However, we cannot determine the integrability of this (2 + 1)-dimensional soliton
hierarchy. In this paper, we introduce a loop super algebra sl(2/1) and deduce a new (2 + 1)-
dimensional super integrable hierarchy by using the BRR method, which can be reduced to the
(2 + 1)-dimensional super nonlinear Schrédinger equation. Moreover, two (2 + 1)-dimensional
super integrable couplings of the (2 + 1)-dimensional super nonlinear Schrédinger equation are
derived.

We brief overview of the BRR method.

(1) The loop super algebra sl(2/1) is defined by

s1(2/1) = {X (u, A+ &) = eg(A+ &) +urer(A+ &) +--- + upep(A+ &)}, (2.4)

where eg, e1, ..., e, constitute a set of basis for the Lie super algebrasl(2/1), and u = (uq, ug, ..., up)

is the potential function. The £ means an operator defined by
Ef = JE+ fy, VF EsI(2/1). (2.5)
(2) Fix a couple of matrices

U=eg(A+§&) +uier(0) + -+ upey(0),
VoY v 20

m>0

Solve the stationary matrix equation
Ve =[U, V], (2.7)

and obtain a recurrence operator W.

(3) Construct a sequence of matrices V(") so that
Vi U, VW] e Cey + - + Ce,, (2.8)

where C stands for a set of complex numbers.

(4) The zero curvature equation
Uy, — Vi + U, VM) =0, (2.9)

generates the super integrable hierarchy, especially, the (2 + 1)-dimensional super integrable
hierarchy.
(5) Rewrite the integrable hierarchy as

Uy, = JU" by, (2.10)

where J and ¥ are integro-differential operators.
(6) According to the idea given by Magri et al. [27] employ multiple seeds to obtain a

hierarchy of the form

U, =3 <?) LT (2.11)

i=0
where the operator ® is defined by

JU = .. (2.12)
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The above procedure is the BRR method. However, it only applies to generating (1 + 1)-
dimensional super integrable systems. In the following section, we extend this method to the

case of (2 + 1)-dimensional super integrable hierarchies.

3. A new (2 + 1)-dimensional super integrable hierarchy

In this section, we apply the loop algebra sl(2~/ 1) with operator matrices of the Lie super
algebra sl(2/1) to derive a new (2+ 1)-dimensional super integrable hierarchy through employing
the BRR method.

We consider the following matrix spectral problem

T = U )
¥ L4 (3.1)
Sot = V§D7
where
! A +E witu  ug ) i Vo V3
U:§ Uy — Ug —)\7175 Uy » V:§ Vi Vs Vs )
Ug us 0 Vo Vs Vg

with A\ being a spectral parameter, A\, u;,us being bosonic, and us, u4, us, ug being fermionic in
U. The Vi, Vo, Vy, Vs, Vy are even, and the Vi, Vg, V7, Vg are odd.

Starting from the stationary zero curvature equation

V, = [U,V], (3.2)

we have

2Vip = Viy + (u1 + u2) Vi +usVz — Va(ur — uz) — Vaug,

2Way = 227 1WVo + 2Vo€ + Vo + (w1 + u2) Vs + usVs — Vi (ur + u2) — Vaus,

2Wap = A MVa + V3 + Vay + (w1 + ua) Vo + ugVo — Viug — Vauu,

2Vip = —2X71WVy = 2Vi€ — Vi + (w1 — u2) Vi + uaVz — Vs (ug — u2) — Vius,

2Vse = —Vay + (u1 — u2)Va + ug Vg — Vi(ur + uz) — Vsus, (3.3)

2Weo = = A7V — Vo€ — Viy + (w1 — u2) Vs + ugVy — Vaug — Vsuy,

Ve = —Ved™t = Vo€ + ueVi 4+ usVa — Vs(ur — u2) — Vyug,

2Way = VRATL + Ve + ugVa + usVs — Vo (ug + uz) — Vous,

2Voe = ueV3 + usVs — Voug — Vaug.
Set

Vi= Y VimA™, i=1,2,...,9,04 =20, + 0, (3.4)

m>0
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it is easy to calculate

O-Vim = (w1 +u2)Vam +ugVzm — Vam(ur — uz) — Va mus,

2Vomt1 =2(Vam)a — 2Vamé — (Vaym)y — (U1 + u2) Vs — ugVe m + Vi (w1 + u2) + V3 mus,
Vamt+1 =2(Vam)a — Vam€ — (Va,m)y — (U1 + u2) Ve m — usVom + Vi mus + Va mua,

Wamt1 = —2(Vam)a — 2Vamé — (Vam)y + (u1 — u2) Vi + wa Vi — Vo i (u1 — u2) — Vi mus,
0+ Vs,m = (w1 — u2)Va,m + waVam — Vam (w1 + u2) — Vi mus,

Vo,mt+1 = —2(Vo,m)z — Vom& — (Vom)y + (w1 — u2) Vam + waVo m — Vamus — Vs mta,

Vimg1 = =2(Vem)a — Vim& +ueVim + usVim — Ve,m (w1 — u2) — Vo s,

Vam+1 =2(Vam)e — Va,m€ — u6Va,m — usVs,m + Vam (w1 + u2) + Vo mus,

2(Vo,m)z = ueVa,m + usVe,m — Vomus — Vs mua.

Denoting
n
V_(n) = Z ‘/;,m)\ma ‘/i,m = V4 im ‘/5 im V6 im ) (36)
=1

then we have

0 _%V2,n+1 —i‘/é,nﬂ
VWi v = Wi o 0 W ni1 (3.7)
Vintr —1Venst 0

Take V(™ = V™) then (2.9) is satisfied by
_ T
Uut,, _[ula U2, U3, Uq, Us, uG]tn

1 1 1

:[Z(‘/Zn—&-l — Vi), Z(VZ,n+1 + Ving1), Z‘/B,n—‘rla

1 1 1

- ZVG,n-&-la Z‘@,n—i—la 7ZV7,n+1]g;’
1

:10(‘/2,n+1 - ‘/4,n+17 *‘/Q,n—i-l - ‘/4,n+1> VB,n+1; VG,n—O—la ‘/8,n+17 V7,n+1)tj;, (38)

where

= O O = O O
O = O O O O
o O = O O

o O o o o

o O O O

Next, we write the (2 4+ 1)-dimensional super integrable hierarchy as a binormial-residue
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representation by using (2.11). Denote
Vigi Vagi Vagji
‘/jO = O-Ejaj = 051727~">‘/ji = V4,ji Vv'c'),jz ‘/6,]2 . (310)
Viji Vaji Vo
Case 1 Choose the initial data
Vio =1, V500 = —1, V2,00 = V3,00 = Va,00 = V6,00 = V7,00 = V8,00 = Vo,00 = 0, (3.11)
we can compute from (3.5) that
Va01 =u1 + u2, V301 = usz, Vao1r = u1 — ug, Vs 01 = U4, V7,01 = ug, V3,01 = us,

0_V1,01 = (w1 + u2)(u1 — u2) + ugue — (u1 + u2)(us — ug) — ugug =0,

= Vi,00 =0,
94 Vs01 = (u1 — u2)(ur + ug) + ugus — (w1 — uz)(ur + ug) — ugus =0, (3.12)
= V5,01 =0,

1
(Vo,01)e = §(U6u3 + usug — uglz — usta) = 0,
= Vy01 =0.

Substituting the above results into (3.5), one gets
1
Va,02 =(u1 + ug)y — (w1 + u2)é — §(u1 + u2)y, V3 02 = 2u3, — usé — usy,

Vioe = — (w1 +ug)y — (u1 — u2)é — %(Ul —U2)y, Vo020 = —2Uay — Ua€ — Uy,
Vz02 = — 2uee — ueé, Ve, 02 = 2us, — usé,
0_Vi 02 = (u1 + u2) Va2 + usVz 02 — Va02(ur — u2) — Va 02 us,
= Vig2 = *%(Ul + u2)(u1 — u2) — ususe,
04+ V502 = (u1 — u2)Va 02 + uaVg 02 — Va2 (ur + uz) — Vs 02 us,

1
= Vs,00 = §(u1 —ug)(uy + ug) + uqus,

1
(Vo02)z = §(U6V3,02 + usVs,02 — Vr,02us — Vi 02ua),

= Vo,02 = uguz — usug. (3.13)
Inserting (3.13) into (3.5) gives
1
Vo,03 =(u1 + u2)zz — (U1 + u2) gy + [(w1 + u2)y — 2(ur + u2)g)é + Z(ul + ug)yy+

1 1 1
(ur + U2)§2 — §(u1 — ug)(u1 + U2)2 - §(U1 + ug)ugus — §U3U6(u1 + ug)—
1
§(U3U5y + ugyus + 2uzusy — 2u3,Us),
Va,03 =4uses — 2(2uss — Usy)E — AUy + Usyy + uz€® + 2(uy + u)uay + (U1 + uz)pus—

1 1
§(u1 + u2)yus — §(u1 +ug)(u1 — ug)uz + ugusiy,
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1
Vios =(u1 — u2) e + (U1 — u2)zy + Z(Ul —U2)yy + [2(u1 — u2)g + (U1 — u2)y)é+
5 1 5 1 1
(u1 —u2)€” — §(U1 + ug)(ur — u2)* — 5(“1 — U2)UgUs — §U4U5(U1 — ug)+
1
§u4yu6 + §U4U6y — UqUpg + Uz U,
V6,03 :4u4zm + 4u4xy + u4yy + (4’&41 + 2“4@;)5 + U4€2 + 2(“1 - u2)u3r + (ul - u2)mu3+
1
5(’&1 — ’LLQ)yU3 — §(U1 + uQ)(ul - UQ)U4 + UqUeUS,
1
Vi.03 =4upes + dueeé + ul? — us(ur — us)y — 2use (ug — ug) + 5“5(111 — Ug)y—

§U6(U1 + u2)(u1 — u2) + usuaug,
9 1
V3,03 =4Usze — 4us.€ + usg” — 5“6(“1 + u2)y — ug(ur + u2)z — 2upy (U1 + ug)—

%u5(u1 + ug)(u1 — uz2) + ugusus. (3.14)
Case 2 Choose the initial data
Vijio =& Vs10 =& Va0 = V3,10 = V10 = Vi,10 = V7,10 = Vg,10 = Vo,10 = 0. (3.15)
In terms of (3.5), we get that
Vo1 =(u1 +u2)é + %(Ul + ug)y, V311 = us€ + usy,

Vi1 =(u1 —u2)é + %(Ul —U2)y, Vo11 = wal + uay, V711 = ueé, Vg,11 = usé,
0_Vig = (ur +u2)Vian +usVrir — Voi(ur — uz) — Vs 11us,

= Vi = 3:1[—%(1“ + uz)(ur — ug) — uzugly,
04 Vs11 = (u1 —u2)Vau1 +uaVa i1 — Vi (ur + u2) — Ve 11us,

_ 1
= V511 = 5+1[—§(U1 — ug)(u1 + u2) — uqusly,

1
(Vo11)s = §(U6V3,11 +usVs,11 — Vrius — Vg 11ua),

= V9’11 =0. (316)
From (3.5) and (3.16), we can obtain

1 1
V12 =(u1 + ug),€ + 5(“1 + u2)gy — (w1 + U2)§2 — (w1 +u2)y€ — = (u1 + ug)yy—

(
4
1 1 1 1
5(“1 +u2)Vs 11 + §V1,11(U1 +uz) + o Usyls + 5 Uslisy;

1
Vi 12 =2u3,€ + 2usey — 2usy€ — uzé? — ugyy + Vi 11us + §(u1 + u2)y U,

Vi = — (U1 — u2)z€ — %(Ul —U2)gy — (U1 — U2)§2 — (u1 — ug)yé — %(Ul — Ug)yy+
1

1
E(Ul - Uz)VLn - 5‘/5,11(161 - U2) - §U4U6y - §U4yu6;

1
V12 = — 2Uaz€ — 2Uagy — Us€® — 2uay€ — Uayy + (w1 — u)usé — §(U1 — ug)yus — Vs 114,
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9 1
Viie = — 2uee& — ue€” +ugVi11 — §u5(u1 — Ug)y,

1
Vs 12 =2us,& — uz&® + 5“6(“1 +ug)y —usVs 11 (3.17)

Case 3 Choose the initial data
Vipo =& Vo0 = —&%, Voo = V.20 = Vaoo = V20 = Va0 = Ve 20 = V20 = 0. (3.18)
Substituting (3.18) into (3.5) produces

Vaor =(uy +u2)€ + (ug + u2)y€ + %(ul + u2)yy,

V3,01 =uzé® + 2u3y€ + uzyy,

Vior =(u1 — u2)€® + (uy — ua),& + %(“1 — U2)yy,

V21 =ua€? + 2uay€ + Uayy, Va o1 = us€?, Ve o1 = usé”. (3.19)

Now, we make use of (2.11) to rewrite (3.8) into a binormial-residue representation. Firstly,
we consider some reduced cases by using (3.11)—(3.19).

Taking n = 1, we have

1
U1ty SUlz,
1
u2t1 - §u217
1
Uz, = 5U3g
L2 (3.20)

1
Uqty = U425

1
§u517

_ 1
Uet; = U6z

Ust,

Setting n = 2, we obtain

1 1 1 1
Uit, = 1(2U2m + FU2yy — U3USsy — U3z Us + UsUpz — UdgUs T 5UByUS T 5U3Usy+
1 1 2 3
SULUGy + FULyU6 — UTU2 + Uy — UpUsUs — UUaUs + 2uzV1 11 — 2u2 V5 11),
_1 1 1 1
Ugp, = 5 (2U1pe + 5ULYY — U3Usy — UsepUs — UgUey + UdgUs + 5UsyUSs + 5U3USY—
1 1 2 3
SULUGy — FUsylUs + ULUZ — UT — UUzUe — UrtgUs + 2u1 V1 11 — 2u1 Vs 11),
1 1 1
uzt, = 7(4user + FU1yUs + FUYUL + UL UL + U2z Ug + 2Us Uy + 2UnUsr—
1,2 1,2
SUTU3 + FUsU3 + UsUsUg + 2V1,11U3), (3.21)
1 1 1 :
Ugp, = — 7 (Ugzz — FUIHU3 + 5U2yU3 + U1U3 — U2z U3 + 2U1U3e — 2UUze—
1 1
suiug + sudug + ugugus — 2Vs 11uq),
1 1 1 1., .2
Ust, = 7(4Usee + 5UsULY + 5UCUZY — UsUls — Uglzz — 2UsrU1 — 2UepUz — 5UsUT+
%%u% + ugugus — 2us Vs 11),

1 1 1
Ugt, = — 7 (4Ugza — 5UsULY + 5UsUZY, — UsUiy + UsUoy — 2UszUl + 2UszUo—

Susui + Fusul + ususug + 2uVi11).
In particular, set ug = uqy = us = ug = 0, to = ¢, then Eq.(3.21) reduces to generalized

(2 4 1)-dimensional nonlinear Schrédinger equation

{ Uy = i[ngm + %quy — udug +ud — up0” " (u? —uld), + ugaj_l(u% —u3)yl, (3.22)
! )
1

Uot = 5[2U10 + %ulyy +ugud —ud — ulazl(u% —ud), + ulﬁil(u% —u3),.
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Let us = ug = 0. Then Eq. (3.21) becomes

Uity = i[2u2m + %Uny - u%u2 + “g - u28:1(u% - u%)y + u284:1(u% - u%)y],

Uggy = $[2U1z0 + SU1yy +wiu3 — ud — ur0= (uf — ul)y + w107 (ud — ud)y),

Ust, = 3 [AUsps + SU1yus + Tugyus + Uipus + Uspua + 2ur Uy + 2uoUsp— (3.23)
suius + gusuz — 07" (uf —u)yus), '

Uspy, = — 5 [Mlage — FUIYUS + SUsyUs + UrpUs — UgaUs + 2U1Usy — 2UUsy—
Ludug + Judug + (9;1(11% — u)yuql,

which is a (2 + 1)-dimensional super integrable coupling of (3.22).
Again let ug = ug = 0. Then Eq. (3.21) reduces to

Uity = (2200 + FUzyy — ufus +uf — w20 (uf — u3)y +u20y ! (ul — ud), ),

Uggy = $[2U1z0 + SU1yy +wiu3 — ud — u10”" (u? — u3), + ulail(u% —u3),],

Ust, = [AUsge + FUsULy + FUGULY — Ully — UslUzz — 2UpzUy — 2UgpUz— (3.24)
Tusu? + Lusud + us 07 (ud — ud),], -

Ugt, = — 3 [AUgpe — $USULY + FUSULY — UsUiy + Ustiog — 2Usey + 2UspUs—
susu? + Jugui — ugd_" (uf — u3),],

which is another (2 4 1)-dimensional super integrable coupling of (3.22), the super integrable
coupling (3.23) is different from the super integrable coupling (3.24), these results are not found
in previous research on integrable systems.

When u; = ug, Eq. (3.22) becomes the (2 + 1)-dimensional diffusion equation

Uiy = 5'(1:11,@ + gulygr (325)

The (2 + 1)-dimensional super integrable hierarchy (3.8) can be rewritten into a general

binormial representation

ur, = 350 0 (N (Vens1—i — Vangi—i),

Uzt = 5 >oio (1) (Vayngi—i + Vangi—i),

ust, = iZ?:O (7;) V3a"+1*i7 (3 26)
uge, = =330 () Vonti—is '
use, =5 2io (1) Vansi—is

Ust, = =1 2o (7) Vims1-i-

4. Hamiltonian structure

In this section, we will establish the super Hamiltonian structure of the new super integrable

hierarchy (3.8) by super trace identity [19,20]

1) ou 0 ou
il = il =
= /Str(V e = A XSS V), (4.1)
where the constant ~ is determined by
A d
v=—=—In|Str(VV)|]. (4.2)

2dA
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According to super trace identity on Lie super algebras, a direct calculation reads

ou 1 ou 1 ou 1

_— ) = —(— -2 —2 —_—) = — —_— ) = — —
Str(V 8)\) 4( ATV AT V), Str(V8u1) 4(V4 + Va), Str(V8u2) 4(V4 Va),
oUu 1 oUu 1 ou 1 ou 1
_—) = - _—) = - _—) = - _—) = - . 4.
Str(VBug) 4V7, Str(Vau4) 4V8, Str(Vau5) 4V6, Str(VaUG) 4V3 (4.3)
Substitute the above formula into the super trace identity (4.1) yields
]
o [ (AR ATV )d = W(%W(w + Vo, Va = Vo, Ve, Ve, Ve, V)T (44)

Comparing the coefficients of A"*2 on both sides of (4.4) gives rise to

0 Vn - n
K Ln+2 — Vs, +2 4
ou n+1

= (Vo1 + Vit —Vanrt + Vs, Vinst, Ve ts Vot 1, Vanr1) - (4.5)

By employing the computing formula (4.2) on the constant 7, we obtain v = 0. So, we conclude
that

0H,
Su (Vo1 + Vinst, —Vanst + Vst Vinst, Vs 1s Vont1, Vanr1) s
Vinte — Vi
H, = [ 222252824, n>0. (4.6)
n+1
Therefore, the new super integrable hierarchy (3.8) possesses the following super Hamiltonian
structure
0 _% 0 0 0 ‘/Z,n—i-l + ‘/4,n+1
i 0 0 0 0 ©0 Va1 + Vansr
0 0 0 0 1 Vi 6H,
ut, = Ll Tt =Jm n>0. 0 (47)
0 0 0 0 -3 0 Vs nt1 du
00 0 % 0 0 Von+1
00 -+ o0 0 o0 Vs nt1

5. Remarks and conclusions

By using the binormial-residue-representation, a new (2 + 1)-dimensional super integrable
system is obtained, from which a new (2 + 1)-dimensional super soliton hierarchy is deduced,
including the (2 + 1)-dimensional super nonlinear Schrodinger equation. In addition, two main
results are obtained. One of them is a set of (2 + 1)-dimensional super integrable couplings and
another one is a (2 + 1)-dimensional diffusion equation. Furthermore, the super Hamiltonian
structure for the new (2 + 1)-dimensional super hierarchy can be presented by taking use of the
super trace identity.

It is important to investigate the symmetry analyses of (3.22), (3.23), and (3.24) according
to [28-30]. However, since there exist operators 8;1 in these partial differential equations, it
may be difficult to discuss their Lie group properties. Can we follow the ways for generating
symmetries of the KP equation to discuss the symmetries of (3.22), (3.23) and (3.24)7 Recently,
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lumps solutions, and interaction solutions show a special kind of integrability of exact solutions

to integrable systems [31-34]. As its reduction, we gain the nonlinear integrable equations. How

to obtain the solutions of reduced equations is a very important and difficult work, and we will

plan to study and discuss these problems in the near future.

Acknowledgements We thank Yan ZHANG for helpful advices during the writing of this work.
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