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Abstract In the paper the new subclasses N a,b,c∑ (µ, λ;ϕ) and Ma,b,c∑ (λ;ϕ) of the function

class
∑

of bi-univalent functions involving the Hohlov operator are introduced and investigated.

Then, the corresponding Fekete-Szegö functional inequalities as well as the bound estimates of

the coefficients a2 and a3 are obtained. Furthermore, several consequences and connections to

some of the earlier known results also are given.
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1. Introduction

For the set C of complex numbers, let A be the class of normalized analytic function f(z) by

f(z) = z +

∞∑
n=2

anz
n (1.1)

in the open unit disk ∆ = {z ∈ C : |z| < 1}.
Let S denote the subclass of A consisting of all functions which are univalent in ∆. Due to

the Koebe one quarter theorem [1], the inverse f−1 of f ∈ S satisfies

f−1(f(z)) = z, z ∈ ∆

and

f(f−1(w)) = w, w ∈ ∆ρ,

where ρ ∈ [ 14 , 1] denotes the radius of the image f(∆) and ∆ρ = {z ∈ C : |z| < ρ}. It is well

known that

f−1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + · · · . (1.2)
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If the function f ∈ A and its inverse f−1 are univalent in ∆, then it is bi-univalent. Denote by

Σ the class of all bi-univalent functions f ∈ A in ∆.

Given two analytic functions f and g, if there exists an analytic w with w(0) = 0 and

|w(z)| < 1 for z ∈ ∆ so that f(z) = g(w(z)), then f is subordinate to g, i.e., f ≺ g.

For given f, g ∈ A, define the Hadamard product or convolution f ∗ g by

(f ∗ g)(z) = z +
∞∑

n=2

anbnz
n, (z ∈ ∆), (1.3)

where f(z) is given by Eq. (1.1) and g(z) = z +
∑

k=2 bkz
k, and the Gaussian hypergeometric

function 2F1(a, b, c; z) by

2F1(a, b, c; z) =
∞∑

n=0

(a)n(b)n
(c)n

zn

n!
= 1 +

∞∑
n=2

(a)n−1(b)n−1

(c)n−1

zn−1

(n− 1)!
, z ∈ ∆ (1.4)

for the complex parameters a, b and c with c ̸= 0,−1,−2,−3, . . . , where (ℓ)n denotes the

Pochhammer symbol or shifted factorial by

(ℓ)n =
Γ(ℓ+ n)

Γ(ℓ)
=

{
1, if n = 0, ℓ ∈ C \ {0}
ℓ(ℓ+ 1)(ℓ+ 2) · · · (ℓ+ n− 1), if n ∈ N = {1, 2, 3, . . .}.

Hohlov [2, 3] ever considered the convolution operator Ia,b
c later named by himself as follows:

Ia,b
c f(z) = z2F1(a, b, c; z) ∗ f(z) = z +

∞∑
n=2

pnanz
n, z ∈ ∆, (1.5)

where

pn =
(a)n−1(b)n−1

(c)n−1(n− 1)!
. (1.6)

Here, we also note that there exist some reduced versions of Hohlov operator Ia,b
c for suitable

parameters a, b and c, for example, Carlson-Shaffer operator L(a, c) = Ia,1
c (see [4]), Ruscheweyh

derivative operator Dδ = I1+δ,1
1 (−1 < δ) (see [5]), Owa-Srivastava fractional differential operator

Ωλ
z = I2,1

2−λ (0 ≤ λ < 1) (see [6, 7]), Choi-Saigo-Srivastava operator Iλ,µ = Iµ,1
λ+1 (−1 < λ, 0 ≤ µ)

(see [8]), Noor integral operator In = I2,1
n+1 (see [9]).

In 1967, Lewin [10] introduced the analytic and bi-univalent function and proved that |a2| <
1.51. Moreover, Brannan and Clunie [11] conjectured that |a2| ≤

√
2, and Netanyahu [12]

obtained that maxf∈
∑ |a2| = 4

3 . Later, Styer and Wright [13] showed that there exists function

f(z) so that |a2| > 4
3 . However, so far the upper bound estimate |a2| < 1.485 of coefficient for

functions in
∑

by Tan [14] is best. Unfortunately, as for the coefficient estimate problem for

every Taylor-Maclaurin coefficient |an|(n ∈ N \ {1, 2}) it is probably still an open problem.

For the work of Brannan and Taha [15] and Srivastava et al. [16], a great deal of subclasses of

analytic and bi-univalent functions class
∑

were introduced and investigated, and the non-sharp

estimates of first two Taylor-Maclaurin coefficients |a2| and |a3| were given; refer to Deniz [17],

Frasin and Aouf [18], Hayami and Owa [19], Li and Wang [20], Ma and Minda [21], Magesh

and Yamini [22], Patil and Naik [23, 24], Srivastava et al. [25, 26], Tang et al. [27, 28] and Xu

et al. [29, 30] for more detailed information. Recently, Srivastava et al. [31, 32] gave some new
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subclasses of the function class
∑

of analytic and bi-univalent functions to unify the work of

Deniz [17], Frasin [33], Srivastava et al. [34], Srivastava et al. [35], Keerthi and Raja [36] and Xu

et al. [29], etc.

Since Fekete-Szegö [37] considered the determination of the sharp upper bounds for the

subclass of S, Fekete-Szegö functional problem was studied in many classes of functions; refer

to Orhan and Rǎducanu [38] for class of starlike functions, Abdel-Gawad [39] for class of quasi-

convex functions, Magesh and Balaji [40] for class of convex and starlike functions, Koepf [41] for

class of close-to-convex functions, Tang et al. [28] for classes of m-mold symmetric bi-univalent

functions, Panigrahi and Raina [42] for class of quasi-subordination functions.

Besides, Murugusundaramoorthy et al. [35,43,44] and Patil and Naik [45] ever introduced and

investigated several new subclasses of the function class
∑

of analytic and bi-univalent functions

associated with the Hohlov operator. Stimulated by the statements above, in the paper we will

introduce and investigate the new subclasses of the function class
∑

of analytic and bi-univalent

functions involving the Hohlov operator, and consider the corresponding bound estimates of the

coefficients a2 and a3 and Fekete-Szegö functional inequalities. Moreover, several consequences

and connections to some of the earlier known results also will be given.

Now we will introduce the following general subclasses of bi-univalent functions.

Definition 1.1 A function f(z) ∈
∑

given by (1.1), belongs to the class N a,b,c∑ (µ, λ;ϕ) if the

following subordinations are satisfied:

(1− λ)(
Ia,b
c f(z)

z
)µ + λ(Ia,b

c f)′(z)(
Ia,b
c f(z)

z
)µ−1 ≺ ϕ(z) (1.7)

and

(1− λ)(
Ia,b
c g(w)

w
)µ + λ(Ia,b

c g)′(w)(
Ia,b
c g(w)

w
)µ−1 ≺ ϕ(w) (1.8)

for z, w ∈ ∆, where µ, λ ∈ [0,∞) satisfy µ2 + λ2 > 0 and the function g is the inverse of f given

by (1.2).

Definition 1.2 A function f(z) ∈
∑

given by (1.1), belongs to the class Ma,b,c∑ (λ;ϕ) if the

following subordinations are satisfied:

(1− λ)
z(Ia,b

c f)′(z)

Ia,b
c f(z)

+ λ(1 +
z(Ia,b

c f)′′(z)

(Ia,b
c f)′(z)

) ≺ ϕ(z) (1.9)

and

(1− λ)
w(Ia,b

c g)′(w)

Ia,b
c g(w)

+ λ(1 +
w(Ia,b

c g)′′(w)

(Ia,b
c g)′(w)

) ≺ ϕ(w) (1.10)

for z, w ∈ ∆, where 0 ≤ λ ≤ 1 and the function g is the inverse of f given by (1.2).

Remark 1.3 Let

ϕ(z) = (
1 + z

1− z
)α for 0 < α ≤ 1 (1.11)
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or

ϕ(z) =
1 + (1− 2β)z

1− z
for 0 ≤ β < 1 (1.12)

in Definitions 1.1 and 1.2. The class N a,b,c∑ (µ, λ;ϕ) (resp., Ma,b,c∑ (λ;ϕ)) reduces to Ñ a,b,c∑ (µ, λ;α)

(resp., M̃a,b,c∑ (λ;α)) or Ñ a,b,c∑ (µ, λ;β) (resp., M̃a,b,c∑ (λ;β)). Further, if a = c and b = 1, then the

classes N a,b,c∑ (µ, λ;ϕ) and Ma,b,c∑ (λ;ϕ) are just N a,1,a∑ (µ, λ;ϕ) = N∑(µ, λ;ϕ) and Ma,1,a∑ (λ;ϕ) =

M∑(λ;ϕ), respectively; refer to Tang et al. [27] and Ali et al. [46].

Lemma 1.4 ([1, 47]) Let P be the class of all analytic functions h(z) of the following form

h(z) = 1 +

∞∑
n=1

cnz
n, z ∈ ∆

satisfying ℜh(z) > 0 and h(0) = 1. Then the sharp estimates |cn| ≤ 2 (n ∈ N). Particularly, the
equality holds for all n for the next function

h(z) =
1 + z

1− z
= 1 +

∞∑
n=1

2zn.

2. Coefficient estimates for the class N a,b,c∑ (µ, λ;ϕ)

Define the functions s and t in P by

s(z) =
1 + u(z)

1− u(z)
= 1 +

∞∑
n=1

cnz
n, t(w) =

1 + v(w)

1− v(w)
= 1 +

∞∑
n=1

dnw
n, z, w ∈ ∆. (2.1)

Therefore, from (2.1) we infer that

u(z) =
s(z)− 1

s(z) + 1
=

c1
2
z +

1

2
(c2 −

c21
2
)z2 + · · · , z ∈ ∆ (2.2)

and

v(w) =
t(w)− 1

t(w) + 1
=

d1
2
w +

1

2
(d2 −

d21
2
)w2 + · · · , w ∈ ∆. (2.3)

Let ϕ ∈ P with ϕ′(0) > 0 satisfying ϕ(∆) being symmetric with respect to the real axis. Assume

that the series expansion form of ϕ is denoted by

ϕ(z) = 1 +
∞∑

n=1

Enz
n, E1 > 0, z ∈ ∆. (2.4)

By (2.2–2.4), it follows that

ϕ(u(z)) = 1 +
1

2
E1c1z + [

1

2
E1(c2 −

c21
2
) +

1

4
E2c

2
1]z

2 + · · · , z ∈ ∆ (2.5)

and

ϕ(v(w)) = 1 +
1

2
E1d1w + [

1

2
E1(d2 −

d21
2
) +

1

4
E2d

2
1]w

2 + · · · , w ∈ ∆. (2.6)

Now we consider the coefficient estimates for the class N a,b,c∑ (µ, λ;ϕ) and establish the next

theorem.
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Theorem 2.1 If f(z) given by (1.1) belongs to the class N a,b,c∑ (µ, λ;ϕ), then

|a2| ≤ min
{ E1

(λ+ µ)|p2|
,

√
E1 + |E2 − E1|

(2λ+ µ)| 12 (µ− 1)p22 + p3|
,
E

3/2
1√
|Φ|

}
(2.7)

and

|a3| ≤
E1

(2λ+ µ)|p3|
+min

{ E2
1

(λ+ µ)2p22
,

2(E1 + |E2 − E1|)
(2λ+ µ)|(µ− 1)p22 + 2p3|

}
, (2.8)

where

Φ = Φ(λ, µ,E1, E2, p2, p3) = (2λ+ µ)[
1

2
(µ− 1)p22 + p3]E

2
1 + (E1 − E2)(λ+ µ)2p22. (2.9)

Proof Assume that f(z) ∈ N a,b,c∑ (µ, λ;ϕ). Hence, by Definition 1.1 there exist two analytic

functions u(z), v(z) : ∆ → ∆ with u(0) = 0 and v(0) = 0 so that

(1− λ)(
Ia,b
c f(z)

z
)µ + λ(Ia,b

c f)′(z)(
Ia,b
c f(z)

z
)µ−1 = ϕ(u(z)) (2.10)

and

(1− λ)(
Ia,b
c g(w)

w
)µ + λ(Ia,b

c g)′(w)(
Ia,b
c g(w)

w
)µ−1 = ϕ(v(w)). (2.11)

Expanding the left half parts of (2.10) and (2.11), we have that

(1− λ)(
Ia,b
c f(z)

z
)µ + λ(Ia,b

c f)′(z)(
Ia,b
c f(z)

z
)µ−1

= 1 + (λ+ µ)p2a2z + (2λ+ µ)[
1

2
(µ− 1)p22a

2
2 + p3a3]z

2 + · · · (2.12)

and

(1− λ)(
Ia,b
c g(w)

w
)µ + λ(Ia,b

c g)′(w)(
Ia,b
c g(w)

w
)µ−1

= 1− (λ+ µ)p2a2w + (2λ+ µ){1
2
[(µ− 1)p22 + 4p3]a

2
2 − p3a3}w2 + · · · . (2.13)

Obviously, from (2.5), (2.6) and (2.10)–(2.13), we obtain that

(λ+ µ)p2a2 =
E1c1
2

, (2.14)

(2λ+ µ)[
1

2
(µ− 1)p22a

2
2 + p3a3] =

1

2
(c2 −

c21
2
)E1 +

1

4
c21E2, (2.15)

−(λ+ µ)p2a2 =
E1d1
2

(2.16)

and

(2λ+ µ){1
2
[(µ− 1)p22 + 4p3]a

2
2 − p3a3} =

1

2
(d2 −

d21
2
)E1 +

1

4
d21E2. (2.17)

From (2.14) and (2.16), we know that

a2 =
E1c1

2p2(λ+ µ)
= − E1d1

2p2(λ+ µ)
, (2.18)
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which derives

c1 = −d1 (2.19)

and

E2
1(c

2
1 + d21) = 8(λ+ µ)2p22a

2
2. (2.20)

By (2.15) and (2.17), we have that

c21(E2 − E1) + E1(c2 + d2) = 2(2λ+ µ)[(µ− 1)p22 + 2p3]a
2
2. (2.21)

Therefore, from (2.19)–(2.21) we obtain

a22 =
(c2 + d2)E

3
1

2(2λ+ µ)[(µ− 1)p22 + 2p3]E2
1 + 4(E1 − E2)(λ+ µ)2p22

. (2.22)

Hence, by Lemma 1.4 we may remark that

|a2| ≤
E

3/2
1√
|Φ|

.

In addition, from (2.20) and (2.21) we get that

|a2| ≤
E1

(λ+ µ)|p2|
and

|a2| ≤

√
E1 + |E2 − E1|

(2λ+ µ)| 12 (µ− 1)p22 + p3|
,

which yield the desired results on |a2| in (2.7).

Similarly, (2.15) and (2.17) imply that

E1(c2 − d2) = 4(2λ+ µ)p3(a3 − a22). (2.23)

Then, by (2.19), (2.20) and (2.23), it follows that

a3 =
E1(c2 − d2)

4(2λ+ µ)p3
+

E2
1(c

2
1 + d21)

8(λ+ µ)2p22
.

So, we obtain from Lemma 1.4 that

|a3| ≤
E1

(2λ+ µ)|p3|
+

E2
1

(λ+ µ)2p22
.

On the other hand, by (2.21) and (2.23) we infer that

a3 =
2[c21(E2 − E1) + E1(c2 + d2)]p3 + E1(c2 − d2)[(µ− 1)p22 + 2p3]

4(2λ+ µ)p3[(µ− 1)p22 + 2p3]
.

Thus, from Lemma 1.4 we see that

|a3| ≤
E1

(2λ+ µ)|p3|
+

2(E1 + |E2 − E1|)
(2λ+ µ)|(µ− 1)p22 + 2p3|

. �

When µ = 1, N a,b,c∑ (1, λ;ϕ) = N a,b,c∑ (λ;ϕ). Hence, by Theorem 2.1 we immediately get the

next corollary.
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Corollary 2.2 If f(z) given by (1.1) belongs to the class N a,b,c∑ (λ;ϕ), then

|a2| ≤ min{ E1

(1 + λ)|p2|
,

√
E1 + |E2 − E1|
(1 + 2λ)|p3|

,
E

3/2
1√
|Φ|

}

and

|a3| ≤
E1

(1 + 2λ)|p3|
+min{ E2

1

(1 + λ)2p22
,
(E1 + |E2 − E1|)

(1 + 2λ)|p3|
},

where

Φ = Φ(λ,E1, E2, p2, p3) = (1 + 2λ)E2
1p3 + (E1 − E2)(1 + λ)2p22.

Remark 2.3 Moreover, under the conditions of the parameters a = c and b = 1 and Remark

1.3, if we choose some suitable parameters µ and λ as well as ϕ, we also provide the following

reduced versions for N a,b,c∑ (µ, λ;ϕ) in Theorem 2.1:

(i) N a,1,a∑ (µ, λ;α) = Hµ
σ(λ, α), N

a,1,a∑ (µ, λ;β) = Hµ∑(λ, β), refer to Caǧler et al. [48];

(ii) N a,1,a∑ (1, λ;ϕ) = Hσ(λ, ϕ), N a,1,a∑ (µ, 1;ϕ) = Hµ
σ(ϕ), refer to Kumar et al. [49];

(iii) N a,1,a∑ (1, 1;ϕ) = Hσ(ϕ), refer to Ali et al. [46];

(iv) N a,1,a∑ (1, λ;α) = B∑(α, λ), N a,1,a∑ (1, λ;β) = B∑(β, λ), refer to Frasin and Aouf [18];

(v) N a,1,a∑ (1, 1;α) = B∑(α), N a,1,a∑ (1, 1;β) = B∑(β), refer to Srivastava et al. [16].

Next, we will consider Fekete-Szegö functional problems for the class N a,b,c∑ (µ, λ;ϕ).

Corollary 2.4 If f(z) given by (1.1) belongs to the class N a,b,c∑ (µ, λ;ϕ) and ρ ∈ R, then

|a3 − ρa22| ≤

{
E1

(2λ+µ)|p3| , if (2λ+ µ)|(1− ρ)p3|E2
1 ≤ |Φ|

|1−ρ|E3
1

|Φ| , if (2λ+ µ)|(1− ρ)p3|E2
1 ≥ |Φ|,

(2.24)

where Φ = Φ(λ, µ,E1, E2, p2, p3) is the same as in Theorem 2.1.

Proof From (2.23), it follows that

a3 − a22 =
E1(c2 − d2)

4(2λ+ µ)p3
.

By (2.22) we easily obtain that

a3 − ρa22 =
E1{[(1− ρ)(2λ+ µ)p3E

2
1 +Φ]c2 + [(1− ρ)(2λ+ µ)p3E

2
1 − Φ]d2}

4(2λ+ µ)p3Φ
.

Hence, from Lemma 1.4 it follows

|a3 − ρa22| ≤

{
E1

(2λ+µ)|p3| , if (2λ+ µ)|(1− ρ)p3|E2
1 ≤ |Φ|;

|1−ρ|E3
1

|Φ| , if (2λ+ µ)|(1− ρ)p3|E2
1 ≥ |Φ|.

�

Corollary 2.5 If f(z) given by (1.1) belongs to the class N a,b,c∑ (µ, λ;ϕ), then

|a3 − a22| ≤
E1

(2λ+ µ)|p3|
.

Corollary 2.6 If f(z) given by (1.1) belongs to the class N a,b,c∑ (µ, λ;ϕ), then

|a3| ≤

{
E1

(2λ+µ)|p3| , if (2λ+ µ)|p3|E2
1 ≤ |Φ|;

E3
1

|Φ| , if (2λ+ µ)|p3|E2
1 ≥ |Φ|,
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where Φ = Φ(λ, µ,E1, E2, p2, p3) is the same as in Theorem 2.1.

Remark 2.7 Without Hohlov operator, we may refer to the subclass B∑
,m(λ;ϕ) of m-fold

symmetric bi-univalent functions (see Tang et al. [28] for m = 1) for Fekete-Szegö functional

problems about N a,b,c∑ (µ, λ;ϕ).

3. Coefficient estimates for the class Ma,b,c∑ (λ;ϕ)

Now we study the coefficient estimates for the class Ma,b,c∑ (λ;ϕ) and give the next theorem.

Theorem 3.1 If f(z) given by (1.1) belongs to the class Ma,b,c∑ (λ;ϕ), then

|a2| ≤ min
{ E1

(1 + λ)|p2|
,

√
E1 + |E2 − E1|

|2(1 + 2λ)p3 − (1 + 3λ)p22|
,
E

3/2
1√
|Θ|

}
(3.1)

and

|a3| ≤
E1

2(1 + 2λ)|p3|
+min

{ E2
1

(1 + λ)2p22
,

E1 + |E2 − E1|
|2(1 + 2λ)p3 − (1 + 3λ)p22|

}
, (3.2)

where

Θ = Θ(λ,E1, E2, p2, p3) = [2(1 + 2λ)p3 − (1 + 3λ)p22]E
2
1 + (E1 − E2)(1 + λ)2p22. (3.3)

Proof Assume that f(z) ∈ Ma,b,c∑ (λ;ϕ). Then, by Definition 1.2 there exist two analytic

functions u(z), v(z) : ∆ → ∆ with u(0) = 0 and v(0) = 0 so that

(1− λ)
z(Ia,b

c f)′(z)

Ia,b
c f(z)

+ λ(1 +
z(Ia,b

c f)′′(z)

(Ia,b
c f)′(z)

) = ϕ(u(z)) (3.4)

and

(1− λ)
w(Ia,b

c g)′(w)

Ia,b
c g(w)

+ λ(1 +
w(Ia,b

c g)′′(w)

(Ia,b
c g)′(w)

) = ϕ(v(w)). (3.5)

Expanding the left half parts of (3.4) and (3.5), we obtain that

(1− λ)
z(Ia,b

c f)′(z)

Ia,b
c f(z)

+ λ(1 +
z(Ia,b

c f)′′(z)

(Ia,b
c f)′(z)

)

= 1 + (1 + λ)p2a2z + [2(1 + 2λ)p3a3 − (1 + 3λ)p22a
2
2]z

2 + · · · (3.6)

and

(1− λ)
w(Ia,b

c g)′(w)

Ia,b
c g(w)

+ λ(1 +
w(Ia,b

c g)′′(w)

(Ia,b
c g)′(w)

)

= 1− (1 + λ)p2a2w + [2(1 + 2λ)p3(2a
2
2 − a3)− (1 + 3λ)p22a

2
2]w

2 + · · · . (3.7)

Hence, with (2.5), (2.6) and (3.4)–(3.7), we deduce that

(1 + λ)p2a2 =
E1c1
2

, (3.8)

2(1 + 2λ)p3a3 − (1 + 3λ)p22a
2
2 =

1

2
(c2 −

c21
2
)E1 +

1

4
c21E2, (3.9)
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−(1 + λ)p2a2 =
E1d1
2

(3.10)

and

2(1 + 2λ)p3(2a
2
2 − a3)− (1 + 3λ)p22a

2
2 =

1

2
(d2 −

d21
2
)E1 +

1

4
d21E2. (3.11)

From (3.8) and (3.10), we know that

a2 =
E1c1

2p2(1 + λ)
= − E1d1

2p2(1 + λ)
, (3.12)

which implies

c1 = −d1 (3.13)

and

E2
1(c

2
1 + d21) = 8(1 + λ)2p22a

2
2. (3.14)

By (3.9),(3.11) and (3.13), we have that

c21(E2 − E1) + E1(c2 + d2) = 8(1 + 2λ)p3a
2
2 − 4(1 + 3λ)p22a

2
2. (3.15)

Therefore, from (3.12)–(3.15) we obtain

a22 =
(c2 + d2)E

3
1

[8(1 + 2λ)p3 − 4(1 + 3λ)p22]E
2
1 + 4(E1 − E2)(1 + λ)2p22

. (3.16)

Hence, by Lemma 1.4 we derive

|a2| ≤
E

3/2
1√

|[2(1 + 2λ)p3 − (1 + 3λ)p22]E
2
1 + (E1 − E2)(1 + λ)2p22|

.

In addition, from (3.14) and (3.15) we get that

|a2| ≤
E1

(1 + λ)|p2|

and

|a2| ≤

√
E1 + |E2 − E1|

|2(1 + 2λ)p3 − (1 + 3λ)p22|
,

which yield the desired results on |a2| in (3.1).

Similarly, from (3.9) and (3.11), it follows

E1(c2 − d2) = 8(1 + 2λ)p3(a3 − a22). (3.17)

Then, by (3.13), (3.14) and (3.17), one gets

a3 =
E1(c2 − d2)

8(1 + 2λ)p3
+

E2
1(c

2
1 + d21)

8(1 + λ)2p22
.

So, we obtain from Lemma 1.4 that

|a3| ≤
E1

2(1 + 2λ)|p3|
+

E2
1

(1 + λ)2p22
.
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On the other hand, by (3.15) and (3.17) we infer that

a3 =
E1(c2 − d2)

8(1 + 2λ)p3
+

c21(E2 − E1) + E1(c2 + d2)

8(1 + 2λ)2p3 − 4(1 + 3λ)p22
.

Thus, from Lemma 1.4 we see that

|a3| ≤
E1

2(1 + 2λ)|p3|
+

E1 + |E2 − E1|
|2(1 + 2λ)p3 − (1 + 3λ)p22|

. �

Remark 3.2 Clearly, under the conditions of the parameters a = c and b = 1 and Remark 1.3,

if we take some suitable parameter λ and ϕ, we also provide the following reduced versions for

Ma,b,c∑ (µ, λ;ϕ) in Theorem 3.1:

(i) Ma,1,a∑ (1;ϕ) = M∑(ϕ), refer to Ali et al. [46];

(ii) Ma,1,a∑ (1;α), Ma,1,a∑ (1;β), or Ma,1,a∑ (0;α) and Ma,1,a∑ (0;β), refer to Brannan and Taha

[15].

Theorem 3.3 If f(z) given by (1.1) belongs to the class Ma,b,c∑ (λ;ϕ) and ρ ∈ R, then

|a3 − ρa22| ≤

{
E1

4(1+2λ)|p3| , if 2(1 + 2λ)|(1− ρ)p3|E2
1 ≤ |Θ|;

|1−ρ|E3
1

2|Θ| , if 2(1 + 2λ)|(1− ρ)p3|E2
1 ≤ |Θ|,

(3.18)

where Θ = Θ(λ,E1, E2, p2, p3) is the same as in Theorem 3.1.

Proof From (3.17), it follows that

a3 − a22 =
E1(c2 − d2)

8(1 + 2λ)p3
.

By (3.16) we easily obtain that

a3 − ρa22 =
E1{[2(1− ρ)(1 + 2λ)p3E

2
1 +Θ]c2 + [2(1− ρ)(1 + 2λ)p3E

2
1 −Θ]d2}

8(1 + 2λ)p3Θ
. (3.19)

Then, from Lemma 1.4 we show that

|a3 − ρa22| ≤

{
E1

4(1+2λ)|p3| , if 2(1 + 2λ)|(1− ρ)p3|E2
1 ≤ |Θ|;

|1−ρ|E3
1

2|Θ| , if 2(1 + 2λ)|(1− ρ)p3|E2
1 ≥ |Θ|.

�

Corollary 3.4 If f(z) given by (1.1) belongs to the class Ma,b,c∑ (λ;ϕ), then

|a3 − a22| ≤
E1

4(1 + 2λ)|p3|
.

Corollary 3.5 If f(z) given by (1.1) belongs to the class Ma,b,c∑ (λ;ϕ), then

|a3| ≤

{
E1

4(1+2λ)|p3| , if 2(1 + 2λ)|p3|E2
1 ≤ |Θ|;

E3
1

2|Θ| , if 2(1 + 2λ)|p3|E2
1 ≥ |Θ|

where Θ = Θ(λ,E1, E2, p2, p3) is the same as in Theorem 3.3.

Remark 3.6 Similarly, without Hohlov operator we may refer to the subclass M∑
,m(λ;ϕ)

of m-fold symmetric bi-univalent functions (see Tang et al. [28] for m = 1) for Fekete-Szegö

functional problems about Ma,b,c∑ (λ;ϕ).



Fekete-Szegö functional problems for certain subclasses of bi-univalent functions 11

Acknowledgements We thank the referees for their time and comments so that this article is

greatly improved.

References
[1] P. L. DUREN. Univalent Functions. Springer-Verlag, New York, 1983.

[2] Yu. E. HOHLOV. Hadamard convolutions, hypergeometric functions and linear operators in the class of

univalent functions. Dokl. Akad. Nauk Ukrain. SSR Ser. A 1984, 7: 25–27.

[3] Yu. E. HOHLOV. Convolution operators that preserve univalent functions. Ukrain. Mat. Zh., 1985, 37:

220–226.

[4] B. C. CARLSOLN, D. B. SHAFFER. Starlike and pre-starlike hypergometric functions. SIAM. J. Math.

Anal., 1984, 15: 737–745.

[5] S. RUSCHEWEYH. A new criteria for univalent function. Proc. Amer. Math. Soc., 1975, 49(1): 109–115.

[6] K. I. NOOR, M. A. NOOR. On integral operators. J. Anal. Appl., 1999, 238: 341–352.

[7] S. OWA, H. M. SRIVASTA. Univalent and starlike generalized hypergeometric functions. Canad. J. Math.,

1987, 39(5): 1057–1077.

[8] J. H. CHOI, M. SAIGO, H. M. SRIVASTA. Some inclusion properties of a certain family of integral operators.

J. Math. Anal. Appl., 2002, 276: 432–445.

[9] Wancang MA, D. MINDA. “A unified treatment of some special classes of univalent functions,” in Proceedings

of the Conference on Complex Analysis (Tianjin, 1992), Z. LI, F. REN, L. YANG and S. ZHANG, Eds., pp.

157-169. Int. Press, Cambridge, MA, 1994.

[10] M. LEWIN. On a coefficient problem for bi-univalent functions. Proc. Amer. Math. Soc., 1967, 18: 63–68.

[11] D. A. BRANNAN, J. G. CLUNIE. Aspects of contemporary complex analysis, Proceedings of the NATO

Advanced Study Institute (University of Durham, Durham; July 1âǍŞ 20, 1979). Academic Press, Inc.,
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[48] M. CAǦLAR, H. ORHAN, N. YAǦMUR. Coefficient bounds for new subclasses of bi-univalent functions.

Filomat, 2013, 27(7): 1165–1171.

[49] S. S. KUMAR, V. KUMAR, V. RAVICHANDRAN. Estimates for the initial coefficients of bi-univalent

functions. Tamsui Oxford J. Inform. Math. Sci., 2013, 29(4): 487–504.


