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Self-Normalized Exponential Inequalities for Martingales
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Abstract We give an extension of Delyon’s inequality for locally square integrable martingales.
The result is very useful for establishing self-normalized exponential inequality for martingales.
An application to linear regressions is discussed.
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1. Introduction

Let (&, Fi)i=o,...n be a finite sequence of real-valued square integrable martingale differences
defined on a probability space (2, F, P), where {§ = 0 and {0,Q} = Fp C --- C F,, C F are
increasing o-fields. So by definition, we have E[{;|F;—1] = 0, ¢ = 1,...,n. Set Sy = 0 and
Sy =% & for k=1,...,n. Then S = (Sg, Fi)k=1, n is a martingale. Let [S] and (S) be,

respectively, the squared variance and the conditional variance of the martingale S, that is

k k
[Slo=(S)o =0, [Slk=>_& and (S)x => E[E|Fia], k=1,...,n.

Bercu and Touati [1] established the following exponential inequality. For any z, v, > 0,

2
B(IS,] > @, [S] + () < v7) < 2exp{—5}.

Delyon [2] refined the inequality of Bercu and Touati, and gave the following result. For any
z, v, >0,

1 2 5 x?

g[s]n + §<S>n < vy,) <exp _@} (1.1)
The proof of Deylon is based on the following fact that for any ¢ > 0,

2
SGISl+ 2SN <1 (1.2

Combining inequality (1.2) and exponential Markov’s inequality together, we have

1[S] Jrg(S) <v?)<e {tacfﬁvz}
3loin T 3WWin = Un) = EXD g Uni-

Taking t = x/v? in the r.h.s. of the last inequality, we obtain inequality (1.1). Inequality (1.2) is

P(S, > =z,

Elexp{tS,, —

P(S, >z,

very useful. For instance, de la Pena and Pang [3] showed that such type inequalities are closely

related to the exponential inequalities for self-normalized martingales.
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In this paper, we show that inequality (1.2) holds also when the constants % and % therein

are replaced by certain positive constants, that is

t2
Elexp{tSn — 5 (p[S]n +9'(S)a)}] < 1, (1.3)
where p and p’ are certain positive constants such that (2.1) holds. Inequality (1.3) is very useful.
For instance, by exponential Markov’s inequality, it immediately leads to the following result:

For any z,v, > 0,
2

B(Sn > @, ISl + P/ (S)n < v2) < exp{—5 5},

,UTL
which can be regarded as a generalization of Delyon’s inequality. See also (2.3) for a more
stronger result. Moreover, following de la Pefla and Pang [3] and Bercu and Touati [1], we show
that inequality (1.3) can be applied to self-normalized exponential inequalities for martingales.

In particular, we prove that if (S), > b?ES? a.s. for small positive b, then for any z > 0,

plS]n + P/ (S)n

The rest of the paper is organized as follows. Our main results are stated and discussed in

22
>z) < C|lnb| exp{—g}.

Section 2. The application to linear regressions is given in Section 3. In Section 4, we prove our

main results.

2. Main results

Let p > 0. Denote
2(exp{z — L2?} — 1 — )

z € R.
22

fz) =

)

Set

q =sup f(x).
xeR

Notice that
lim f(z)=1—-p, lim f(z)=0,

z—0 r—+o0
and f(x) is continuous on R. Thus, ¢ always exists and satisfies ¢ > 1—p. In particular, Delyon [2]
proved that if p = %, then ¢ = % By the definition of ¢, we have for any constant p’ > g,
/

exp{x — gxz} <l4z+ %1’2, r eR. (2.1)

For practical purposes, one can use the following table:

D 0.1 0.2 03 04 05 06 07 08 09 1 2 3
P 3.56 098 071 0.62 058 0.55 054 053 052 052 051 0.51

Table 1 Value of p’ under p

It is easy to see that when p is increasing, g is decreasing.

Our first result is the following exponential inequality for martingales.
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Theorem 2.1 Let p > 0. Assume p’ > q. Then for any t € R,
2

t
Elexp{tS, — 5(;0[5]” +p(S),)} <1, (2.2)
and for any x,v,, > 0,
2
P(Sy > x and p[S)y + p'(S), < v2 for some k € [1,n]) < eXp{—;?}. (2.3)
In particular, the last inequality implies that for any x,v, > 0,
2
> ! <0?) < _ T
P(max Sp 2@, plSla +p'(Shn < v3) < exp 202

Clearly, inequality (2.3) with p = % and p’ = % implies inequality (1.1). Thus our inequality
can be regarded as an extension of Delyon’s inequality (1.1).
Inequality (2.2) is very useful for establishing exponential inequality for self-normalized mar-

tingales. Using (2.2), we obtain the following analogue of Bercu and Touati [1, Theorem 4.2].

Theorem 2.2 Assume p’ > q. Then for any x > 0,

Su . z? /
P(m > x) < inf (Blexp{—(1 = 1) 5 (p[S]n + P (S)n)}) 7,

and, for all y > 0,

I

P(— >0, p[S) () 2 1) < exp{—1)
p[S]n —|—p/<S>n pi ) n n —_ — 2 .
Moreover, the same inequalities hold when S,, is replaced by —S,,.

Similarly, we have the following result.

Theorem 2.3 Assume p’ > q. Then for any z,y > 0,

.’E2
O @Sl 2 () ) <exp (-0 24)

Moreover, we also have

1
T

[SIn3])7-

IP( [ng >z, p'(S)n <yp[S)n) < }gg(E[eXP{_m}

Moreover, the same inequalities hold when S,, is replaced by —S,,.
Clearly, when p = p’ = 1, Theorem 2.3 reduces to Theorem 2.2 of Bercu and Touati [1] with
a=0and b=1.

Remark 2.4 According to the proof of Theorem 2.3, it is not hard to see that (2.4) and (2.5)
also hold exchanging the roles of (S), and [S],, and exchanging the roles of p and p’ at the same

time. That is, the following two inequalities hold: for any x,y > 0,

2

P > o (2= )8 2 2lS) +9) < e (=551

and
(1—1)2?
2(L+y)p’

1
1

(Sha}])T.

PP( >z, p[S]n < yp'(S)n) < inf (Elexp {~

(S)n
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Denote s,, the standard variance of S,,. It is well known that
n
st =ES) =Y EE.
i=1
Inequality (2.2) implies the following exponential inequality for self-normalized martingales.

Theorem 2.5 Assume p’ > ¢. Then for any b € (0,1/2] and x > 0,
|| > x, \/plS]n + P {(S)n > bsp) < Cllnb| exp{—ﬁ}, (2.6)
ST + 1/ (S)n 6
where (' is an absolute constant. In particular, if p’(S), > b?s2 > 0 a.s., then (2.6) implies that
||
p[S]n + P (S)n

Some exponential inequalities similar to (2.6) can be found in Liptser and Spokoiny [4], de

B(

B

22
>xz) < C|lnb exp{—g}.

la Pefia and Pang [3]. In these papers, Liptser and Spokoiny [4] considered the probability of

the event {m >z, b < \/p[S]n +P'(S)n < bM}, while de la Pefia and Pang [3]

considered the tail probability of [Sn

VPISlntp (S)nts2
3. Application to linear regressions

The stochastic linear regression model is given by, for all n > 0,

Xn+1 = gd)n —+ 5n+1; (31)

where X,,, ¢, and ¢, are the observation, the regression variable, and the driven noise, respec-
tively. We assume that (¢,,) is a sequence of independent and identically distributed random
variables, and that (e,) is a sequence of identically distributed random variables with mean zero
and variance o2 > 0. Furthermore, we suppose that, for all n > 0, the random variable &, is
independent of F,, where F,, = o(dg,€1,.-.,n—1,&n). Our interest is to estimate the unknown

parameter 6. The well-known least-squares estimator 5; is given below

—~ > b1 Xk

0, = - (3.2)
D k=1 %1
It immediately follows from (3.1) and (3.2) that
_ S,
O — bn = 0” (3-3)

where

Su =) ¢p1ex and (S)n=0"> ¢i_,.
k=1 k=1

Let H and L be the cumulant generating functions of the sequences (¢2) and (£2), respectively

given, for all ¢t € R, by

H(t) = logE[exp {t¢?}] and L(t) = logElexp {tc2}].
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When ¢,, and ¢,, are sub-Gaussian, the following exponential inequality on the convergence of
5; — 0,, has been established by Bercu and Touati [1]. Assume that L is finite on some interval

[0, ] with ¢ > 0 and denote by I its Fenchel-Legendre transform on [0, ],

I(x) = sup {zt— L(t)}.

0<t<c
Then, for all » > 1, x > 0 and y > 0, Bercu and Touati proved that
—~ ) n (I—1)a? yo?
—0l > ) < —H(—————— —nl(Z—)}. .
P(|9 — 6] 2 z) < 2inf exp {7 H( 202(1+y))}+exp{ nl(= )} (3.4)

Here, we would like to give a refinement of (3.4).
Theorem 3.1 Foralln>1,z >0, and y > 0, we have

(I - 1a? p'yo?
m)}+exp{—”1( on )}

Clearly, when p = p’ = 1, our inequality reduces to the inequality of Bercu and Touati.

—~ n
—9l > 2) < 2i ZH(—
P(10, — 0| > z) < 2lu>1£exp{lH(

4. Proofs of theorems
In the proof of Theorem 2.1, we make use of the following lemma.
Lemma 4.1 Assume p’ > q. Then for any t € R,

Elexp{tg; — 21267}|Fin1] < exp{Z42BIE2| Fia)).

Proof By inequality (2.1), we have
exp{t&; — gt%f} <1+t&+ %/tzgf.
Taking conditional expectation on both sides of the last inequality, we get
Elexp{t¢; — gtzgf}m_l] <1+ %RE[gﬂfi_l}.
Using the inequality 1 + x < e®, we obtain
Blexp{té, — L2€2)| 7o) < expl L PRIEIF ),

which gives the desired inequality. [J

From the last lemma, we get

Lemma 4.2 Assume p’ > q. For any t € R, denote

t2
Vn(t) = exp{tsn -5

9 (p[S]n +p/<S>n)}'
Then (Vi(t), F;)i=1,...n IS a positive supermartingale with E[V,,(¢)] < 1.
Proof For all t € R and n > 0, we have

Valt) = Vi () exp{t€n — B2(pE2 + pBIE| 1))}
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Hence, by Lemma 4.1, we deduce that for all ¢t € R,

2
E[Va ()| Fn-1] = Va1 () E[exp{tn — %(pé“i + ' E[E3 | Fao1]) HF 1]

< Vae1(t),
which means (V;(t), Fi)i=o,...,n i a positive supermartingale. Moreover, there holds
E[Va(8)] < B[Vo1(8)] < -+ < E[Vi(2)] < 1.
This completes the proof of lemma. [

Proof of Theorem 2.1 We follow the argument of Fan et al. [5]. For any nonnegative number

A, define the exponential multiplicative martingale (Z;(\), F)k=o,....n, Where

K BN
Zi(\) = . . Zo(\) =1, A >0.
k( ) 1.];[11[4:[6)‘&75)‘25“}1_1] 0( )

If T is a stopping time, then Zpar () is also a martingale, where

TAk oa&i-5X%¢

Zrpn(\) = ; » N =1420.
TAk( ) };[1 E[e/\ii_EA%? ]:i,ﬂ O( )

Thus the random variable Zraxk(\) is a probability density on (Q, F,P), i.e.,
[ 2o )P = BlZras () = 1.
Define the conjugate probability measure Py on (2, F) as follows
APy = Z7pn(N)dP, (4.1)

and denote by E, the expectation with respect to Py. For any z,v, > 0, define the stopping
time
T(x,v,) = min{k € [I,n] : Sy > and p[S]x + p'(S)r < v2},

with the convention that min{@} = 0. Then it follows that
115, >z and p[S],+p'(S)s<v2 for some k€[1,n]} = Z Lir(2,0,)=k}-
k=1

By the change of measure (4.1), we deduce that for any z,v, > 0 and A > 0,
P(Sy > x and p[S]x + p'(S) < v? for some k € [1,n])

= ]E)\[ZT/\n()\)_ll{Skzz and p[S]x+p’(S)r<v2 for some ke[l,n]}]

NE

Ex[exp {=ASTAn + Y1 ran (M)} 17 (z,0,)=k}]

=~
Il
—

I
NIE

Exlexp {=ASk + Vi (M)} i7(2,0,)=k}]

ES
I
—

Exlexp {=Az + ¥ (M)} 1,00 =k},

NE

~
Il
-
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where

ZlogE A&i—EN%E?

Fical, 0<k<n.

By Lemma 4.1, it follows that
k

)\2
Z; (p€? + P'EIEF | Fima])
i=1

( (ST + P (S)k)-

Using the fact that Uy (A) < ’\7211% on the set {T'(z,v,) = k}, we deduce that for any z, v, > 0,

w‘y

P(S > x and p[S]p + p'(S), < v? for some k € [1,n])

n

)\2
<exp{-Az+ ?vZ}EA[Z 147 (z,0,)=k}]
k=1

)\2
= exp {—)\Z‘ + ?UEL}E/\[l{Ska and p[S]x+p’(S)r<v2 for some ke[l,n]}]

2
<exp{—Az + %U?L} (4.2)

The bound (4.2) attains its minimum at

Substituting A = A(z) into (4.2), we obtain for any x, v, > 0,
2
P(Sy, > x and p[S]y + p'(S), < v2 for some k € [1,n]) < {—;?}
This completes the proof of theorem. [

Proof of Theorem 2.2 We follow the method of Bercu and Touati [1]. For all ¢t € R, recall

2

It follows from Lemma 4.2 that for all ¢ > 0, E[V,,(¢)] < 1. For all x > 0, let A, = {S, >
x(p[S]n + P (S)n)}. Set % + é =1, p,q > 1. By Holder’s inequality, we have for all ¢ > 0,

P(An) =P(Sn > z(p[S]n +p'(S)n))

< Elexp {(S ~ 2(plS]n +7/(5))}1La,]
=E[exp{i<sn—§<p[51n+p< D)} exp {5t = 20)(pIS) +1/(5))} 1,

= (Elexp {1~ <t—2x>< [Sln+p'<s>n>}1An]>5<E[vn<t>1>%

ST

< (E [exp{ (t—2m)( [Sn + P/ (S)n) )7

Consequently, as p/¢ = p — 1, we can deduce from (4.3) and the particular choice ¢t = z that

2
P(An) < inf (Elexp{—(p 1) (PLS]n +P'(S)n)}])7,

(4.3)

il
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which gives the first desired inequality. Furthermore, for all 2,y > 0, let B,, = {S,, > z(p[S]. +
P (SYn), plS]n + P’ (S)n > y}. By Cauchy-Schwarz’s inequality, it follows that for all 0 < ¢ < 2z,

2
P(Ba) < Elexp {550 — - ([S]n + 7/ (S)a)}exp {5 (¢ = 20)plS] + 7/ (S)a) )

4
< exp {2t — 22)}E[Va (1) 1, ]
Again by Cauchy-Schwarz’s inequality, we have
E[V,(t)?1p,] < VP(B,).
Therefore, we have

P(B,) < exp {%y(t —2x)}.

Choosing the value ¢t = x, we obtain

2
T
B(B,) < exp{~5"},

which gives the second desired inequality. [J
Proof of Theorem 2.3 Denote
Zn = plSln + P'(S)n-
For all z,y > 0, let
Cr = {Sn 2 z[S]n, (2 = p)[S]n = P'(S)n + 4}
Set % + % =1, p,q > 1. By Hoélder’s inequality, we have the following inequality. For all ¢ > 0,

P(Cn) < E[GXP{éSn - %[S]n}lcn]

t t2 t2 tx
=Elexp{=5, — =Zn} exp{=Z, — =[]n}1c,
exp {25, — 5= Zu}exp (520 = 1S} e

< (E[exp{%a(p[sn T (S)a) — ﬁ? (S}, D)3. (4.4)

= p— 1, we can deduce from (4.4) and the particular choice t = x that

. 5329(13 - 1)
< I T
P(C,) %r;i; exp { 95

Consequently, as

QS

}

2
x
= exp{—7y}7

which gives the first desired inequality. Furthermore, for all z,y > 0, let
Dy, = {Sy > x[S]n, p'(S)n < yp[Sln}-

By Holder’s inequality, we have for all ¢t > 0,

tr

P(D,) < Efexp {gsn - Z1Sl}1p,

tx

Elexp {15, — =2, exp {2, — (8], }1p,)
= XP1ZOn = 5=4nsXP15=4n — = [Pln n
P q 2q P 2q q b
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EEUEEXP{%%(U45Lz+tp%5?n**QxLSLJ}anD%

tp 1
< (Blexp {5¢ (tp + typ — 20)[S],} )7 (45)
Therefore, as % = p—1, we can deduce from (4.5) and the particular choice ¢t = x/((1+y)p) that
£ £C2 1
< —(p— F
P(D,) < inf (Elexp {7~ Dz rS)})

This completes the proof of Theorem 2.3. OJ

Proof of Theorem 2.5 The proof of Theorem 2.5 is based on the following two lemmas. Fol-
lowing the main result of de la Pefia and Pang [3], we obtain the following exponential inequality

for self-normalized martingales.

Lemma 4.3 Assume p’ > q. Then for any x > 0,
|50
V3081 + 2/ (S)a +52)

In particular, it implies that for any x > 0,
|50l
PLSTn + 1 (S)n

for some positive absolute constant C'.

P(

B(

v p{S 4 9 (S) > 52) < Coxp(- ) (16)

Proof By Lemma 4.2, we have the following result

2

B[ exp{tS, — S ([S) + 7/ (Sh)}] < 1.

Put A =S, and B? = p[S],, + p'(S),. Then Lemma 4.3 follows by the main result of de la Pefia
and Pang [3]. O
We have the following new exponential inequality for self-normalized martingales.

Lemma 4.4 Assume p’ > q. Then for any b >0, M > 1 and = > 0,

P~ > 2, b< v/plSTn £ 7/(8)n < bM)

plSln + ' (S)n

<+Ve(l+2(1+z)IlnM) exp{—l;}. (4.7)

Proof We follow the method of Liptser and Spokoiny [4]. Given a > 1, introduce the geometric
series by = ba® and define random events
Ak = { S’"« 2 z, bk S
P[Sln + P/ (S)n

where K stands for the integer part of log, M. Clearly, it holds

p[S]n +p/<5>n < bk+1}7 k= 0713"'7Ka

K

T > 2, b < \/p[STn + P (S < bM} C | Ar. (48)

plSln + P/ {S)n k=0
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For any positive ¢, inequality (2.2) implies that
2

= S pISl + P (S)a) Jla] < 1,

Next, taking ty = /by, for any « > 0, we obtain
2

Elexp{tS,

1>E[exp{ Sn ;bQ( (Sl + P (S)n) 114, ]
exp{ J+—p 2b2 In+2'(S)n) 1]
.T2C x202
Elexp {bk<c<bk+1( b 2b2 JHa

Since “infy, <c<p,,, ” is attained at the point ¢ = by 41 = aby, we end up with
2

P(Ay) < exp{—2*(a — a—)}
Using (4.8) and the fact that K <log, M, we get

K
P(—— > 2, b < \/plSTe + P (S < M) < S P(4y)

ST + 1/ (S)n —

a2

< (1 +log, M) exp {—2*(a — ?)}
Finally, since the left-hand side of this inequality does not depend on a, we may pick a to make

the right-hand side possibly small. This leads to the choice a =1 + 7~ +z, so that

1+x)}_2( -b.

Since also log(1+ l—il-w) > 2(1+  for @ > 0, we obtain log, M < 2(1+x)In M and (4.7) follows. [J
Now we are in position to prove Theorem 2.5. Let s2 = b>M?2. Then M = s,,/b. Inequality
(4.6) can be rewritten as
Sn
plSln +P'(S)n
where C' is some positive absolute constant. Therefore, combining the inequalities (4.7) and
(4.9), we obtain

1.2
2 &, VplS]n +1/(S)n 2 M) < Cexp{—-}, (4.9)

S |
a PISTn + P/ (S)n >z, \/plSln + 1/ (S)n 2 b)

2 2
<Ve(1+2(1+z)n %) exp{—%} +Ch exp{—%}

< (Ve(l+2(1 +x)In

Here, taking b =ts,, 0 <t < %, we have
Sn

i oIS + 7 (O)n >z, /pSln + P (S)n > tsy)

fL'2 ./,Cz
< (Ve(l+2(1 + z)|Int|) eXP{—g} +C1) exp{—g}

2 2
%”) exp{—%} +Ch) exp{—%}.
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x? x?
< (Ve(l+2(1+x)) exp{fg} + C1|In2|)|Int| exp{fE}.

Let C' = sup,>o(ve(l +2(1 + x)) exp{—%} + C3). Then, we obtain

Sh : S
P( ool 7 (O >z, \/p[Sln + 0 (S)n > tsn)

72
< Clint|exp{ -},
which gives the desired result. O

Proof of Theorem 3.1 From (3.3), for alln > 1, x > 0, and y > 0, we get

B([f, — 6] = @) = B(IS,] > —5(5)n)

<P(|Sn| > ?<S>nap[s]n < yp/<S>n) + P(p[S]n > yp/<S>n)'
By Remark 2.4, it follows that

P(Sl 2 5 (S pISTn < 09/ (S)n) < 2 f (Blexp {=(5 = 15y (Sl
(h ~ 1o’

. n
= 2%r>lfle><p{5H(— )}

20%(1 +y)p’
In addition, for all y > 0 and 0 <t < ¢,

P(p[S]n > yp'(S)n) = ]P’(pz $iach > p'yo” Z Pire1)

Zak —yo <exp{——ya t}]Eexp{tZsk}

k=1
P’ 2
<exp{——yo‘t+nL(t)}
p
p'yo® )
pn
Then, from the above discussions, we obtain the desired result. [J

<exp{—n(
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