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Abstract In this paper, we investigate the coefficient estimate and Fekete-Szeg6 inequality of
a class of m-fold bi-univalent function defined by subordination. The results presented in this

paper improve or generalize the recent works of other authors.
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1. Introduction

Let A denote the class of functions of the form:
o0

fz) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk U = {z : |z| < 1}. Further, by S we denote the family
of all functions in A which are univalent in U.
It is well known that every function f € S has an inverse f~!, which is defined by

@) =2 z€U

and
FUT@) =0, fol <rolf), () 2 1
The inverse functions g = f~! is given by
fHw) = w — agw? + (243 — az)w® — (5a3 — Sagaz + ag)w* + - - . (1.2)
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A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let
Y denote the class of all bi-univalent functions in U given by (1.1). The class of bi-univalent
functions was first introduced and studied by Lewin [1] and was showed that |az| < 1.51. Brannan
and Clunie [2] improved Lewin’s results to |as| < /2 and later Netanyahu [3] proved that max
lag| = 4/3 if f(z) € ¥. Recently, many authors investigated bounds for various subclasses of
bi-univalent functions [4-10].

Let ¢ be an analytic and univalent function with positive real part in U such that ¢(0) =
1,¢'(0) > 0 and ¢(U) is symmetric with respect to the real axis. The Taylor’s series expansion

of such function is of the form
©(2) =14 Bz + Byz® + B3z + -+ - | (1.3)

where all coefficients are real and B; > 0.
Recently, Tang and Orhan [11,12] introduced the following subclass of bi-univalent function
class ¥ and obtained estimates on the first two coefficients |az| and |as| and the Fekete-Szegd

inequality.

Definition 1.1 ([11]) A function f € ¥ given by (1.1) is said to be in the class HL(X, ) if it

satisfies
f(zz) f(ZZ))u—l_<¢(z)’ A>1, u>0, 2z€U

(=N + A (2)(

and

Dy g @Iyt <o), A21, 420, e,

where g(w) = f~1(w).

Theorem 1.2 ([11]) Let the function f given by (1.1) be in the class HE(N, ¢), A > 1 and pn > 0.
Then

laz| < min {

By 2(B1 + | B2 — BlD}
Atpt | (L4 p)(2A+ p)

and

in{ 2 BY  2(Bi+|By—Bil)
lag| < { min{ 553 + e (1iu><22x+u b o0<pu<l,

2|BQ*Bl
2>\+u T T @) pz1

Theorem 1.3 ([12]) Let the function f given by (1.1) be in the class HE(X, ¢), A > 1 and > 0.
Then

B ptl 2(B1—Ba)(A+p)?

|las — ya3| < 2y , 1=l <51+ ‘BQ(2A+H>(1+”)2 b
= 2B3|1—| _ el 2(B1—B2)(A+p)

e Tmarn B Eernr 1L 2 S U ey -

For each functions f € S, the function
hiz)= % f(z™), zeUymeN

is univalent and maps the unit disk U into a region with m-fold symmetry. A function is said to
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be m-fold symmetric [13,14] if it has the following normalized form:

F() =2+ amenz™ Y, 2 €U; meN. (1.4)
k=1

Srivastava et al. [15] defined m-fold symmetric univalent functions in U, analogous to the concept
of m-fold symmetric univalent functions. For the normalized form of f given by (1.4), they

obtained the series expansion for f~! as follows:

9(w) =f"Hw) = w = ap ™+ [(m A+ Dad, 4y — agmia 0™ -

1
[i(m +1)Bm +2)ap, 1 — 3m + 2)ami1a2mi1 + azmpr ] 4 (1.5)

We denote by ¥, the class of m-fold symmetric bi-univalent function in U. For m = 1, the
formula (1.5) coincides with the formula (1.2) of the class X.

Recently, many researchers [15-20] introduced and investigated a lot of interesting subclass
of m-fold symmetric bi-univalent functions. Motivated by them, we investigate the estimates
|am1] and |agm, 1] for functions belonging to the new general subclass Ny, (A, @) of Xy, A new

subclass Ny (X, ) is defined as follows:
Definition 1.4 A function f € %, given by (1.4) is said to be in the class Ny (X, ¢) if it

satisfies
-0y oDy <o), Azt 0 e

and
(1— A)(@)“ + Ag’(w)(%)“_l <pw), A>1, p>0, wel,

where the function g is given by (1.5).

Remark 1.5 There are many choices of ¢, A\, pu, and m which would provide interesting
subclasses of class N’gm (A, ¢). For example

(1) For A=1, p=0and m =1, Ng (1,¢) = S

(2) For p =0, A=1,m=1and p(z) = (1=
studied by Brannan and Taha [7].

(3) For p=0,A=1,m=1and ¢(z) = w (0<pB<1), Ng‘l,%) = S&(8)
studied by Brannan and Taha [7].

(4) For m =1 and ¢(z) = (£2)* (0 < @ < 1), N& (X, (122)*) = N&(a, A) introduced by
Caglar et al. [8].

(5) For m =1 and ¢(z) = w (0<B<1), Ng (N W) = N&(B, ) introduced
by Caglar et al. [8].

(6) For p=1,m=1and p(z) = (£2)* (0 < a < 1), Ny (A, (1£2)) = Bys(a, A) studied
by Frasin and Aouf [9].

(7) For p=1,m=1and p(z) = U202 (0 < g < 1), N& (A, TU=202) = By(8,))
studied by Frasin and Aouf [9)].

(8) Forp=1,A=1,m=1and p(z) = (2)* (0 < a < 1), N (1, (£2)*) = HE studied

() introduced by Ma and Minda [4].
) (0 < a <1), Ng (1,(35£)%) = Sg[o]

11—z

S

by Srivastava et al. [10].
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(9) Forp=1,A=1,m=1and o(z) = HG=202 (0 < g < 1), N§ (1, =222 = Hy ()
studied by Srivastava et al. [10].

(10) For m =1, N‘E‘l()\,go) = HE (A @

1

+
1—

) studied by Tang et al. [11].
(11) For p=1, A =1and ¢(z) = (= L

Srivastava et al. [15].

)* (0 < < 1), Ny, (1,(1££)*) = Hg,, studied by

z

(12) For p=1,A =1 and p(z) = Q=202 (0 < g < 1), N& (1, 20=2002) — pry ()
studied by Srivastava et al. [15].

(13) For p=1and A =1, Ny, (1,¢) = Hym(p) studied by Caglar and Gurusamy [17].

(14) For p(z) = (££2)* (0 < a < 1), N§ (A, (1£2)*) = N& . (a, A) studied by Bulut [18].

(15) For p(z) = U202 (0 < B < 1), N& (A, =202y = NE&(B,)) studied by
Bulut [18].

(16) For p =1 and ¢(2) = (1£2)* (0 < a < 1) N§ (A, (F2)*) = A;in studied by
Stimer [19].

(17) For p=1and p(z) = 02202 (0 < g < 1), N& (A, HU=202) = A3 () studied by
Stimer [19].

(18) For p=0,A =1 and ¢(z) = % (0<B<1),Ng (1, %) introduced by
Hamidi and Jahangiri [20].

(19) For p=0,A=1and ¢(z) = (£2)* (0 < <1), N (1,(1£2)*) = 58 ...

11—z m 11—z

(20) For A =1 and ¢(z) = (§£2)* (0 < a < 1), a new class N& (1, (§££)*) is obtained,

which consists of m-fold symmetric bi-Bazilevi¢ functions.

(21) For A =1and p(z) = % (0< B < 1), anew class Ni (1, %) is obtained,

which consists of m-fold symmetric bi-Bazilevi¢ functions.

In order to derive our main results, we shall need the following lemma.

Lemma 1.6 ([21]) Ifp(z) € P, then |c,| < 2 for each n, where P is the family of all functions
p, analytic in U for which R{p(z)} > 0, where

p(z)=1+crz+c2®+---, z€U.

2. Coeflicient estimates

Using Lemma 1.6, our first main results is given by Theorem 2.1 below:

Theorem 2.1 Let f(z) given by (1.4) be in the class Ny, (X, ). Then

) B 2(B1 +|B; — B
|am+1|§m1n{ 1 \/ ( 1 ‘ 2 1|) 91}7 (21)

prmAT\ (m o+ p)(p+ 2mA)°
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By B —Bs (14+2m~+p) (p+2mA)
e N € (—O)O’ —Smnr Y
1—p)(p+2mA
[azm 1] < (14m) B T <1goi)’>< +2mA) _ (mtp) (e 2mA)
m — . m B B,—B m m m m
mln{Q(,u+m)\)12 p.—&-?;n)\’QQ’QB}’ le *e[- 2(,uﬁml;\)2 » 2(i+’:n>\)2 U
(- (m+p) (pt2mA) ) (1—u)(u+2m/\)]
2(p+mA)2 ) 2(pkmA)2 D
(2.2)
where
Q0 B1\/2B,
1 = )
VIm + p) (4 2mA) BY + 2(B1 — Ba) (1 +mA)?|
q, = 1+m)(Bi+[Bs — Bi|) B
’ (m + ) (p + 22m) [+ 2xm’
Q — (1+m)B}

|(m + p) (p+ 22m) BY + 2(B1 — Ba)(p + Am)?|
Proof Let f € Ngm()\,go) and g = f~!. Then there are analytic functions u,v : U — U, with
u(0) = v(0) = 0 satisfying

-0 @ Dyt = o), (2.3
(1= 0Dy g @) ED o = o)) (2.4

Define the functions p;(z) and p2(z) by

1
pi(z) =1 J_r ZZ; =1+ cm2™ + com2™™ + c3p 2" + -
and )
pa(z) = 7 J_FZZ; =1+ bm2"™ + bom 2®™ + b3 2" + - -
or equivalently,
pl(z) —1 1 m 1 C’r2n 2m
_ _1 LD 2.
u(z) (o) 1 5 Cm? —I—(262m 4 )25+ (2.5)
and (z)—1 1 1 b2
o Db2(z) — _ = m - _ m _ 2m .
From (2.3)—(2.6), we have
f(2) e d @ p(z) =1
11—\ By =l — 2.7
A= NEDy e ar@ED T =i (27)
d (w) (w) (W) -1
gw / gW) -1 p2(w) —
1=\ LY =1l — . 2.8
=Ny 2 @2 = o) (28)
Using (2.5) and (2.6), together with (1.3) we get
pl(Z) — 1 1 1 (Bg — B1)62 2
———)=1+4+-B ™+ [=B M. 2.
pQ(w) -1 1 m 1 (32 — Bl)b?n 2m
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Since
1 -0EDy @ E o maa
(u+ 2m)\)[%_1afn+1 + Agmg1]22™ -
and

(1- A)(%)" + Ag’@)(%)“_l =1—(u+mNapw™+

g1

(1 +2mN)[(m + £

)az, 1 — azmi1)w?™ -

it follows frrom (2.7)—(2.10) that

1
(p+mA)am1 = §Blcm7
p—1

Bs — By)c?
2 al, 1+ a2mi1] = s Bicam + Bz = Br)em

2mA\ -

(1 +2mA)| 5 1 ;
1

_(ﬂ+m>\)am+1 = §Blbm7

w1
2

m

1
(1 + 2m\)[(m + )aZ, 11 — G2mi1] = 5 Bibam +

4
From (2.11) and (2.13), we get
Cm = —bm,
2 = Bi(ch, +b?n).
LT 8(u+mA)?

Applying Lemma 1.6 for the coefficients ¢, and b,,, we have

By
w+mA\

lam| <

Adding (2.12) and (2.14), we have

By (cam + bam) n By — By
2 4
Applying Lemma 1.6 for the coefficients ¢,,, com, by, and bay,, we have

|am 1] < \/2<Bl + B2 — Bi)

(m+ ) (pn+2mA)as, | = (c +07)-

(m+ p)(2Am + p)
Substituting (2.15) and (2.16) into (2.18), we get
9 2B (,u + mA)2(CQm + b2m)

T w)(a+ 2mN)BE £ 2(By — Ba) (A
From (2.15), (2.20) and (2.16), we get

a2 = B{(com + bam)
LT 2 (m A+ p) (e + 2mA) BE 4 4(By — Ba)(pn +mA)?’

Then, in view of Lemma 1.6, we have

(a1l < Div2b
= VI(m A+ ) (i + 2xm) B + 2(B1 — Ba) (i + Am)?|

(By — By)b?

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Now, from (2.17), (2.19) and (2.22), we get

B 2(B1 + |B2 — By)) B1v2B, }
Amo+p” \(mA+ ) (2Am+ 1) \/[(m+ ) (n+ 2Am)B? + 2(By — Ba)(u + Am)?|

By subtracting (2.14) from (2.12), we obtain

1+m , By
o _itm O (e — ban). 2.2
a2m+1 5 a"‘+1+4(,u—|—2m)\)(02 2m) (2.23)

|@m41] < min {

Substituting (2.11) into (2.23) and using Lemma 1.6, we get
(1+m)B? B,

mt1| < . 2.24
[2m-+1] 2(p+2Am)2  u+2xm (2:24)
Substituting (2.18) into (2.23) and using Lemma 1.6, we get
1 B B, — B B
lazmsa| < (1+m)(B1 + |By 1]) + (m + ) 1 (2.25)
(m + p) (1 + 22m)

From (2.11) and (2.23) it follows that

B — By 1 B — By 1

= Bi{[h h - b
azm1 = Br{[h( B2 )+ A+ 2mA)]sz + A B2 ) A+ 2m>\)] 2m }
where
h(Bl—BQ)_ (1+m)
B2 4(m + p)(p + 2mA) +SBlB;«fBQ(u+m/\)2'
Since all B; are real and By > 0, we conclude that
4Bl|h(BlB_2B2)‘7 |h( B1B—232) > 4(y,+12m)\)’
las| < B, ! 0 < hlBl—Bz < 1
n2mA? - | ( B? )‘ = 4(p+2mA) "
This completes the proof of Theorem 2.1. OJ
Theorem 2.2 Let f(z) given by (1.4) be in the class Ny, (), ). Then
lag —ya3| < { prrama [14m—24|B Ry > 14(“+2m/\) (2.26)
[(m+p) (u+2mA) B +2(B1—B2) (u+mA)?|? (V] = A(ut2mA)

Proof By using the equalities (2.21) and (2.23), we have

Yeam + (h(7) — —— o,

2
] — = B1[(h(v) + A1+ 2mN)
A2m+1 = Vlpy 11 1[(h(7) 4(p + 2mA

4(p + 2mA)

where
(14+m — 2v)B?

m + p)(p+ 2mA)Bf + 8(B1 — Ba) (1 + mA)?

Since all B; are real and By > 0, we conclude that

h(v) = I

B 1
|a _ a2‘ < u+2;n>\’ ) 0< |h(7)‘ < 4(pF2mA)’
3 ’Y 21 = |1+M72’Y|Bf |h( )| > 1
[t (r2mn) B 2(Br—Ba) (urmn2) MV = dszmay

which completes the proof. [

3. Corollaries and consequences
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Setting m = 1 in Theorem 2.1, we have the following corollary.

Corollary 3.1 Let f(z) given by (1.4) be in the class N¥ (A, ¢). Then

By 2(By + |By — By))
< 7Q 9
el < min {75 ¢ Tt

B B,—B (3+p) (1+2X)
1— 2X
[( 252%;)2 ) +00),
. B2 B B,—B (3+p) (u+2)) (14-p) (u420)
mln{(qulA)? + u+§,\vQ2’Q3}v 13; 2 e[- 2éu+uA)2 » 2é#+l,\)2 U
(— (1+/t)(u+2k)) (1—/t)(u+2/\)]
2(ptAN)2 0 2(ptA)?

|aomt1] <

where

Biv2B;

Ql == 5 9
VI + ) (i +20)BF +2(B1 — B2) (1 + A)?|
q, = 2B1+|B: — Bi) B,
T 0+ mt2N) pt2x
3
0, 213

[(1+ ) (4 20) BE + 2(B1 — Ba2)(p + A)?|
Remark 3.2 The estimates of the coefficients |as| and |as| of Corollary 3.1 are the improvements
of the estimates obtained in [11, Theorem 2.1].

Setting ¢(z) = (1£2)* (0 < a < 1) in Theorem 2.1, we have the following corollary.

Corollary 3.3 Let f(z) given by (1.4) be in the class Ny, (), (H2)) = Ng (@, N). Then

. 2a 8a — 4a? 2
|@m41| < min { ,\/( , I

Am 4 m+ 1) (2Am + )" /(4 mA)2 + ma(p + 2mA — mA2)
9 (/L+m>\)
lazm+1| < { o (1+m)a’ ’ <( . SA)W’
2(1+m)a 2 L+m
min { eSO + e 1, Q2 m<a§1’

(14+m)(4a—2a?) + 2a 0 — 2(14+m)a?
(m~+p)(p+2xm) p+2xm? *°2 = (pFam)2+ma(p+2mi—mA2)

where 1 =

Remark 3.4 The estimates of the coefficients |a,,+1] and agm,41 of Corollary 3.2 are the im-

provement of the estimates obtained in [18, Theorem 4].

Setting p(z) = %ﬁfﬁ)z (o < B < 1) in Theorem 2.1, we have the following corollary.

Corollary 3.5 Let f(2) given by (1.4) be in the class Ny (A, %) = Ny ,,(8,A). Then

4(1-p) m(1+2mA—mA?)
V mrm @i 0S8 < <1+2mx><1+m> )

|am+1| S 2
(1-B) m(142mA—mA?)
Am—+p ? (1+2m">L\)(1Tm < 6 <L
201-5) -1
lagm+1| < { +2m§\(’1+m) 1-8)% | 2(1=B)  2(14m)(1—B) g; ’ 1
min{ =055+ e e b 0SS # <.

Remark 3.6 The estimate of the coefficients |ag;,41| of Corollary 3.3 is the improvement of
the estimate obtained in [18, Theorem 15]. Setting m = 1 in Theorem 2.2, we have the following
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corollary.

Corollary 3.7 ([12, Theorem 2.1]) Let f(z) given by (1.4) be in the class Ng (X, ). Then

B 1
2 ,u+§>\’ 0 < |h(7)| < A(ut2n)’
a3 = yas] < 21| B} b > 1
armGr BT e M) 2 ey
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