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Abstract The eigenvalues of the normalized Laplacian of a graph provide information on its
structural properties and also on some relevant dynamical aspects, in particular those related
to random walks. In this paper, we give the spectra of the normalized Laplacian of iterated
pentagonal of a simple connected graph. As an application, we also find the significant formulae
for their multiplicative degree-Kirchhoff index, Kemeny’s constant and number of spanning trees.
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1. Introduction

Spectral analysis of graphs has been the subject of considerable research effort in mathemat-
ics and computer science [1-3], due to its wide applications in this area and in general [4, 5].
The spectra of the adjacency, Laplacian and normalized Laplacian matrices of a graph provide
information on the diameter, degree distribution, paths of a given length, total number of links,
number of spanning trees and many more invariants.

In recent years, there has been an increasing interest in the study of the normalized Laplacian,
as many measures for random walks on a network are linked to the eigenvalues and eigenvectors
of normalized Laplacian of the associated graph. These include the hitting time, mixing time
and Kemeny’s constant which can be used as a measure of efficiency of navigation on the network
[6-9].

Let G be a simple connected graph with vertex set V(G) and edge set E(G). An edge
connecting two vertices i,j € V(G) is denoted by ij. If ij € E(G), we say i is a neighbor of j
and write as ¢ ~ j or we say ¢ and j are adjacent. The degree of a vertex ¢ is denoted by d;. Let
Ag be the adjacency matrix of G and Dg be the diagonal matrix of vertex degree of G. The
matrix Lg = Dg — Ag called the Laplacian matrix of G.

The random walk is defined as the Markov chain X,,(n > 0), that from its current vertex ¢

jumps arbitrarily to its neighboring vertex j with probability p;; = %. We denote by M = (p;;)
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the transition probabilities matrix for random walks on G. So

. 1fZNJ7
Pij = { i

0, otherwise.

Clearly, M = DélAG is a stochastic matrix.

The normalized Laplacian is defined to be
0 =1-DZMDG?,

where I is the identity matrix with the same order as M.

Let d;; be the Kronecker delta. From the definition of ¢, we have the following relationship
easily:
A(i, j)

ey

7

where £(i,7) and A(, j) denote the (i, j)-entry of £ and A, respectively.

Since ¢ is Hermitian and similar to I — M = D~'L, the eigenvalues of ¢ are non-negative.
We label the eigenvalues of £ so that 0 = Ay < Ay < --- < \,, where n is the number of
vertices of G. The spectrum on the normalized Laplacian matrix ¢ of the graph G is defined as

o ={A1,A2,..., \n}, which also is called the normalized Laplacian spectrum of G.

Lemma 1.1 ([10]) Let G be a simple connected graph with n vertices and ¢ be the normalized
Laplacian of G. The normalized Laplacian spectrum of G is 0 = {0 = Ay, A2, ..., A, }. We have

(i) For all i <n, we have "5 < \; <2 with A, = 2 if and only if G is bipartite;

(ii) G is bipartite if and only if A; is an eigenvalue of ¢, then the value 2 — \; is also an
eigenvalue of £ and my(\;) = me(2 — \;), where my(\;) denotes the multiplicity of the eigenvalue
A; of £.

In terms of the spectrum on the normalized Laplacian of G, the special calculation formulae
for the multiplicative degree-Kirchhoff index, the Kemeny’s constant and the number of spanning

trees of graph can be expressed as follows.

Lemma 1.2 Let G be a simple connected graph with Ny vertices and Ey edges and o = {0 =
A1, A2, ..., AN, } be the spectrum on the normalized Laplacian ¢ of G. Then
(i) ([11]) The multiplicative degree-Kirchhoff index of G is

N(] 1
Kf'(G) =2E, Z T
i=2 "t

(ii) ([12]) The Kemeny’s constant of G is

(iii) ([10]) The number N4 (G) of spanning trees of G is

N N
Hz‘=01 di Hkiz /\k

NSt(G) = ZNO d:
=1 "
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Apparently, from Lemma 1.2 (i) and (ii) the relation between the multiplicative degree-

Kirchhoff index and the Kemeny’s constant is
Kf'(G)=2E,K(G). (1.1)

Let G be a simple connected graph with Ny vertices and Ey edges. Replacing each edge of
G with two parallel paths of lengths 1 and 4 results in a new graph W(G), which is called the
pentagonal graph of the graph G. Figure 1 gives an example of the pentagonal graph of the cycle
Cs.

Figure 1 the pentagonal graph W (C5s) of the cycle Cs

Let N and F denote the number of vertices and edges of W(G). It is clear that
E =5Ey, N = Ny + 3E). (1.2)

This work is motivated by [13-15], in which the researchers described the normalized Laplacian
spectra of the quadrilateral graph, iterated triangulation and subdivisions of a graph and their
applications are also described.

In Section 2, we give the spectra of the normalized Laplacian of pentagonal graphs. In
Section 3, we determine the spectrum of the normalized Laplacian for W,,(G) (n > 0). Finally,
the specific formulae to calculate three significant invariants, the multiplicative degree-Kirchhoff

index, the Kemeny’s constant and the number of spanning trees of W(G) and W,,(G) are derived.

2. The normalized Laplacian spectrum of the pentagonal graph W (G)

For the pentagonal graph W(G) of G, the normalized Laplacian of it is written as fyy .
Let the degree of the vertex i € V(W(G)) be d;. Aw is the adjacency matrix of W (G) and
Py = Dy, AWDW , where Dy is the degree matrix of W(G) In order to keep accordance, the
normalized Laplacian of G is denoted by {¢ and let Pg = D, A(;D

The following lemma expresses the relationship of the normalized Laplacian eigenvalues of

W(G) and G.

Lemma 2.1 Let \ be an eigenvalue of fyy such that \ # 1, % Then 4?(_1;/\)‘) is an eigenvalue of

Lo with the same multiplicity as the eigenvalue \ of Ly .
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Proof Let Vi be the set of all the newly added vertices in W(G) and Vo be the set of the
vertices inherited from G. That is, the vertex set V(W (G)) of W (G) is the union of Vy and Vp.

Let v = (v1,v2,...,vx)T be an eigenvector with respect to the eigenvalue A of fyy, i.e.,
lwv = (I — Py)v=Nv. (2.1)

For any vertex v € V(W (Q)), Eq. (2.1) indicates that
N N
A
I S 22
=1 k=1 d d
For any vertex i € Vp, let Ny C Vy denote the set of the new neighbors of vertex 7 in W(G)
and Np C Vp denote the set of the neighbors of vertex ¢ inherited from G. By the construction
of W(G) and Eq. (2.2), we have

1 1
1— XN, = U/—I— = v+ Vi, 2.3
_— _/Z did, 2 id _/Z NP ayag Y
i, ENN N z JjE€ENo g i ENN j€No
where i; € Vy and j € Vo are neighbor vertices of i in W (Q).
Similarly, for any 1/1 € Ny, it follows
Ao, L v, (2.4)
n ,/, v /dd N '
where iy € Viy and i € Vj are neighbor vertices of i, in W (G).
Similarly, for the vertex zé € Vi which is adjacent to 2/2 € Ny and j € Np, we obtain
(1-=X) L + L (2.5)
— V.: — —V.1 R ) 53 .
i3 2 iy 9 /dj J
For the vertex iy € Vi which is adjacent to i; € Ny and i3 € Vi, we obtain
1
(1- )\)vi; = §<Ui/1 + ’Uils). (2.6)
Combining Eqgs. (2.4) and (2.6), we have
1 1 (1-))
— 2_Z ;) = —V. —_—; . .
(L1=2X) 4)1)1.1 1%, + NG v, for A # 1 (2.7)
Combining Eqgs. (2.5) and (2.6), we have
1 1 (1-))
1—=MN2 =), =~v, + vj, for X # 1. 2.8
(( ) 4) ig 4 iy 2\/d7 J # ( )
Combining Egs. (2.7) and (2.8), we have
1 1 (1-N2-1 13
1=MN2 = )1 =N = ; Lo, for A\ # =, = and 1. 2.
(10 = )0 = Ay = gy g et for A 55 an (29)
Again, combining Eqgs. (2.3) and (2.9), for A # £,1 and 3, it follows
1 1—X)?2—1 L+8(1=A)((1—=X)?—3
(=27 = (A= N0, = A=N"-g 4) Loi+ Y 8- AE =N Q)z;j. (2.10)

= 161/d;d;
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Therefore, the equation

AN —6A+1 1
= = v; 2.11
1—-2X\ jeZNO dldj J ( )

holds for \ # %,1 and %

From Eq. (2.11), it is obvious that 222=62+1 j5 ap eigenvalue of the matrix Pg for A # 1, land

T—2x
3 AN(1=A) - . - — L
5. So =755 is an eigenvalue of /¢ and vy = (v;);cy,, is the corresponding eigenvector. Moreover,

the eigenvectors v with respect to the eigenvalue A (A # %, 1, %) of £y, can be completely decided
by vo and Egs. (2.4), (2.5) and (2.9).

4)1(_17279) is the corresponding eigenvalue of (¢ for any eigenvalue A (A # 3,1,3) of £y,
we have my,, (4)1(_12_;‘)) > my,, (A). In fact, my, (4’\1(_12_;‘)) = my,, (A). Otherwise there exists at
least an extra eigenvector v(l) associated to 4’\192_ )\’\) without a corresponding eigenvector in fyy .
But Eq.(2.9) gives vé) an associated eigenvector of £y when A # %, 1, %,
with my,, (“1(_1;;)) > My, (A).

Since

which is a contradiction

By verifying, A = 3 also satisfies Eq. (2.9).
The proof is completed. [

Now, we give a complete representation about the normalized Laplacian eigenvalues and

corresponding eigenvectors of W(GQ).

Theorem 2.2 Let G be a simple connected graph with Ny vertices and Ey edges and W (G)
be the pentagonal graph of G. The normalized Laplacian spectrum of W(G) can be obtained as

follows:
(i) 0 is the eigenvalue of fy, with the multiplicity 1;

(ii) If X is any eigenvalue of (g such that A # 0,2, then both ZATYAEA apq 2HEA=VAEA®
24 A+ VATA? 24 A—VATAT\ _ \):
4 ) ( 4 ) = méc( )7

are eigenvalues of lyy with my,, ( = My,
(iii) % is the eigenvalue of {y, with the multiplicity Ny;
(iv) 1 is the eigenvalue of ¢y, with the multiplicity Eg — No + 1;

(v) %1’3 the eigenvalue of fyy with the multiplicity Eg — N + myg, (2).

Proof In this proof, we continue to use the representing approach and notations of Lemma 2.1

for convenience.

(i) It is obvious from Lemma 1.1.

(ii) Let 2 be an eigenvalue of fy such that z # 1,1. By Lemma 2.1, we have A = %,
for A #0,2. Thus z = % VAEAZ
(iii) Substituting A = 5%@ into Eqs. (2.7) and (2.8), we get
.
(1+V5)v, = 2vy + —T v (2.12)
—1—-+5
(1 + \/S)Ui/ = 21}i/ + 7\[1@. (2.13)
3 1

NGE
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After substituting Eq. (2.13) into Eq. (2.12) and eliminating vy, we get

1-v5 3445

NG v — NG v;.

After substituting Eq.(2.14) and A = 5%/5 into Eq. (2.3) again, we find

1 1 —-1—-+5 3++5 1
PO v Ay e R AP D

i ENN jENo

(L+ VB, = — (2.14)

-y ! (jv‘_Mx LA ) s
- 2Vd; d; 7 1++5 T VA 2\/did;

’L'/IENN Jj€No
-1 1 5 1 1
= Z (2 ddvj — +4\/> X Evi) + Z mvj
j€No G ¢ jENo i
-y “1-vs_Z1-VE
o 4d; L 4 B
j€No

The above equality indicates Eq. (2.3) is an identical equation when A = % and Eq. (2.14)
hold. Therefore, the eigenvectors associated with A = %
v; and v;. We get mgw(5+4\/g) = Np.

The same theory proves mgw(‘r’*\/g) = Np.

are completely determined by any

1
(iv) Substituting A = 1 into Eq.(2.9), we get VE = g for i ~ j and i,j € Vp. Set
% =t,1 € Vo because of the connectivity of G. Substituting into (2.7) and (2.3), we have
vy vy =0, iy iy, iy € Vi, (2.15)
> vy =—tdi, i€ Vo (2.16)
i/IGNN

By Eq. (2.15), we have
1 '/ _/
2 D vn=5 > (v ) =0, iy € Vi, (2.17)
i€Vo i eNy iy iy

On the other hand, using Eq. (2.16), we also have

>y vy =t > di = —2tm. (2.18)

1€Vo i;ENN i€Vo

Thus, t = 0 from Egs. (2.17) and (2.18), i.e., v; = 0, for any i € V. Therefore, the eigenvectors

v = (v1,vs,...,vx5)T with respect to A = 1 can be completely obtained by equations below
v; =0, 1€ Vp; (2.19)
Do vy =0 (2.20)
27 ENN
and

vy 40, =0. (2.21)
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In addition, due to A # 1, combining Egs. (2.21) and (2.6), we have vy = 0.

(v) Theorem 2.2 (i)—(iv) show a large fraction of the eigenvalues of £y and we conclude that
we have (14+2(Ng—my,(2) —1)+2No+ Eg— No+ 1) eigenvalues of £yy. The rest of the spectrum
consists of 2%—‘/55. According to Eq. (1.2), the number of vertices of W(G) is N = Ny + 3Ej.
Because the sum of the number of eigenvalues is equal to the number of vertices, we have

2442

N0+3E0:(1+2(N07mzc(2)71)+2N0+E07N0+1)+2mgw( B) )

Simplifying this equation, we have my,, (2i2\/§) =Ey — No +my,(2). O

3. Some applications of spectra of W(G)

Let Wo(G) = G, W1 (G) = W(G), Wp(G) = W(W,_1(G)). The graph W,,(G) is called nth
pentagonal iterative graph of the initial graph G. Figure 1 also provides an example of the first
two generations of the pentagonal iterative graph whose initial graph is Ks.

The number of vertices and edges of W,,(G) (n > 0) are denoted by N,, and E,,. From the
iterative method of the pentagonal iterative graph, we have F, =5F,, 1, N,, = N,_1 +3E,_1

and
3(5™ —1)

E,=5"Ey, No=No+ =

Ey. (3.1)

Let fi(z) = 2tetydies VAte? £ () = Zto-vite V4422 and A be a finite multiset of real number. We

define
f1(A) = {/i(z)|Vz € A} and f2(A) = {f2(2)|Vz € A}. (3:2)

The normalized Laplacian of W,,(G) is denoted by ¢,,. The normalized Laplacian spectrum
o, of W, (G) can be characterized directly by Theorem 2.2.

The largest eigenvalue of ¢, is not equal to 2 if and only if random walks on W, (G) are
aperiodic. Since each edge of W, (G),n > 0, belongs to an odd-length cycle(a pentagon), the
graph is aperiodic [16,17]. Thus my, (2) = 0 holds for n > 0. Note, however, that the value of
my,, (2) = 0 depends on the structure of the initial graph G, since it may be periodic [18].

Theorem 3.1 Let G be a simple connected graph. The normalized Laplacian spectrum o,, of

the pentagonal iterative graph W, (G)(n > 1) is

f1(0'0 {0,2}) Ufg(O’o {0,2}) uou {1,1,...,1}U
————
Eo—Np+1
{5i\/5 545 5i\/5}u{2iﬂ 242 Qi\/i} .
4 b 4 AR | 4 2 ) 2 AR | 2 ) n_ )
o = No r1+meg (2)
) fl(O'nfl {0}) UfQ(O_nf] {0})UOU {1,17...,1} U
N————’
E,_ 1—N,_1+1
5+v5 5+5 5+5 2442 2442 2++/2
{ , Ju{ , bon>1,
4 4 4 2 2 2
anl Tn
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n—1
where 1, = =2 F, — N,.

Proof The result holds by Theorem 2.2. By iteration, we concluded (2(N,—1 —my, ,(2) —
me, ,(0)+1+FE,1 —Ny_1+1+2N,_1) eigenvalues of £, we knew. According to Eq. (3.1),
the number of vertices of W,,(G) is N, = Ny + WEO. Because the sum of the number of
eigenvalues is equal to the number of vertices, the multiplicity of the eigenvalue % of ¢,, can
be determined indirectly:
2+ \@) _ Ne = [2(No1 = mg,(2) = me, 5 (0) + 1+ By = Ny + 14 2Ny

2 2

5771 4+ 3
= S Eo = No+my,_,(2).

my,,

Since my, ,(2) =0 for n > 1, the theorem is true. O

Theorem 3.2 Let G be a simple connected graph. The multiplicative degree-Kirchhoff index
Wi (G) and W,,_1(G) (n > 1), are related as follows:

17-52n=1 4 3.5n

Kf*(Wo(Q)) = 20K f*(W,,_1(G)) + 5

E2 —2.5"(Ey+ EgNo). (3.3)

Thus, the general expression for K f* (W, (QG)) is
17(57 = 20") +20" = 5" 1, 2-5"(2%" —

1
5 0 3 )(Eo + EogNp).

Kf*(Wa(G)) = 20"K f(G) +

In addition,
Kf*(W(Q)) = 20K f*(G) + 50E; — 10(Ey + EqNo) + 40Eqmy, (2), n = 1.

Proof We denote the spectrum of W, (G) by o, = {)\gn),/\én),...,/\gaz}, where 0 = Aﬁ") <
)\(2”) <... < )\5\7}371 < )\5\7) < 2. We use Lemma 1.2 (i) and Theorem 3.1:

When n =1 and my, ,(2) # 0, we obtain:

No

. _ L _ 4 4.
KL (W(@) =284 3 oy + )+ (Bo = Mot 1+ (g + 5= ) Nork
2 2
G5t a5 B Notme ()
No
=2F) [2(2 + %) + (Eo— No+ 1)+ 2Ny +4(Eg — No + sz(Q)):|
i=2 v
No 4
=10E, ;(2 + A—i) +10Ey(5Eo — 3Ny + 1 +my, (2))
=20K f*(G)) + 50E2 — 10(Ey + EgNo) + 40Egmy, (2).
When n > 1 and my, ,(2) = 0, we obtain:
Np—1
1 1
Kf*(Wa(Q)) =2E, Ep oy —Np_1+1
I (Wa(G)) =2E, | > ooy + oy + (Bret ~ Mo 4
4 4 2 2 57143

( ) Nn—1+ ( ) (Lo~ No)

+ +
5+4v5 5-4/5 24+V2 2-42
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Nyp—1
4 _ 3™t -1
:10En_1|: Z (2 + W) —+ (5” 1E0 _ NO _ %EO + ]_)+
i=2 i
371 —1 5771 43
2(No + 3" —1) 1 )Eo) + 4(7< 1 )Eo - No)]
17-5%"=1 4+3.5"
=20K f*(Wn-1(G)) + 5 E§ —2-5"(Eo + EoNo).

From Eq.(3.3) and the definition of the pentagonal iterative graph we can get the recursive

relation
17(5%™ — 20™) + 20" — 5™ 2.57(220 —1
KF (@) = 200 (@) + 1O =20 g 2T

Theorem 3.3 The Kemeny’s constant for random walks on W, (G) can be obtained from
K(W,-1(G)) (n > 1) through

(Eo + EgNg). O

17-5" 143

K(W,(G)) = 4K (W, 1(G)) +

FEo— Ny — 1.

The general expression is

17(5™ —4™) 4+ (4™ — 1) 4" —1
4 Eo=

In addition, when n =1 and my, _, (2) # 0, we obtain:

K(W,(G)) =4"K(G) + (No +1).
K(W(G)) =4K(W(G)) +5Ey — No — 1 + 4my, (2).
Proof This result is a direct consequence of Theorem 3.2 and Eq. (1.1). O

Theorem 3.4 The number of spanning trees of W(G) is

g_gn—1
1

Nyt (Wi (G)) = 5Nnoamt . gNnoa=3Not B2 N (W1 (G)).

In general, N (W, (G)) can be expressed by

Nst(Wn(G)) _ 52?;01 i—n 22 N, — 1E0+n(2E0_3N0+2)N5t(G).
Proof From Lemma 1.2 (iii) and the definition of pentagonal of a graph:

N( W(G) 2V I A
NuWout(G) 5 [V a0

(n)

where ;" are the eigenvalues of ¢,,. We obtain, for n > 0:
HA YR BV 2V 2R e,
4 2 2
Np_1
IT (08 -Ra)
=2
5 1 5"*41+3 Nn—1 )\("*1)

N R R |

=2
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Therefore, the following equality

2Nn (E)Nn—l . (l) 5n—41+3 EO _ NO . HN"*l Agn—l)
Nst(Wn(G)) = 5 Y 2 HNnil )\(n_l) =2 1 Nst(Wn_l(G>)
=2 i

_en—1
=51t e BN E SR B2 N (1,4 (@)

holds for any n > 0, and finally we have:

Nst(Wn(G)) _ 52?:_01 N;—n 22?:—01 Niff”;gl E0+"(2E0*3N°+2)Nst(G). 0
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