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Abstract In this paper, as a generalization of uniform continuous posets, the concept of meet
uniform continuous posets via uniform Scott sets is introduced. Properties and characterizations
of meet uniform continuous posets are presented. The main results are: (1) A uniform complete
poset L is meet uniform continuous iff 1(UN | ) is a uniform Scott set for each x € L and each
uniform Scott set U; (2) A uniform complete poset L is meet uniform continuous iff for each
x € L and each uniform subset S, one has x A\/ S = \/{zx As|s € S} In particular, a complete
lattice L is meet uniform continuous iff L is a complete Heyting algebra; (3) A uniform complete
poset is meet uniform continuous iff every principal ideal is meet uniform continuous iff all closed
intervals are meet uniform continuous iff all principal filters are meet uniform continuous; (4) A
uniform complete poset L is meet uniform continuous if L' obtained by adjoining a top element
1 to L is a complete Heyting algebra; (5) Finite products and images of uniform continuous
projections of meet uniform continuous posets are still meet uniform continuous.
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1. Introduction

In 1972, Dana Scott introduced the notion of continuous lattices in order to provide models for
the semantics of programming languages [1]. Later, a more general notion of continuous directed
complete partially ordered sets (i.e., continuous depos or domains) was introduced and extensively
studied [2]. It should be noted that a distinctive feature of the theory of continuous domains is
that many of the considerations are closely interlinked with topological ideas. The Scott topology,
as an order-theoretical topology, is of fundamental importance in domain theory [2,3]. Lawson
in [3] gave a remarkable characterization that a dcpo L is continuous iff the lattice o*(L) of

all Scott-closed subsets of L is completely distributive. A meet continuous lattice is a complete
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lattice in which the binary meet operation distributes over directed suprema [2]. This algebraic
notion has a purely topological characterization that can be generalized to the setting of dcpos
by the Scott topology in [2,4] without involving the meet operations: A dcpo L is called meet
continuous if for any « € L and any directed subset D with sup D > «, one has x € ¢l, (] DN | z),
where cl, (] DN | z) is the Scott closure of the set | DN | z.

Based on the concept of uniform sets in the theory of program expansion [5], Bai introduced
the concept of uniform continuous posets, a generalization of completely distributive lattices,
and showed that uniform continuous posets have many properties in common with continuous
lattices (see Theories of uniform continuous partial order sets. Journal of Northwest Normal
University, 1996, 32(2)). Later, Ruan and Zhang in [6] introduced the concept of uniform Scott

sets and gave more properties of uniform continuous posets.

It is well-known that a dcpo is continuous iff it is meet continuous and quasicontinuous [7-11].
Since uniform continuous posets share some properties with continuous depos [6-12], it is natural
to consider the meet uniform continuity and the quasi uniform continuity on posets. So, in this
paper, in the manner of defining the meet continuity of dcpos, we introduce the concept of meet
uniform continuous posets as a generalization of uniform continuous posets via the uniform Scott

sets. Properties and characterizations of meet uniform continuous posets are presented.

The paper is organized as follows. In the preliminary section, we recall some basic notions
such as uniform sets, uniform way-below relations and uniform continuous posets. Some basic
properties of uniform way-below relations are given. In the third section, the concept of the meet
uniform continuous posets via the uniform Scott sets is introduced. Characterizations of meet
uniform continuous posets are given by some kind of distributivity, principal ideals, principal
filters and closed intervals. It will be established that a uniform complete poset is meet uniform
continuous iff every principal ideal is meet uniform continuous iff all closed intervals are meet
uniform continuous iff all principal filters are meet uniform continuous. The forth section is
devoted to operational properties of meet uniform continuous posets. We will end the paper

with some conclusion remarks.

2. Preliminaries

We recall some basic notions and results [2,6].

Let (L, <) be a poset. A principal ideal (resp., principal filter) is a set of the form |z =
{ye L |y <z} (resp.,, tx = {y € L | z < y}). A closed interval [z,y] is a set of the form
T xzNly for z < y. Note that closed intervals are always nonempty. For A C L, we write
lA={yeLl|3zecAy<z},tTA={yeL|Txe A x<y} Asubset Aisa lower set
(resp., an upper set) if A =] A (resp., A =1 A). We say that z is a lower bound (resp., an upper
bound) of A if A Ct2z (resp., A Clz). A subset A is a consistent set if A has an upper bound.
The supremum of A in L is denoted by \/ A or sup A. The infimum of A is denoted by A A or
inf A. If sup A (resp., inf A) exists, we say that A has a sup (resp., A has an inf).

A nonempty subset D of L is directed if every finite subset of D has an upper bound in D. A
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poset L is a directed complete partially ordered set (dcpo, for short) if every directed subset of L
has a sup. A sup semilattice (resp., a meet semilattice) is a poset in which every nonempty finite
subset has a sup (resp., an inf). A poset which is both a sup semilattice and a meet semilattice
is a lattice. A poset is a bounded complete poset (bc-poset, for short) if every consistent subset
has a sup. In particular, a be-poset has a smallest element. It is easy to prove that a poset is
bounded complete if and only if every nonempty subset has an inf. So, every bc-poset is a meet
semilattice. A bounded complete dcpo is called a complete semilattice and written be-depo for

short. A complete lattice is a poset in which every subset has a sup and an inf.

In a poset L, we say that x approximates y, written < y if whenever D is a directed set that
has a supremum sup D > y, then z < d for some d € D. The poset L is said to be continuous
if every element is the directed supremum of elements that approximate it. A continuous poset
which is also a dcpo is called a continuous domain or a domain. A continuous poset which is

also a complete lattice is called a continuous lattice.

A subset A of a poset L is Scott closed if JA = A and for any directed set D C A, supD € A
whenever sup D exists. The complements of the Scott closed sets form a topology, called the

Scott topology and denoted by o(L).

Definition 2.1 ([6]) Let L be a poset and S C L. If for all a, b € S, there exists ¢ € L such
that a < ¢ and b < ¢, then S is called a uniform set. A poset L is called uniform complete if

every uniform subset of L has a supremum.

Remark 2.2 (1) All directed sets, all consistent sets and the empty set are uniform sets. So,
every uniform complete poset is a be-depo. In particular, every uniform complete poset is a meet
semilattice and has a bottom.

(2) If a poset L has a top element, then every subset A of L is a uniform set. But a subset

of A may not be uniform in the poset A with the inherited order.

Example 2.3 A be-depo need not be uniform complete. For example, let X = {a,b,c} and
P(X) be the powerset of X with the inclusion order. Let L = P(X)\{X}. It is clear that L is
a be-depo. But the uniform subset {{a}, {b}, {c}} of L does not have a supremum. So, L is not

uniform complete.

Definition 2.4 ([6]) Let L be a uniform complete poset and x, y € L. We say that x is uniform
way-below y, written x <, y if for any uniform subset S of L with supS > y, there is some
s € S such that © < s. We say that x is uniform compact if x <, x. The set of all uniform
compact elements is denoted by UK (L). For each x € L, we write {|,x = {y € L | y <, x} and
ftox ={y € L |z <, y}. A uniform complete poset L is called a uniform continuous poset if for
eachx € L,z =\ |, .

Proposition 2.5 ([6]) Let L be a uniform complete poset and L be the bottom. Then for all
x’ y? u? z E L:
(1) 2 <y = 2 < y;
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(2) UK, Y < z2=u<Ky 2;
(3) Ifx € L\ {L}, then one has 1 <, x, but L <, L does not hold;

(4) |,z is a uniform set.

Definition 2.6 ([6]) Let L and M be uniform complete posets. A function f : L — M is called
uniform continuous if f preserves suprema of uniform sets, that is, f is order-preserving and
f(sup S) = sup f(S) for all uniform subsets S of L.

Lemma 2.7 Let L be a uniform complete poset. Then for all x € L and all uniform subset S,
we have lanN [ S =l{zAs|se S}t =l(xzA\VS)N]S.

Proof Straightforward. [J

3. Meet uniform continuous posets and characterizations

In this section, via uniform Scott sets in [6], the notion of meet uniform continuous posets is

introduced. Properties and characterizations of meet uniform continuous posets are presented.

Definition 3.1 ([6]) Let L be a uniform complete poset. A subset U of L is called a uniform
Scott set if the following two conditions are satisfied:

(1) U=tU;

(2) For all uniform subset S C L, \/ S € U implies SNU # .
The family of all uniform Scott sets of L is denoted by US(L). The family of the complements
of all uniform Scott sets of L is denoted by US*(L), i.e., US*(L) = {F C L|L\F € US(L)}.

Proposition 3.2 Let L be a uniform complete poset. Then
(1) FeUS*(L) iff F=|F and \/ S € F for any uniform set S C F’;
(2) LeUS*(L),0 ¢ US*(L);
(3) Yz e L, lxz € US*(L);
(4) For any {Fa}acr € US*(L), Nyer Fo € US*(L) whenever (o Fo # 0;
(5) Vee L, x e UK(L) iff tx € US(L).

Proof Straightforward. OJ

Remark 3.3 By Definition 3.1 and Remark 2.2, uniform Scott sets of a uniform complete poset
are Scott open sets of the poset. By Proposition 3.2(1) and Remark 2.2, complements of uniform
Scott sets of a complete lattice are all principal ideals. Since unions of two principal ideals need
not be principal ideals, clearly an intersection of two uniform Scott sets need not be a uniform

Scott set. This reveals that the uniform Scott sets of a complete lattice need not be a topology.

Definition 3.4 Let L be a uniform complete poset. If for any x € L and any uniform subset
S with sup S > x, one has x € (\{F € US*(L) |lan |.S C F}, then L is called a meet uniform

continuous poset.
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Proposition 3.5 Every uniform continuous poset L is meet uniform continuous.

Proof Let x € L and S C L a uniform set with supS > z. It is clear that {, z C| S and
Jpx ClLSN Lz. Tt follows from the uniform continuity of L, Proposition 2.5(4) and Proposition
3.2(1) that x = sup |,z € ({F € US*(L) |lzn ]S C F}. This shows that L is a meet uniform

continuous poset. [

Theorem 3.6 Let L be a uniform complete poset. Then L is meet uniform continuous iff for
allU e US(L) and all © € L, one has 1(UN | z) € US(L).

Proof —. Let x € L and U € US(L). Clearly, 1 (UN | ) is an upper set. Suppose that S
is a uniform subset with \/ S €t (UN J ). There is y € UN |z such that y < \/S. Tt follows
from the meet uniform continuity of L that y € N{F € US*(L) |[lyn 1S C F}. Assume that
MNUNLz)NS =0. Then UN JzNn S =0. So, JyNn ]S Clzn | S C L\U. Since L\U € US*(L),
we have y € L\U, a contradiction to y € U. This shows that $(UN Jxz) NS # @. By Definition
3.1, 1(UN | z) € US(L).

<. Let x € L and S C L a uniform set with supS > x. Assume that there is F €
US*(L) such that { 2N | S C Fy but « ¢ Fy. Then © € L\Fy. So, x €7 ((L\Fp)N } ) and
1T ((L\Fo)N L z) € US(L). Since z < VS, we have VS €1 ((L\Fy)N | x). By Definition 3.1,
T((L\EFp)Nlz) NS #D. So, (L\Fo)N LzN 1S # 0, a contradiction to JzN .S C Fy. This shows
that z € {F € US*(L) |}zn S C F'}. By Definition 3.4, L is meet uniform continuous. [J

By Theorem 3.6, we immediately have

Corollary 3.7 A uniform complete poset L is meet uniform continuous iff for any U € US(L)
and any lower subset C' of L, one has T (UNC) =J,c T (UN | z) € US(L).

Theorem 3.8 Let L be a uniform complete poset. Then the following statements are equivalent:
(1) L is a meet uniform continuous poset;
(2) For each x € L and each uniform subset S, we have t A\\/ S = \/{zx Ns|seS};
(3) For two uniform subsets S, H, we have \| SA\/ H =\/({ SN | H);
(4) For each x € L and each uniform subset S, x < \/ S implies that © = \/({ zN ].S).

Proof (1) = (2). Let L be a meet uniform continuous poset. Then for each € L and
each uniform subset S, it follows from Remark 2.2 that  A\/ S is an upper bound of the set
{x Ns|s e S} Hence, the set {x As|s € S} isa uniform set of L. Let y = \/{z As|se S}

By Lemma 2.7, we have

y=V{znrslseSy=\/{zrs|seSt=\/anl9)=\/Ur\/ 5N LS).

This shows that | (z A\ S)N | S Cly € US*(L). Tt follows from the meet uniform continuity
of Landz AV S <VSthat e A\ S e({FeUS* L) |[L(xAVS)N ]S C F}. So, we have
x AV S €ly. This shows that z A\ S=y=V{zAs]|seS}

(2) = (3). For two uniform subsets S, H, it follows from (2) that \/ SA\ H = \/{V SAh |
heH}=\/{sAh|se S, he H} =\/({SN|H).
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(3) = (4). For each z € L and each uniform subset S with z < \/ S, it follows from (3)
that c =2 AV S=V{z)AVS=V{znl]S).

(4) = (1). For any = € L and any uniform subset S with supS > z, we need to show
that « € ({F € US*(L) | 2n | S C F}. Assume that there is Fy € US*(L) such that
lan ]S C Fy but x ¢ Fy. It follows from sup S > z and (4) that x = \/({LzN | S) € L\Fy. By
Definition 3.1, we have [ 2N .S N (L\Fy) # 0, a contradiction to {zN | S C Fy. This shows that
xe(W{FeUS*(L)|lxn ]S C F}. So, L is meet uniform continuous. [J

Corollary 3.9 If L is a meet uniform continuous poset, then L and L' are both meet continuous
dcpos, where L' = L U {1} is obtained from L by adjoining a top element 1 € L such that x < 1
forallx € L.

Proof Follows from Remark 2.2, Theorem 3.8, Theorem 3.1 in [8], Definition O-4.1 and Remark
I11-2.2 in [2]. O

Corollary 3.10 A complete lattice L is meet uniform continuous if and only if L is a complete
Heyting algebra (cHa, for short). Particularly, every meet uniform continuous complete lattice

is a meet continuous lattice.
Proof Apply Remark 2.2 and Theorem 3.8. [J

Remark 3.11 It is easy to see that every finite lattice is a continuous lattice. But finite lattices
need not be distributive. For example, both the diamond lattice and the pentagon lattice are
non-distributive. By Corollary 3.10, neither the diamond lattice nor the pentagon lattice is meet

uniform continuous, showing that continuous lattices need not be meet uniform continuous.

Example 3.12 Let L = (0,1) x (0,1)U{(0,0), (1,1)} be equipped with the usual order. Then
L is a distributive complete lattice. But L is not meet continuous [2, Counterexample O-4.5(1)].

By Corollary 3.10, L is not meet uniform continuous.

4. Operational properties of meet uniform continuous posets

In this section, operational properties of meet uniform continuous posets are concerned. We
consider the meet uniform continuity of subposets, extensions by adjoining a top element, finite

products and images under uniform continuous projections of meet uniform continuous posets.

Lemma 4.1 Let L be a uniform complete poset and A C L a lower set. Then x Ayt =x Apt
for all x, t € A, where x ANa t and x A, t denote the meet of x and t in the poset A and L,

respectively. In particular, every lower set of a uniform complete poset is a meet semilattice.
Proof Straightforward. [J

Lemma 4.2 Let L be a uniform complete poset and A € US*(L). Then \/ S =\/ 4 S for all
uniform subset S in A, where \/ , S denotes the supremum of S in the poset A with the inherited

order. In particular, the poset A is uniform complete.
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Proof Apply Proposition 3.2(1). O

Proposition 4.3 Let L be a meet uniform continuous poset and A € US*(L). Then A in the
inherited order is also a meet uniform continuous poset. Particularly, every principal ideal of L

is meet uniform continuous, and a cHa.

Proof For any x € A and any uniform subset S in A, it follows from the meet uniform continuity
of L, Lemmas 4.1, 4.2 and Theorem 3.8 that 2 A4 (V4 S) =2 AL (V. S) =V, {xALs|se S} =
Va{zAas|s e S}t By Theorem 3.8, A in the inherited order is also a meet uniform continuous

poset. [J

Theorem 4.4 Let L be a uniform complete poset. Then L is a meet uniform continuous poset

if and only if every principal ideal is a meet uniform continuous poset.

Proof —. Follows from Proposition 4.3.

<. Assume that each principal ideal of L is meet uniform continuous. For any x € L and
any uniform subset S of L with sup; S :=h > z, let A =]h. By Proposition 3.2(3) and Lemma
4.2, we have sup; § = supy S. It follows from x < sup, S, the meet uniform continuity of A,
Theorem 3.8 and Lemma 4.2 that « = \/ ,(l 2N 1S) =\, (L 2N | S). By Theorem 3.8, L is a

meet uniform continuous poset. [J

Corollary 4.5 Let L be a uniform complete poset. Then every closed interval of L is meet

uniform continuous iff each principal filer 1x is meet uniform continuous.
Proof Apply Theorem 4.4 to the principal filters of L. (J

Theorem 4.6 Let L be a uniform complete poset. Then the following statements are equivalent:
(1) L is a meet uniform continuous poset;
(2) Every principal ideal of L is meet uniform continuous;
(3) Every closed interval of L is meet uniform continuous;

(4) Every principal filer of L is meet uniform continuous.

Proof (1) <= (2). Follows from Theorem 4.4.

(3) <= (4). Follows from Corollary 4.5.

(1) = (3). Assume that L is a meet uniform continuous poset. Let [a, b] be a closed interval
of L. Tt follows from Proposition 4.3 that the principal ideal | b is a cHa. Since [a,b] is a closed
interval of | b, [a,b] is also a cHa and thus meet uniform continuous.

(3) = (2). By Remark 2.2(1), L has a bottom L. Then every principal ideal |z of L is the

closed interval [ L, z] and hence meet uniform continuous. [J

Proposition 4.7 Let L be a complete Heyting algebra and 1 € L be the top element. If the

poset L\{1} is uniform complete, then L\{1} is meet uniform continuous.

Proof For each # € L\{1} and each uniform subset S in L\{1}, it follows from the uniform
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completeness of L\{1} that the supremum of S in the poset L\{1} exists and is denoted by
Vi S #1So, Vipyp 8 = Vi 5. By Lemma 4.1, @ Apyp1y ¢ = @ Apt for any ¢ € L\{1}.

Thus, z Apvgiy (Vi S) =2 AL (Vi S) = Vi{zArs s €St =V gz Ay s|se€Sh
It follows from Theorem 3.8 that the poset L\{1} is meet uniform continuous. O

Example 4.8 Let X = {a,b,c} and P(X) be the powerset of X with the inclusion order.
It is clear that P(X) is a cHa. Let L = P(X)\{X}. By Example 2.3, L is a be-dcpo but L
is not uniform complete. So, L is not meet uniform continuous. This shows that the uniform
completeness condition of L\{1} in Proposition 4.7 cannot be replaced with the condition of

bounded completeness.

Corollary 4.9 Let L be a complete Heyting algebra with the top element 1 <, 1. Then L\{1}

is meet uniform continuous.

Proof It follows from 1 <, 1 and Proposition 3.2(5) that the set {1} is a uniform Scott set. By

Corollary 3.10, Lemma 4.2 and Proposition 4.7, L\{1} is meet uniform continuous. [J

Corollary 4.10 Let L be a uniform complete poset. If L' = L U {1} is a cHa, then L is meet

uniform continuous.
Proof Follows from Proposition 4.7. [J

Example 4.11 Let L = {1,a,b,c}. The order on L is defined as follows: 1 <a, L <b, L <ec.
It is easy to see that L is a meet uniform continuous poset. But L' = L U {1} is the diamond

lattice. By Remark 3.11, L! is not meet uniform continuous. Particularly, L' is not a cHa.

Proposition 4.12 Let L and M be meet uniform continuous posets. Then the product L x M

is meet uniform continuous.

Proof Let S C L x M be a uniform set. It is easy to see that p(.S) is a uniform set of L and
q(S) is a uniform set of M, where p: L x M — L and q: L x M — M are the projection maps.
It follows from the uniform completeness of L and M that sup;, ;S = (supy, p(S), sup,, q(9)).
This shows that the product L x M is uniform complete.

Let (a,m) € L x M. It is directly to show that | xas (a,m) =} ax Jam. It follows from
Proposition 4.3 and the meet uniform continuities of L and M that the principal ideal |1 a of
L and the principal ideal |; m of M are both cHa. Hence, the principal ideal |1 xas (a,m) of
L x M is also a cHa. By Theorem 4.4, the product L x M is meet uniform continuous. [J]

Let L be a uniform complete poset. A function p : L — L is called a uniform continuous

projection if p* = p and p is uniform continuous.

Lemma 4.13 For a uniform complete poset L and a uniform continuous projectionp : L — L,
(1) For all uniform subset S of p(L), we have \/ ;S = \/,,;,) S. In particular, the poset p(L)
is uniform complete;

(2) For all z,t € p(L), we have p(x AL t) = p(x Apry t).
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Proof (1) Let S be a uniform subset of p(L). Then S is also a uniform subset of L. Since
p: L — L is a uniform continuous projection, we have p(\/; S) =\, p(S) =/, S. This shows
that \/; 5=V, S

(2) Let x,t € p(L). By (1) and Remark 2.2(1), L and p(L) are both meet semilattices. Since
p is order-preserving and p? = p, we have p(z Ar t) < p(x) = x and p(x Az t) < p(t) = t. This
shows that p(z Apt) <@ Apyt <z Apt. So, plxApt)=p*(xApt) <plz Ay t) <plzApt).
Hence, p(x A t) = p(z Apry t). O

Theorem 4.14 Let L be a meet uniform continuous poset and p : L — L a uniform continuous

projection. Then p(L) in the inherited order is meet uniform continuous.

Proof Let z € p(L) and S a uniform subset of p(L). By the meet uniform continuity of L,
Theorem 3.8 and Lemma 4.13, p(L) is uniform complete and z Ap(r) (V) S) =2 AL (V 5) =
VileArs|se St =V, {zAyr) s|s €S} By Theorem 3.8, p(L) in the inherited order is

also a meet uniform continuous poset. [J

5. Concluding remarks

The Scott topology, as an intrinsic topology, is of fundamental importance in domain theory.
The concept of meet continuous depos was successfully defined [4] by the Scott topology. To give
more characterizations of uniform continuous posets, we introduce the concept of meet uniform
continuous posets via the uniform Scott sets which are some special Scott open sets. Though
the uniform Scott sets of a poset is not a topology, they indeed form a semi-topology in some
sense and play roles in characterizing (meet) uniform continuous posets similar to that of Scott
open sets in characterizing (meet) continuous posets. We see that a uniform complete poset
L is meet uniform continuous if L' obtained by adjoining a top element 1 to L is a complete
Heyting algebra and that finite products and images of uniform continuous projections of meet
uniform continuous posets are still meet uniform continuous. We also gave characterizations of
meet uniform continuous posets by some kind of distributivity, principal ideals, principal filters
and closed intervals. It is proved (Theorem 3.8) that a uniform complete poset L is meet uniform
continuous iff for each x € L and each uniform subset S, one has xt A\ S = \{zAs|s e S}. Ttis
also established (Theorem 4.6) that a uniform complete poset is meet uniform continuous iff every
principal ideal is meet uniform continuous iff all closed intervals are meet uniform continuous iff
all principal filters are meet uniform continuous.

It is expected in the future that the ideas and methods in this paper can be used to study

countable uniform sets and other related topics [11-15].
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