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Abstract By applying the monotone iterative method, this study develops two explicit mono-
tone iterative sequences for approximating the minimal and maximal positive solutions. At the
same time, by applying the Banach fixed-point theory, an explicit iterative sequence and error
estimate for approximating the unique positive solution is obtained. Some examples are given
to illustrate the application of the results.
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1. Introduction

Fractional calculus has gained wide attention from both theoretical and applied perspectives
over the last few decades. A detailed description of the subject can be found in [1-5]. We
note that most of the available literature on the solvability of fractional differential equations
are focused on the finite interval. Few papers discuss fractional differential equations on the
infinite intervals [6-12]. Zhao and Ge [6] applied the Schauder’s fixed-point theorem to study

the existence of positive solutions for the following nonlocal fractional boundary value problem:
D§ u(t) + f(t,ut) =0, 1<a<2,

{ u(0) = 0, Timy-, o0 D27 u(t) = Bu(€),

where t € J = [0,+00), f € C(J xR, J), 0 <& < +o0, D§, is the standard Riemann-Liouville

fractional derivative of order . Su and Zhang [7] applied the same method as [6] to obtain the

(1.1)

existence result of solutions for a boundary value problem of fractional order:

{ D2 ult) + f(t,u(t), DO u(t) =0, 1<a <2,

. o (1.2)
U(O) = 07 hmt*}+oo D0+ U(t) = Uso, Uco € R,

where t € J =[0,4+00), f € C(J xR xR, R).
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By using the Schauder’s fixed-point theorem and the Banach’s contraction mapping principle,
the authors in [8] found sufficient conditions for the existence and uniqueness of solutions for the

boundary value problem:

{ Dgu(t) + f(t,u(t)) =0, 2<a<3, (1.3)

u(0) = ' (0) = 0, DS u(o0) = EIJ u(n), B> 0,

where t € J = [0,+00), f € C(J xR,R), £ € R, n € J, D, is the Riemann-Liouville fractional
derivatives of order «, and I ng is the Riemann-Liouville fractional integral of order 5.
Liang and Zhang [9] considered the following nonlinear fractional differential equations with

multipoint fractional boundary conditions on an unbounded domain:

{ Dgu(t) +a(t) f(t,u(t)) =0, 2<a<3, (1.4)

u(0) = u/(0) = 0, Dy u(+o0) = 3271 % Biu(&),

where t € J = [0,+00), D, DS‘II are the Caputo fractional derivatives, and 0 < & < & <
. <&poa<tooand B; >0,i=1,2,...,m—2, satisfy 0 < 27512 Bit*! < T'(a). By using the
fixed-point index theory, the authors provided sufficient conditions for the existence of multiple
positive solutions to the above multi-point fractional boundary value problem.

Motivated by the aforementioned papers, an interesting and important question is if we know
the existence of the solution, how can we seek it? This question motivates the study of iterative

sequences of positive solutions for the following fractional boundary value problem (FBVP):

{ Dgu(t) + f(t,u(t), Dy M u(t) =0, n—1<a<n, (1.5)

w9 (0)=0(j =0,1,2,...,n —2), Dgglu(Jroo) — 0+°° h(t)u(t)dt,

where t € J = [0,+00), f € C(J xR xR, J), h(t) € L[0,+00), D§, is the standard Riemann-
Liouville fractional derivative of order ««. Here, we emphasize that the nonlinearity term depends
on the unknown function’s lower-order fractional derivative and the boundary value depends on
the unknown function’s integral.

By applying the monotone iterative method in this study, we first develop two computable
explicit monotone iterative sequences for approximating the minimal and maximal positive so-
lutions. We also obtain an explicit iterative sequence for approximating the unique positive
solution and provide an error estimate for approximation, which is more interesting and valu-
able for devising the auxiliary routine that establishes the existence of solutions for the problem
at hand and provides method for obtaining solutions. For the application and details of the
method, refer to [13-17] and the references therein. Furthermore, the nonlinearity term of our
research depends on the unknown function’s lower-order fractional derivative, which is different
from [6,8,9]. Finally, the main results extend the fractional derivative from the low-order to the
high-order fractional derivatives.

The remainder of this paper is organized as follows: Section 2 presents basic definitions and
related lemmas that will be used. In Section 3, the main results and proof are presented. In

Section 4, two examples are provided to illustrate the main results.
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2. Preliminaries and lemmas

First, we introduce the assumptions that will play an important role in our main results.
(H1) h(t) € L[0,+00) and [;" h(t)t*~1dt := A < [(a), f(£,0,0) £ 0, Vt € J.
(Hz2) There exist nonnegative integrable functions a(t),b(t),c(t) defined on [0, +00) and
constants p,q > 0, such that
[f(t,u,0)| < a(t) +b(E)[ul” + c(t)[v]7,
and
+o0 +oo +o0
/ a(t)dt = a* < 400, / b(t)(1 +t*"HPdt = b* < +oo, / c(t)dt = ¢* < +o0.
0 0 0
(H3) f is nondecreasing with respect to the second and last variables.
(H4) There exist nonnegative integrable functions d(t), e(t) defined on [0, +00), such that
|f(t,u,v) — f(t, 0/, 0")] < d(t)|u—d|+e(t)|v—2"], te€T uu v,v €R,
and
400 +o0 +oo
/ dt)(1 4+t Hdt = d* < +oo,/ e(t)dt = e* < +oo, / |£(£,0,0)|dt = X < +oo.
0 0 0

Secondly, we present definitions and lemmas that are useful to the proof of main results.

Definition 2.1 (]2,3]) The Riemann-Liouville fractional derivative of order « for a continuous
function f is given by
1 d

D(l)x‘*'f(x) = F(n — Oé)(£

)”/ (x—t)" " f(@)dt, a>0, n=[a]+1,

0

provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.2 ([2,3]) The Riemann-Liouville fractional integral of order « for a function f is
given by

IS f(x) = ! ] /Om(a: — 1) f(t)dt, o >0,

NG
provided that the integral exists.

Lemma 2.3 Let y € C[0,+00) with fOJrOO h(t)t*~tdt # I'(a). Forn — 1 < a < n, then the

fractional boundary value problem

DS u(t) +y(t) = 0,0 < t < 400, 21)
u(0) = 0(j = 0,1,2,...,n — 2), D7 u(+o00) = [, h(t)u(t)dt, '
has a unique solution
o
u(t) = / G(t, s)y(s)ds, (2.2)
0

where
G(t,s) = Gi(t, s) + Ga(t, s), (2.3)
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with
1 ol — (=) 0< s <t < 400,
Gi(t,s) = —— wl( )
T(a) | 71,0 <t < s < +oo,
toz—l +oo
- 0

Proof This proof is similar to [18, Lemma 2.3], so we omit it. O

Remark 2.4 From (2.2)—(2.4), we have

Dy () = [ 6 (e optenas

where
G*(t,5) = Gi(t,5) + G3(t,s), (2.5)

with
0,0<s<t< 4+
Gilts) =3 "= IET
1,0<t < s < o0,

o' Foo
@@@:HSJAA ()G (¢, 5)dt.

Lemma 2.5 For (s,t) € J x J, if condition (H;) satisfies, then

ot G(t,s) 1
< < ——— < <
0=CGt<Fy—n 'S T3p 1T -Aa
and I'(a)
«
< G* < —
O*G@$*H®—A

Proof From (2.3), we can easily determine that

a—1

< < t
O_Gl(t’s)_I‘(a)’ Y(t,s) € J x J,
and 1 + ( ) 1 1
(2  h(t)te At~
< < _
o_GmﬁpjwwiAA = Ty Y €<
then o1
< = < — .
0 < G(t,s) = G1(t,s) + Ga(t,s) < Tla) = A Y(t,s) € J x J
50 Glt, ) 1
s
< ’ < .
0_1+t0‘*1_F(a)fA’ Y(t,s) € J x J.
By direct calculation from (2.5), we can easily obtain
A r
0<G*(t,s) =Gi(t,s) + Ga(t,s) <1+ = () Y(t,s) € J x J.

Ia)—A T(a)—A’
Therefore, the proof is completed. [

Define two Banach spaces

X={uecCR): supM < 4o0},
teg 1+t
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Y ={ue X : D ut) € C(J,R), sup|DOJr Yu(t)] < 4o}

equipped with norms ||u|| x = sup,¢; ‘fﬁl and |Jully = max{||ux, supse; [ DS u(t)[}-

Lemma 2.6 If condition (Hs) is satisfied, then
+oo
/ £ (s, uls), D§ tuls))lds < a* + b [[ully + ¢ [lull§, VueY.
0

Proof For Vu € Y, by condition (Hz), we have

+00 Foo
/ (s, u(s), D bu(s))|ds < / [a(s) + b(s)[u(s)[? + ()| DT Vu(s) ]ds
0 0

u(s)|?

“+oo
a—1
s+ [ c)IDgs (s s

+oo

ga*+/ b(s)(1 + 5~ 1)P
0

<a" + b |ully + c*lully. O

Lemma 2.7 If condition (Hy) is satisfied, then
400
/ (s, u(s), DS Mu(s))lds < (@ + e)ully + A, VueY.
0

Proof For Vu € Y, by condition (Hy), we have

“+o0 “+o0
/ £ (s, u(s), Dg= u(s))lds = / [f(s,u(s), Dgi u(s)) = £(s,0,0) + f(5,0,0)|ds
0 0
+oo

+oo
< / (s, u(s), D2 u(s)) — f(s,0,0)|ds + / 1£(5,0,0)[ds

§/0+°° d(S)(l+t“_1)1|J1:(12|1d3+/0+we(8)|D3+1u(s)|ds+/0+oo|f(s70,0)|d3

< (@ +e)ully + A O
Lemma 2.8 ([8]) Let U C X be a bounded set. Then U is a relatively compact in X if the

following conditions hold:

(i) For any u(t) € U, 1+ta 1o3a=1 and Dy Lu(t) are equicontinuous on any compact interval of .J;
u(t1 u(tz)

(ii) For any € > 0, there is a constant T = T(e) > 0 such that ‘1+t°‘ T — Hta_l\ < e and
2
|D8‘f1u(t1) - Dg‘flu(tg)| < e for any t1,to > T and u € U.
Define an operator T associated with FBVP (1.5) by
Tu(t) :/ G(t,s)f(t, u(t), Dy u(t))ds. (2.6)
0

Applying Lemma 2.3, it is easy to prove that FBVP (1.5) has a solution if and only if the

operator equation v = Tu has a fixed point, where T is given by (2.6).

Lemma 2.9 Assume that the conditions (H;) and (Hs) are satisfied. Then the operator T :

Y — Y is completely continuous.

Proof We first show that the operator T': Y — Y is relatively compact.
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(i) Let Q= {ulu €Y, |lully < M}. For Vu € Q, by Lemmas 2.5 and 2.6, we obtain

TGt s) .
ITullx = sup| / (s u(s), D us))ds

oo a—1
SEmTn ) M s

< m[a* + 0" MP + ¢* M) (2.7)
and
igg\pgngu |_§2§‘/ G* (¢, 5) f (5, u(s), DO u(s))ds
<l +°°|f<s (o), DG u(s)las
< (Zgo‘) la® b7 MP M. (2.8)
So

max{1,T'(a)}

— a—1 <
[Tully = max{|Tullx sup |D*~ Tufe)]} < *EEs =%

[a* 4+ b*MP + ¢* M1],

which implies that T2 is uniformly bounded.
(ii) Let I C J be any interval. Then, for all t1,ty € I,t5 > t; and u € ), we obtain

Tu(ts) Tu(t1) ‘/—i-oo G(tz,s)  G(t1,s) —1
— - s,u(s), DY u(s))ds
e < | [ RS - D6 ), D5 )

oo
< [ - EE e ). D s, (29)
Since G(t,s) € C(J x J), for any compact set I x I, G(t,s)/(1 +t*~1) is uniformly continuous.
Furthermore, the function G(t,s)/(1 + t*~1) only depends on ¢ for s > ¢, which implies that
G(t,s)/(1+t*"1) is uniformly continuous on I x (J\ I). That is, for all s € J and t1,t5 € I, we

have

G(tQ,S) . G(tl,s)
L+t 14!

Ve > 0,30(e) such that if |t; —t2] <, then | | <e. (2.10)

By Lemma 2.6, for all u € 2, we find that
+oo
/ |f(t,u(t), DST u(t))|ds < a* + b* MP + ¢* M9 < oo,
0

together with (2.9) and (2.10), which implies that Twu(t)/(1 + t*~1) is equicontinuous on I.
Note that

Dy YTu(t) / G*(t,s)f(s,u(s), Dy Yu(s))ds

and the function G*(¢,s) € C(J x J) does not depend on ¢, which implies that Dg;lTu(t) is
equicontinuous on I. Hence, we prove that the operator T': Y — Y is equicontinuous on any
compact interval I of J.

(iii) We show the operator T is equiconvergent at co. Since

G(t,s) 1 oo
_ F(a)—A/o h(t)Ga (t, 5)di

1m
t—oo 1 4 ta—1



Explicit iterative sequences of positive solutions for a class of FDE 19
by knowledge of limit theory, it is easy to infer that for any ¢ > 0, there exists a constant
C =C(e) >0, for any t1,t5 > C and s € J, such that

‘G(tZas) (t17 )
L4t 14!

Therefore, by Lemma 2.6 and (2.9), we conclude that Tu(t)/1 + t*~! is equiconvergent at oo.
As the function G*(t,s) does not depend on t, we can easily determine that Dg‘flTu(t) is
equiconvergent at oo.

From the above three steps, by Lemma 2.8, it follows that the operator T' : ¥ — Y is
relatively compact.

Next, we show that the operator T' : Y — Y is continuous. Let u,,u € Y, such that

Up, = u(n — 00). Then ||u,|ly < o0, ||ully < co. By Lemmas 2.5 and 2.6, we obtain
1T wn || x —sup ‘/ 1 + t“ 1 (S,un(s),Dgflun(s))ds

+oo
(o) A/ (s,un(s), Do Y, (s))|ds

<7 * 4
S eyl L T L
sup|D8‘;1un |_sup‘/ G*(t,8)f(s,un(s), Dyy Yun(s))ds
teJ teJ
Oé e a—1
Sm ; |f(s,un(s), DGy un(s))|ds
F(OL) * * *
Sm[a + 0" [|unlly + c*[luall$],
and by the Lebesgue dominated convergence theorem and continuity of f, we obtain
: e G(t’s) a—1 e G(t S) a—1
Jim ; T a1/ (5 un(s), Dgi un(S))dSZ/O T ot/ (s:uls), Dy uls))ds,
oo [ee]
lim G*(t,s)f(s,un(s),Dg‘flun(s))ds:/ G*(t,s)f(&u(s),Dgflu(s))ds.

Then, as n — oo,
oo G(t,s) 1 1
[Tun — Tullx < Sup/ a1l (8:un(s), DG un(s)) — f(s,u(s), DG u(s))|ds — 0,
tes Jo  1Hte!

and, as n — o0,
su5)|Dgf1un(t)—Dgf1u( )| < sug/ G*(t,8)|f(s,un(s), Dgi Yt (s ))—f(s,u(s),Dg‘flu(s)ﬂds — 0.
te te
This implies that the operator T is continuous.

In view of the above arguments, we infer that the operator T': Y — Y is completely contin-

uous. Therefore, the proof is completed. [

3. Main results
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In this section, we provide the main results for discussing iterative sequences of positive
solutions of FBVP (1.5).

For convenience, we set L = ﬁmax{l,f‘(a)}. Define a cone PCY by P={uecY:
u(t) > 0,t e J}.

Theorem 3.1 Assume the conditions (Hy ), (Ha) and (Hs) are satisfied. There exists a positive
constant R such that FBVP (1.5) has a minimal and maximal positive solution v*, u*, respective-
ly, in (0, Rt®~1], which can be given by means of the following two explicit monotone iterative

sequences:

Un41(t / G(t,s)f(t,vn(t), Doy Yo (t))ds, with vo(t) = 0, (3.1)

Upt1(t / G(t,s)f(t,un(t), Diy Yun(t))ds, with ug(t) = Rt*™L. (3.2)

Moreover,

o<V < Svp < S0t < St S Sy S S ug < .

Proof First, Lemma 2.5 leads to the fact that (Tw)(t) > 0 for any v € P,t € J. Therefore,
T(P) C P.
Next, for 0 < p,q < 1, choose

R > max{3La", (3Lb*)1/(1*p)’ (3Lc*)1/(1*‘1)}

and define B = {u € P, ||u|]ly < R}. For any u € B, by Lemmas 2.5 and 2.6 [similar to (2.7) and
(2.8)], we obtain

Gl
|Tu|lx = sup ’/ o tas (s, u(s )7D8‘+_1u(8))d8‘ < Lla*+b*RP 4+ ¢*RY < R
and
sup [ Do u(t)] = sup ’/ G*(t,s)f(s,u(s )7D8‘f1u(5))ds‘ < Ll[a* +b"RP + "R < R.
teJ teJ

This implies that ||Tu|ly < R for all w € B. Hence, T(B) C B.

Let vo(t) = 0,v1(t) = Two(t),v2(t) = T?vo(t) = Tw(t), for all t € J. Since vo(t) = 0 € B and
T: B — B, we obtain v; € T(B) C B and vy € T(B) C B. The condition (Hs) and definition
of operator T" imply that the operator T' is nondecreasing. Thus,

1}1(t) = TUo(t) >0= Uo(t), Vit € J.
By the nondecreasing property of the operator T', we obtain
vo(t) = Twi(t) > Tvo(t) = v1(t), Vte

Define a sequence v,41(t) = Tv,(t), n = 0,1,2,.... By induction, the sequence {v,}|° C
T(B) C B and satisfies

Unt1(t) > vn(t), VteJ n=0,1,2,.... (3.3)
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By the complete continuity of the operator T, it is easy to determine that {v,, }|°° has a convergent
subsequence {v,, }|72; and there exists a v* € B such that v,, — v* as k — oo. This, together
with (3.3), means that lim,,_, ., v, = v*.

Since T is continuous and v, 1 = Tv,, we can obtain Tv* = v*, that is, v* is a fixed point
of the operator T

Define ug(t) = Rt® 1, uy(t) = Tug(t), uz(t) = T?ug(t) = Tuy(t), t € J. Since ug(t) € B and
T : B — B, we obtain u; € T(B) C B and ug € T(B) C B. Using Lemmas 2.5 and 2.6, we

obtain
—+oo

+oo
w(t)= [ G(t.s)f(s,uols), DL uo(s))ds < Leo~? / F(s,u0(s), D ug(s))ds
0 0

< Lt Ha" + b |uoll§ + ¢ luoll}] < Lt~ a" +b* RP + " RY]
< Rt =ug(t), Ve
Since T is nondecreasing, we obtain
ug(t) = Tur(t) < Tug(t) = ui(t), Ve

Using the above argument, we define u, 1 = Tu,, n = 0,1,2,.... By induction, the sequence
{un}|5° € T(B) C B and satisfies

Unt1(t) > up(t), YVtedJ n=0,1,2,.... (3.4)

Similar to earlier arguments, it can be proven that there exists a u* such that lim u, = u*.
Since T is continuous and 4,41 = T'u,, we obtain Tu* = u*, that is, u* isngof?lxed point of
the operator T
Finally, we infer that «* and v* are the maximal and minimal positive solutions of FBVP (1.5),
respectively, in (0, Rt®~1]. We first assume that w € (0, Rt®~1] is any positive solution of
FBVP (1.5). Then vo(t) = 0 < w(t) < Rt*~! = ugy(t) and Tw = w. Applying the monotone
property of T', we obtain that v1(¢) = Tv(t) < w(t) < Tuo(t) = ui(t), for all ¢t € J.

Repeating the above step several times, we obtain
vp(t) S w(t) <wun(t), teJ, n=0,1,2,.... (3.5)
Since u* = limy,— 00 Uy and v* = lim,, o Uy, it follows from (3.4) and (3.5) that
vl <L, <K<t <w S < Sy < Sug L. (3.6)

Again f(¢,0,0) # 0 for all ¢ € J, it follows that zero is not a solution of FBVP (1.5). From
(3.6), we know that v* and u* are the minimal and maximal positive solutions of FBVP (1.5),
respectively, in (0, Rt®~!], which can be established by means of two explicit monotone iterative
sequences in (3.1) and (3.2).

With regard to the difference range of p,q, the method is similar, so we omit the details,

thereby completing the proof. O

Theorem 3.2 Assume the conditions (Hy) and (Hy) are satisfied. If

m=L(d"+e%) <1, (3.7
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then FBVP (1.5) has a unique positive solution u(t) in P. Moreover, there exists a monotone

iterative uy(t), such that u,(t) — u(t) as n — oo uniformly on any finite interval of J, where

/ G(t,s)f(t,un—1(t), Dy Y1 (1)) ds. (3.8)
In addition, there exists an error estimate for the approximation sequence
n
un — Ty = 1Tilm||u1—u0||y, n=12.... (3.9)

Proof Choose r > LA/(1 —m), where m is defined by (3.7) and A = 0+°° |f(£,0,0)|dt < 400
is defined in condition (Hy).

First, we show that T B, C B,, where B, = {u € P, ||lul]ly <r}. For any u € B,, by Lemmas
2.5 and 2.7, we obtain
Foo G(t,s)

T et (suls ), D tu(s))lds < L[(d* + e)[lully + A = mfully + L)

[ Tul|x < Sup/
teJ Jo
and

sup | D= u(t) = sup | [ G (t.5) (s, u(s), D u(e))ds| < L@ + € fully + X
0

— mlully + LA,

which implies

ITully <m|ully + LA <r, Yué€ B,.

We now show that T is a contraction. For any uy,us € B,., by condition (Hy), we obtain

o Gt
|ITuy — Tus|| x Ssup/ Glts)
teJ

0 1+ to— 1 |f( ul( ) Dga:lul(S)) — f(S,UQ(S),DS‘J:l’u,Q(S)”dS

+oo u1(s) — ua(s
SL/O [d(s)(1+ s“_l)hiJrTi()' + e(s)| Dy un (s) — DT ug(s)]]ds

=mllur — uzlly
and

sup |Dg tun (t) — D us(t)]

< Sug/ G*(t,9)|f(s,us(s), DG ur(s)) — f(s,ua(s), Dgi ua(s))lds < mflur — uslly,
te

which implies

HT’U,l — TUQHY < m||u1 — u2||y,Vu17u2 € B,. (310)

As m < 1, then T is a contraction. Hence, the Banach fixed-point theorem ensures that 7" has a
unique fixed point @ in P. That is, FBVP (1.5) has a unique positive solution @ in P.

Furthermore, for any ug € P, ||u, — @lly — 0 as n — oo, where u, = Tu,—1 (n = 1,2,...).
From (3.10), we obtain

lun — tn—1lly <m™ ur — oy,
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and

N

un — ujlly < llun —vn-1lly + lun—1 —tn—2lly +- -+ Jujr1 — ujlly
m"(1 —mi—"
< 1

Allowing j — oo on both sides of (3.11), we obtain

)||U1 —UoHy. (3.11)

_ m
lun —ally < 3= llus — uolly-

Hence, the result (3.9) is satisfied, and the proof is completed. O

4. Example
In this section, we provide the following two examples to illustrate our results.

Example 4.1 Consider fractional differential equations on an infinite interval

e 2t |lu(t)|P 2t| D} Pu(t)|?
DgPult) + togae + (Hﬂ‘/t%)l +=@epr =0, t€[0,+00),

u(0) = u'(0) = 0, DPu(+o0) = [F =15~ tu(t)dt,

(4.1)

where a = 2.5, h(t) = t~1%¢~t and

2 n e 2t ulP n 2t|v|9
(10+%)2 (1 +¢ﬁ)p (3+1t2)%’
Fh(t)t'cdt = 1, f(t,0,0) # 0. Hence, the

f(tauvv): 0<pqg<1l

It is clear that I'(2.5) = 1.32934 > A =
condition (Hj) is satisfied.
We observe that

O

Ftu o) < —— e 2tulp 2tfu)e
Y ~ (10 +t)2 (1 —|—\/ti3)17 (3 +12)2
2 a(t) + b(t)|ul? + c(t)|v]|?,

2 e2t 2t
(10 + )2’ b = (1 +V/3)p’ e(t) = (3+2)2

+oo 1
= dt == < ,
@ / /0 10+t 5 < To°

+o0 +oo
* a— 1 P 00,
bf/o b(1)(1+ ¢ /0 1+\F 1 +/APdi = <+

+o00 1
* = dt == < ,
¢ / /0 3+t2 3 <t

which implies that the condition (Hs) is satisfied.

From the expression for function f, we can easily determine that f is nondecreasing with

a(t) =

and

respect to the second and last variables. Therefore, the condition (Hg3) is satisfied.
Hence by Theorem 3.1, it follows that there exists a positive constant R such that FBVP

(4.1) has minimal and maximal positive solutions v*,u*, respectively, in (0, Rt*~], which can
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be given by means of two explicit monotone iterative sequences in (3.1) and (3.2).

Example 4.2 Consider fractional differential equations on an infinite interval

e—10t,, 2tDE-Pu(t)
D3Pult) + rodee + v + e =0, ¢ € [0,+00),

u(0) = ' (0) =0, DjPu(+00) = f0+°o t=1Pe~ty(t)dt,

where o = 2.5, h(t) = t~1%¢~t and
2 e~ 10ty 2tv
2 + + 2)2°
10+6)2 " (1 /)y | (10+2)
It is clear that I'(2.5) = 1.32934 > A = [T h(t)t!%dt = 1, £(t,0,0) # 0. Hence, the

0
condition (H;) is satisfied.

Observing that

flt,u,v) = p > 0.

e—lOt 2

7t 0) = Flt )| < o= vl (gl = v
2 d(t)|u —u'| +et)|v -],
e—2t At
d(t) = m, e(t) = m7
and Foo X too  —10t 1
o= [Tawaseya- | v (VR = g <

*—/+OO (t)dt—/+m2tdt—l<+
“ =), VYT, morepT TS

+oo +oo ) 1
A= t,0,0)dt = ——dt=-< ,
/0 /(¢,0,0) /0 @02t 5T
implies that the condition (Hy) is satisfied. By direct computation, we obtain
1 1
m = L(d" + e*) = 4.03638 x (E + E) = 0.80728 < 1.
Therefore, all conditions of Theorem 3.2 are satisfied. Hence, Theorem 3.2 ensures that FBVP
(4.2) has a unique positive solution, which can be obtained by the limits from the iterative

sequences in (3.8).
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