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Abstract In this paper, a new type of entropy, directional preimage entropy including topo-
logical and measure theoretic versions for Zﬁ—actions, is introduced. Some of their properties
including relationships and the invariance are obtained. Moreover, several systems including Z'i—
actions generated by the expanding maps, Zi—actions defined on finite graphs and some infinite
graphs with zero directional preimage branch entropy are studied.

Keywords Zi—actions; directional preimage entropy; infinite graph

MR(2010) Subject Classification 37A35; 37B40

1. Introduction

Entropy including measure-theoretic entropy and topological entropy, a measure of the com-
plexity of a system, plays a very important role in the study of dynamical systems. Measure-
theoretic entropy gives the maximum average information we can get from a system, and topo-
logical entropy measures the exponential growth rate of the number of different orbits. It is well
known that they are related by a variational principle. Specifically, let f be a continuous map
on a compact topological space X, hiop(f) = SUp,epq, (x) hu(f), where M¢(X) is the set of all
f-invariant measures of X. For more details about Measure-theoretic entropy and topological
entropy, one can refer to Walters’s book [1].

In order to get a further understanding of a system, many types of entropies are introduced
and studied from different points of view, most of which are for Z-actions or Z,-actions. For im-
portant results on Z-actions or Z, -actions, the reader can refer to [2-4]. However, it is necessary
to study ZF-actions or Zﬁ—actions due to the research need of the lattice statistical mechanics.
For a high-dimensional system, we can study its complexity by considering the complexity of its
subsystems. For instance, the complexity of a high-dimensional system can be described by di-
rectional entropy partially. In 1988, Milnor [5] proposed the concept of directional entropy based
on the problem of cellular automata and presented the problem whether the directional entropy
is continuous in directions. In 1985, Sinai [6] proved that the directional entropy is upper semi-

continuous for a Z2-action generated by cellular automata mappings. But Thouvenot proved

Received November 12, 2018; Accepted September 4, 2019
* Corresponding author
E-mail address: yanangaos@163.com (Yanan GAO); zhangzy103993@foxmail.com (Ziyao ZHANG)



34 Ya-nan GAO and Ziyao ZHANG

that the directional entropy is not upper semi-continuous for more general systems. Following
them, Park [7-9] also studied the questions on the continuity of the directional entropy. In 1999,
Boyle and Lind [10] considered the concepts of directional entropy including measure-theoretic
directional entropy and topological directional entropy for expansive subdynamics of Z*-actions.
And the techniques of coding and shading were used to prove that the directional entropy is
continuous on every expansive branch. For the classical entropies, the systems are considered
with respect to the future behavior. While we can also study the system from the view of past
time. Langevin, Hurley [11] and Nitecki [12] gave the definition of topological preimage entropy
by studying the exponential growth rate of the number of the reverse orbits. Lately, Cheng and
Newhouse [13] introduced a new version of topological preimage entropy, and the concept of
measure-theoretic preimage entropy is also given. Then a variational principle relating them is
obtained. In 2005, Zhang, Zhu and He [14] considered the preimage entropy for non-autonomous

system. And in [15,16], Zhu generalized them to random dynamical systems.

Our purpose is to formulate and study a new type of entropy, directional preimage entropy
for Zi—actions, a concept combining the directional entropy with the preimage entropy, which

will give us a further understanding of the complexity of a system.

This paper is organised as follows: In Section 2, some definitions and notations are given and
the directional preimage entropy for Z’i—actions is introduced using spanning sets and separated
sets. In Section 3, the properties of directional preimage entropy for Zi—actions are investigated.
Some relationships among these entropies and the invariance are obtained. In the last section,
several systems with zero directional preimage branch entropy including Zi—actions generated

by the expanding maps, Z’j_—actions defined on finite graphs and some infinite graphs are studied.

2. Directional preimage entropy for Zﬁ—actions

Let (X, p) be a compact metric space. If o := a(7,): X — X, it € Z* satisfy
(1) ol = id, where id is the identity on X;

(2) For any i, i € ZX, ™+ = o™ o o'
(3) For any 71 € Zi, a™ is a continuous map,
then « is called a continuous Z’i—action on X. Let €; = (0,...,1,...,0), where the i-th element is
1, and put f; ;== a%,i=1,2,..., k. And f; is said to be a generator of a. And the commutative

law holds for all generators, that is, for any 4, j € {1,2,...,k}, fio fj = fj o fi.

Let K be a compact subset of X. For any € > 0, a subset £ C X is said to be an (F, ¢, p)-
spanning set of K if for any x € K, there exists y € E such that p(z,y) < e. Let r(F, ¢, p, K)
denote the smallest cardinality of any (FE, e, p)-spanning set of K. For any € > 0, a subset
F C K is said to be an (F,¢,p)-separated set of K, if z, y € F, © # y implies p(z,y) > €.
Let s(F, e, p, K) denote the largest cardinality of any (F,e, p)-separated set of K. In particular,
if K = X, then for simplicity, denote r(F, ¢, p, K) and s(F, ¢, p, K) by r(E, ¢, p) and s(F, ¢, p),

respectively.
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Let a be a Z’i—action on (X, p). For a subset E C R¥, put a metric by

pE(@,y) = sup{p(a’(z),a” (y))|7 € ENZL},

if ENZ% = @, then put pp(z,y) = 0.
Given a subset E C R¥, 7 € R¥ | let || - || denote the Euclid norm on R¥. Then define

dist(¥, E) := inf{||7 — ||| € E}.

For any t > 0, s > 0, put Ef = {# € R¥|dist(v, E) < t} and sE = {s9|7 € E}.
A d-frame @ = (¥y,...,7y) is a d-tuple of linearly independent vectors in R*. Let Fy be the
set of all d-frames. Denote the line segment in R* with endpoints ¥, @ by [#,%]. Then we let

Qe =1[0,71]®-- & [6, U4] denote the parallelepiped spanned by &
Definition 2.1 Let o be a Z% -action on (X, p), a d-frame ® € F,. Define the d-dimensional
topological directional entropy of & as

— logr, .
ha(a, @) = lim sup lim 0g7a((5Qa)" €  P(sQa)t)

e—0 t>0 S§— 00 Sd
— logsa((s , €,
= lim sup lim g sal( QQ&L p(qu,)t).
e—0 t5 s—00 S

Now, we consider the case that d = 1, then @ = (¢), Q¢ = [6, 7], so we define the topological

directional entropy of « in ¥’ as

h(a, ) = lim sup lim
e—0 ¢>0 s—©

IOg’I‘a(( [ 717])t36vp [Ov])t)
S

log s ((s[0 7ﬂ)t757p(e06])t)
= lim sup lim

e—=0 50 s—00 S

Before giving the definition of directional preimage entropy for Zﬁ—actions we give some
notations and definitions.

Given # € R¥, ¢t > 0, for all elements in [J2Z,((s[0,7])" N Z%), an order < is compatible
with the alphabetical order. And the set of the such orders is denoted by Oy ;. When an order
<€ Oy, is taken, we represent the elements in |J22, ((s[0,9])* N Z% ) as {4}, 13,...} and put

G=a": XX, i=1,
g=abTlt X 5 X >,

where {g;}52, is a sequence of continuous maps on X.

Remark 2.2 In fact, g; is a combination of some elements in { f; };?:1
Let {g;}52, be a sequence of continuous maps on X. Put
g = id,
gﬂ = gi+(n71) O+ 0git+1 0 Gi,s

-1
g - gz to gz+1 -0 gi+(n—1)'
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Define a metric ps¢ < on X by ps i <(z,2') = o Jnax 1{9%(95),9%(96’)}.
<i<n—
Let H = {h;}32, be a sequence of continuous maps on X. For k = 0,1,2,..., the k-th

preimage set of x is the subset of X as follows
h*(x) :={z€ X|h}(2) = hpohp_10---0hi(z) = z}.

The n-th preimage tree of z under H is the set 7" (z, H) := {y_o h % (z) x {k}.

The k-th level of the tree T"(z, H) is the subset h~%(x) x {k} and its branches are defined
as B = [zp, 2p—1,---,21,20 = x|, where h,_(;_1)(2;) = zj—1, j = 1,...,k < n, and this k
is called the order of the branch 3. Let B™(x, H) be the set of branches whose order is n in
T™(z, H) \ {z} x {0}.

For {g;}72; above, we denote the two notations about the n-th preimage tree as 77, _(z, @, v))
and Bg’té(x, a, U), respectively. Obviously, n is related to s and ¢ and a more rigorous notation

would be n(s,t). Since it does not cause confusion, we abbreviate it to n here.

Define a metric on BY; (z,,7) by ps<(8i, ;) = [max (Z}wzi) for any branch §; =
(28,20 _1,...,20 =2] and B; = [2%723;71, .z =1] € T3 < (z,,7).

Definition 2.3 Define the pointwise directional preimage entropies of Z’i—action to be

log sup ra((s[ﬁ, 17])t7 € Ps,t,<s Bg,t,<(xa Q, 17))
<€t -

hp(a, ¥) = sup lim sup lim
2zeX €0 ¢>0 s—00 S

—

log sup sq((s[0,7))", ¢, pst.<, BYy < (2, 0,7))

. I Seos.t
= sup lim sup lim ,
zeX €20 ¢>50 s—o0 S
log sup ra((s[a'U])tvgvp&té’B?,tK(x’aa'UD
i . _— <€0s,¢ -
hp (o, ¥) = lim sup lim sup
€20¢50 s700gex S
log <Slé)p 504((3[6’ ﬁ])tvgaps,té’Bg,t,g(x’avﬁ))
= lim sup lim sup =€
e—0 t>0 S§—00 reX S

Let (X,p) be a compact metric space. For any order <€ O,,, there is a certain branch
distance. Put 8 = [z, 2k—1,...,21,20 = ] € T3 <(z,a,v) and B'=[2,2_1,.--- 21,20 =2'] €
T3 < (o', a, U), define

max p(zx,2]), | =k;
Pg,t’g(ﬁ,ﬂ/) — 1<k<n
diam(X), 1 #k.

Then, for any positive integer n and z, ' € X, define pZ)’tb’S(x,x’ ) < ¢ if for every branch
B € T <(w,a,7), there exists a branch 8 € T7, (2',, ¥) such that pgyté(@ﬁ’) < ¢ and

vice-versa (for branch of T, _(2', o, V).

Definition 2.4 Define the branch directional preimage entropy of Zi-action to be

log sup ra((s[ﬁ,ﬁ])t75,pg’f<,X)
SEOs,t e

h;i(c, ¥) = lim sup lim
e—0 t>0 S—00 S
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log Sup Sa((S[G,I_}’Dt,€,pi<,X)
<€0.., RS

= lim sup lim
e—0 t>0 §—00 S

Let us call the above definitions as Definition 1. Since it is a little complex, we will give
another definition, which will be called as Definition 2.
Denote the lattice point sequence in Z% as {m; };cz+: 1 is the integer in the set {n}||n; —ive| =

min |m—i0,.|} with the smallest norm. Note that the choice of 7; is not unique, but the following
HEL

deﬁr;ritions are independent of the choice of n;.
Put
Gl=a": X 5 X, i=1,
Gi=al Tl X 5 X, 0>,
obviously, ¢; € {id, f1, fo,..., fr} and {g;}$2, is a sequence of continuous maps on X. (X, §1,00)

is called a nonautonomous dynamical system along the direction ¥, where g1 oo = {G:}52;.

For any positive integer n, define a metric on X by p"(x,y) = pnax p(3i (), 3t (y))-

Then the following types of entropy are defined for g .

Definition 2.5 Define the topological directional entropy for §i - to be

h(o ) = lim Tom 2870 _ g logsa(e ")

)
e—0n—o0 n e—0n—o0 n

where 14 (e, p™) is the smallest cardinality of any (g, p™)-spanning set in ler (Similarly, sq (€, p™)

is the largest cardinality of any (e, p™)-separated set in Zi)

Definition 2.6 Define the pointwise directional preimage entropies for g -, to be

1 n ~—n
hy(a, @) = sup lim Iim ogral(e, p", 9y " (x))
reXx €0 n—00 n

1 n Gon
= sup lim lim 08 5a (&, ", 91 (x))’
weXe—»On%oo n

- 1 n ~—n
hm (o, ) = lim lim sup ogra(e, p", 91" (x))
s—>0n—>oox6X n

o 1 n ~—n
_ hm hm sup OgS(x(Evp agl (l’))
e—=>0n—oo zeX n

Let 8 = [2k; 2k—1,-- -, 21,20 = x) € T™(x), B’ = [#], 2]_1, - .-, 21,20 = '] € T™(x"). Define

max p(zg,2)), =k,
,Ob(ﬁ,ﬁ/) _ 0<i<n—1
diam(X), l#k.

Then, define branch distance p™®(z,2') < ¢ for any positive integer n if for every branch g €
T"(z), there exists a branch 8’ € T"(z') such that p’(3,8') < e and vice-versa (for branch of
T (z")).
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Definition 2.7 Define the branch directional preimage entropy for §i - to be

S mh X 1 b X
hi(a,¥.) = lim lim logra (e, p"7, X) = lim lim 08 Sa (e, 0", )
e—>0n—o0 n e—>0n—oc0 n

Obviously, the order of the elements in §; o is compatible with the alphabetical order. Then
h(a, T.) < h(a,¥) and the following preimage entropies also satisfy the same relationship, namely

hj(e, Ue) < hj(e, U), where j = p, m or i.

3. Properties of directional preimage entropy for Zﬁ-actions

In this section, properties of directional preimage entropy for Zi—aetions are investigated
based on the definition 2.

Proposition 3.1 For §1,.. = {§:}{2; defined above, we have
0 < hy(a, Ve) < hp(a,Te) < h(a, V).
Proof The result is obtained by definitions of hy(a, ¥ ), hm (o, Ue) and h(a, T,) directly. O
Proposition 3.2 For g1 oo = {§:}{2, defined above, we have
h(a,Ue) < hp(a, Ue) + hi(a, 0e).
Proof Define
g1 =a™, =1,

_ Ri—Tiq s
g =amTMl g > 1

where n; is the integer in {n;||n; — ive| = min |7 — dvc|} with the smallest norm. Obviously,
mezk
G € {id, f1, fo, -, i}, G100 = {G:}52, is a sequence of continuous maps on X. Put

g1 =gno---0g20401,
Gt =01 oGy o ogy
For any 0 < ¢ < 3diam(X), n > 1, let R be a maximal (§, p™")-spanning set of X. For any
z € X, let S(z) be a maximal (£, p")-spanning set of g, "(z). If S = J,,.z S(z’), we only have
to prove for any z, € X there is z € S such that p"(z,,2) < e, then we can get that S is a

(e, p™)-generated set of X.

n,b)

Assume x = j7'(2,) for some 2, € X, because R is a maximal (§, p™”)-spanning set of X, R

is a (£, p™?)-spanning set of X. Then there are two cases:
(1) 2z, € R, then x = g{'(z,) implies z, € g, "(z). Because S(r) is a maximal (§,p")

us -
p™)-spanning set of the set g; " (x), so for any z, € g; "(z),

£

spanning set of g, "(z), S(z) is a (3,
there exists z], € S(z) such that p™’(z,,2),) < & <e.

(2) zn ¢ R, then there is 2}, € R such that p™*(z,,2],) < §. Thus for the branch 8 =

(2, G1(20), 33 (20)s - -, G (2n) = 2] € T™ (2, v, ¥.) with the endpoint z,,, we can find 4’ in another
preimage tree T™(2’, o, ) such that p®(3, 8') < $. We know that 8 and " have the same order

!

by the definition of branch distance due to § < diam(X). Suppose 3’ = [z, 2, _1,...,2],2) =
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o'], then p"(2,,2,) < §. Because S(z') is a maximal (5, p")-spanning set of g; "(z'), S(z’)
is a (§,p")-spanning set of g, " ('), and 2, € g, "(2), so there exists z € S(2) such that

p"(zy,,2) < 5, therefore

2e
P20 2) < p"(zns2n) + P (2, 2) < 5 <
namely, S is a (g, p")-spanning set of X.

Thus rq (e, p™, X) < |S|, where |S| is the cardinality of the set S.
According to the choice of R and S, it is easy to get

n € n ~—7
rale.p", X) < |R| sup |S(')| < sa(S, 0™ X) - sup sal=, 0", 57" ().
z'€R 3 zeX 3

Then we get

log sup sa(3, 0", 91" (2))
71 3 X 71 « E, n’va T 3 !
lim Ogra(€7p ) )< lim 0og s (3 P )) + hm exX

n—o00 n ~ n—oo n n— oo n

Let ¢ — 0. Then

h(a,Te) < hp(a, Ue) + hi(a,0.). O

And the topological invariance is easy to prove.

Deﬁmtlon 3.3 Suppose that (X1, p1) and (Xs, p2) are compact metric spaces, g = {g, 1)}00
and g 91,00 = {gl } ©, are continuous map sequences for ZX -actions oY) and o(? on X1 and Xo,
respectively. If there exists a sequence of continuous homeomorph1sms Tloo = {mi}2,: X1 — Xo

3V = 5@

such that w410 g; om; for any i > 1, then g b and g are said to be topologically

conjugate.

Definition 3.4 Assume that every element g; of 91,00 = {g:}$2, Is continuous. Then g1 oo =

{g:}$2, is said to be equicontinuous if for every e > 0,z € X, i =1,2,..., there exists neighbor-
hood V (x) such that for any y € V(x), (g2 ( ), 97 (y)) < e.
Since the sets {g ,92 Yt } and {gl , 05 ), e } are finite, there exists a sequence 7 o such

that {m1, ma, ...} is finite, namely 71 o is equicontinuous.

(1)

Proposition 3.5 If g; 5, and gf@o are topologically conjugate, then

hj(oz(l),ﬁ'e) = hj(oz(Q),Tfe), j=p,m ori.

) )

are topologically conjugate, there exists a sequence of continuous
homeomorphisms 7y o, = {m;}52;: X1 — Xy such that for every ¢ > 1, m;14 ogg )
for any € > 0, x1, 2 € X1, there exists §(¢) > 0 such that for some i > 1, pa(m;(z1), m;(22)) > €
implies p1(z1,22) > d(e). Soif E C X5 is a (gfio,s,pg)—separated set of (ggz))*"(y), then
7 H(E) is a (gi C))Q, d(g), pt)-separated set of (§§1))*”(w;i1(y)), therefore

50 (382,6(8), o, (3) " (ki (1)) = S (350 8(2), 05 (32) " (1))

Proof (1) Since g( and g(

= gl.( )o7ri. Thus

Hence by the definition of pointwise directional preimage entropies, we get

hp(aM,7.) > hy(a®,7,) and Ay, (D, 5.) > hy(a®,7,).
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(1) (2)

1,00 1,00+ We have

Furthermore, changing the positions of g and ¢

hp(a®7.) < hy(a'?,7,) and hpy (@M, 7.) < hp (@, 0.).
Therefore, we have
hy(a®,7,) = hy(a'?,7,) and hpy (@, 7,) = hp (P, T,).

(2) Given € and d(e) as those in (1). If E C Xy is a (gﬁw g, pg’b)—separated set of Xy, then
T4 (E) is a (gﬁ;,5(6),p?’b)—separated set of X, then

Sq(1) (gggoa 6(5)7 p?l)) Xl) > Sq(2) (9572507 6(5)7 p37b7 XQ)
Hence by the definition of branch directional preimage entropies, we have

hi(a(l), ﬁe) > hi(a(2)7 176)7
()

and then changing the positions of gﬁﬂo and g7, we get

hi(aM,3.) < hi(a®,7,).

Therefore, we have h;(aM),7,) = hi(a?,,). O

4. Some systems with zero directional preimage entropy

This section is devoted to proving that h;(«, ¥.) = 0 for the following three systems generated
by:

(1) Forward-expansive covering maps;

(2) Actions on a finite graph;

(3) Actions on an infinite graph with some additional conditions.
4.1. Zi-action generated by forward-expansive covering maps

First we give some basic definitions before proving that h;(«,7.) = 0 for forward-expansive

covering maps.

Definition 4.1 ([12]) A continuous map f : X — X is called forward expansive if there is an
e > 0 such that whenever z, y € X and x # y there exists n > 0 with p(f"(x), f*(y)) > e. In

this case, € is called an expansive constant for f.

Definition 4.2 ([12]) A continuous map f : X — X is called a covering map if for any © € X,
there is an open neighborhood U, whose preimage f~*(U,) is a disjoint union of open sets, that
is f7H(U,) = Vi(z) UVa(x) U+ U Vi(z), and Vs(z) N Vi(2) =@ (s £ t;5,t=1,2, ..., k), and
f is a homeomorphism on each V;(z).

The expanding map is an example of forward-expansive covering maps.

Definition 4.3 ([12]) Suppose that M is a closed Riemannian manifold, ||| is the norm on the
tangential TM induced by the Riemannian inner product {-,-) on M, d(-,-) is the metric on M,
and f: M — M is a mapping on M. If there exists C > 0 and A > 1 such that for any v € T,, M,
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ITf™ ()| = CA™||v|l, n =1,2,..., then f: M — M is called an expanding map. In this case, A

is called an expanding constant for f.

Theorem 4.4 Let a be a Zi—action on a closed Riemannian manifold M whose generators are

expanding maps. Then h;(«,¥,) = 0.

Proof Actually, for the sequence §1.oo = {§:}i2; which is induced by « and %, because the
set {g1,§z,...} is finite and the generators f; are expanding maps, the covering property and

compactness of M yield that there exists €9 > 0 such that for any x € X, i=1,2,...,
37 (B(z,0)) = Vi1 (z) UVio(@) U+ UV g (2),

where V; ;(z) N Vii(z) = @ (s # t;s,t =1,2,...,k(x)), and on each V; s(x), f is a homeomor-
phism.

By the expansion of §;, for any z1, z2 € V; s(x), A > 1, we can get

p(gi(x1), §i(w2)) > Ap(21, 22),

where p is the metric induced by the Riemannian structure on M. By §;(V; s(z)) = B(z,¢e0) and
the expansion of §; on V; 4(x), we have diam(V; s(z)) < eo.

Now given =’ € B(x,e9) and a branch 5 = [z, 2k—1,...,21,20 = @] € T"(x,a,vV;), we can
find a branch 8’ = [z}, 2}, _1,..., 2,26 = o'] € T"(2’, ¢, v), such that p™°(z,2") = p(z,2’). Pick

2y, = «', because

gn(zl) =20 =,

In (B(2,20)) = Va1 () U Vya(2) U+ UV, o) (@),

)

where V,, (), 4(x) =@ (s #t;s,t =1,2,...,k(x)),andoneach V,, s(z) (s =1,2,...,k(x))dn
is a homeomorphism, there exists a unique V,, s(z) such that z; € V,, (). Since 2’ € B(z, &),
there must be a point 2] € V,, s(z) such that g,(2]) = 2z, = 2.

Because z1, 2z € V, s(z) and diam(V,, s(z)) < €9, we can start from V), s(z) and regard
z1, 21, Vis(z) as the former z, 2’, B(x,¢¢). According to the construction above, we can
get zb such that p(z2,25) < ep and §n,—1(25) = 21. And so on, we can get the branch ' =
[2hs 25 1s- -y 20,20 = 2] € T™(2', o, vy) satisfying p®(8, 8') = p(z,2’). By the arbitrariness of
B, we have p™°(z,2") = p(x,2'). So for any 0 < € < &g, 7(§;, ¢, p™") is independent of n, then
hi(a,vp) = 0. 0

4.2. Z’i—action on finite graphs

Assume that X is a graph. X is a finite graph if there exists a distinguished finite set of
points (vertices) V' = {v1,va,...,v,} such that X \ V has finitely many components (edges),
each homeomorphic to the unit interval (0, 1).

The metric in which each edge has length 1 is called the geodesic metric, and the distance
between two points is the length of the shortest path joining them. Any in the graph homeo-

morphic image of [0,1] in X is said to be a closed interval and the interior of a closed interval is
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called an open interval.

Lemma 4.5 Suppose X is a finite graph, f: X — X a continuous map, and I is a closed interval
in X. Then the number of points in the frontier of f(I) does not exceed four times the number

of edges in X.
Proof For the proof, the reader can refer to [12]. O

Definition 4.6 ([12]) Let P be a finite set of points in X. If each component of X \ P is an
open interval in X and two distinct open intervals share at most one common endpoint, then we
call P a division of X. The closures of these intervals are called the atoms of P.

Note that when |P| = N, a division P has at most 2N distinct atoms.

Suppose that g1..c = {g:}52; is a sequence of continuous selfmaps on finite graph X. Given

a division P of X, define a sequence of divisions P;(g1,00), ¢ = 0,1,2,... by

Py(91,00) =P,
Pit1(91,00) =Pi(91,00) U git1(Pi(g1,00) )V
{frontier pts of g;+1(I)|I an atom of P;(g1,00)}-

Then we have the following lemma, whose proof is similar to that in [12].

Lemma 4.7 Suppose that X is a finite graph, g1,00 = {¢:}52; Is a sequence of continuous
selfmaps on X, P;(g1.00) (1 =0,1,2,...) is a sequence of divisions as above. If x and 2’ are both
interior to the same atom of P,,(g1,00) and 8 = [zk, Zk—1, - - -, 21, 20 = z] € T"(z, @, v ), then there
exists a branch ' = [z}, 2}, _1,.--, 21,20 = &'] € T"(2',a,v;) such that for i = 0,1,2,...,k, 2
and z} are both interior to the same atom of P,_;(g1,00)-

Then we have the following theorem.
Theorem 4.8 Suppose that X is a finite graph and « is a ZX -action on (X, p), then h;(c, ) = 0.

Proof Since the set {1, 2, ...} is finite, §1, o is equicontinuous. By the equicontinuity of g1, o,
we have that for any positive integer k£ and £ > 0, there exists § > 0 such that p(z,2') < §

implies
p(d (x),5](2') <e, (4.1)

where i =1,2,...and j =0,1,2,..., k.

Pick a division P of X such that the length of each atom of P is at most §. Let Py = P. By
the above construction method, we get Py(G1,00), - - -+ Pr(1,00). Define g1 oo = {g:}52;, where
gi = g% and then let Py = Py(d1.00). We obtain Py(g1,00); P1(g1,00),---- By the way in [12],
Lemma 4.7 and (4.1), for any integer n > 0, if  and 2’ are both interior to the same atom of
Po(G1.00), then ptDEb (2 27) < e, So a (§1,00, €, p"*)-spanning set for X can be formed by
adding one inner point to each atom of P, (g1,00) to the division points of P, (g1,00)-

Denote by E the number of edges in X, by N (P, (G1,00)) the number of points in P, (g1,00),
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and by A(P,(g1,00)) the number of atoms for P, (g1,00). Since
A(Pn(gl,OO)) <2 N(Pn(gLOC))a

we have

(91,00, €, Pnk’b»X) < A(P(91,00)) + N(Pr(91,00)) <3+ N(Pp(g1,00))-
By construction of P, (g1,00) and Lemma 4.5, we have

N(Po(§1,00)) < AE - APy 1(F1,00)) + 2 N (P 1(G1,00)
<4E -2 N(Poo1(G100) + 2 N(Pao1(G1,00))
<(8E+2)- N(Po_1(G1.00));

thus
N(Pn(91,00)) < (8E +2)" - N(Po(g1,00))-

Also, for nk < m < (n+ 1)k,

T(§17w,5’pnk’b,X) < T(gl,oo7€apM7baX) < T(gl,ocaeap(n+l)k7va)7

SO
1 g m,b x 1 > (n+Dkb x
lim Og?ﬂa(gl’oo’g’p ) ) S lim Ogroz(gl,OO7€7p 5 )
m—00 m n—00 nk
. a n+1 | —
o1 1083 N(Puyi(G100) _ 1 g 10g3(8E +2)" ! - N(Po(G1,0))
T kn—oo n - n—00 n

1
=1 log(8E + 2).

Note that ¢ is arbitrary, so we have h;(c, %) < 1 log(8F +2). By the arbitrariness of k, we have
hi(a,ﬁe) =0. O

4.3. Zi-action on some infinite graphs

Suppose G(V, E) (denoted as G for convenience) is a graph satisfying:
(1) The set V of vertices and the set E of edges are infinite;

(2) There are finite accumulation points in V', namely V' = {aq, a9, ..., ax}, and

k k
H%UU@QQQCUU@QHG
i=1 =1

foranye >0,1<i<k, 1<j<I;

(3) Fore >0, put 4; = ij Ula;,e)NV, Ag = (L’] U(a;,€))°NV and E. = {(z,y)|(z,y) € E,
where x € Ay,y € A3}, Ve :zf{i)h) is vertex of edge li;llEs}.

We require that E. is a finite set. It is clear that A; is an infinite set and A, is finite. Suppose
P is an infinite set of points of G. If each component of G \ P is an open interval in G and two
distinct open intervals share at most one common endpoint, then we call P a division of G. The

closures of these intervals are called the atoms of P.
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Suppose g1,00 = {g:}52, is a sequence of continuous selfmaps of G. Given a division Py of G,

define a sequence of divisions P;(¢1,0), ¢ = 0,1,2,... by

Po(91,00) =P,
Pi11(91,00) =P;(91,00) U git1(Pi(91,00))U
{frontier pts of g;+1(I)| I is an atom of P;(g1,00)}-

Then we have the following lemma whose proof is similar to Lemma 4.7.

Lemma 4.9 Let G be a infinite graph, g1..c = {g:}{2, a sequence of continuous selfmaps on
G, and P;(g1,00) the sequence of divisions as above. For any integer n > 0, if z and ' are both
interior to the same atom of P,(g1,00), and 8 = [z, 2k—1,...,21,20 = z] € T™(x,,V¢), then
there exists a branch 8’ = [z, 2. _,,..., 21,25 = @' € T™(2', o, U¢), such that fori =0,1,2,... k,
z; and z] are both interior to the same atom of P,_;(g1 00 )-

Take € > 0, we need to construct a new sequence partition of partitions
Pa,i(gl,oo) - Pl(glpo) N G(‘/E/27 E€/2)7 1= Oa la 2) e

For the sequence of partitions P: ;(g1,00), we can get the following lemma.

Lemma 4.10 Suppose that G is an infinite graph, g1 .o = {9:}$2, is a sequence of continuous
maps on G, each atom in Py is less than or equal to €, P: ;(g1,00) Is the sequence of divisions as
above. For any integer n > 0, if x and x’ are both interior to the same atom of P ,,(g1,00), and
B = 2k, 2k—1,- .., 21,20 = x| € T™(x, a, V), then there exists a branch ' = [z}, 2j,_1,...,21,2) =
2'] € T"(2', o, v;) such that p™b(z,2') < e.

Proof According to the construction of P: ;(G1,00), we can get P: ;(1,00) C Pi(g1,00), s0 if
and ' are both interior to the same atom of P: ,,(§1,00), then z and 2’ are both interior to the
same atom of P,(§1,00). By Lemma 4.9 there exists a branch 8’ = [z},,2},_,,...,21,20 = 2'] €
T™(z', o, vy) such that for i = 0, 1, 2, ..., k, z; and z, are both interior to the same atom of
Pr—i(91,00)- Thus we get p™(z,2") <e. O

Theorem 4.11 Assume that G is the above infinite graph, and « is a Z’j_—action on G, then
hi(a,vg) = 0.

Proof Because the set {g1,go, ...} is finite, g1 is equicontinuous. By equicontinuity of §1 0,

for any positive integer k and € > 0 there is § > 0 such that p(x,2’) < § implies

p(F] (), 3] (x)) <, (4.2)
where i =1,2,...and j =0,1,2,...,k.

Suppose that there is only one accumulation point a on the infinite graph G, then for any
€ > 0, there are only finite points in V' out of U(a, §5). The meaning of Ay, Ay, and E,/; is
described as above. To simplify the notation, denote G (V. /2, E/2) by G./2.

A partition P of G is taken whose length of each atom on the partition P is less than or

equal to . According to the above construction, we start constructing the sequence of partitions
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from P. o= P NG,/ as follows

PE,O(gl,OO)7 e 7Ps,k(§1,oo)'
Define sequence g1,00 = {§i}$2,, where g; = gfk, then we continue to construct the sequence of
partitions from P. 1(1,00) as the new P. ;. Construct the partition sequence

P2 0(91,00) Pe,1(G1,00) - - - -

In fact, if x € G2, by Lemma 4.10 and (4.2) as that for a finite graph, for any given integer
n > 0, we can find 2’ € P. ,(g1,00) such that p(" Ve (z 2') < e, Ifz € G\ G)s, it is easy to find
x’ such that p(*+tD*L(2 2/) < e. A new set will be given if we take any inner point from each
atom of P: ,,(g1,00) and add it to partition P ,,(g1,00). The new set is a (§1,00, €, p™**)-spanning
set of G.

Ley N(P:(1,00)) be the number of point in P: ,(G1,00), A(P:1n(g1,00)) be the number of
atom in P ,(G1,00). Since

A(Pe,n(gl,oo)) <2 N(Pe,n(gl,oo))a

we have
7"(§1,<>07 g, Pnk’b7 G) S A(Pe,n(gl,oo)) + N(Pa,n(gl,oo)> S 3- N(Pe,n(gl,oo))~
According to the construction of P ,,(§1,00) and Lemma 4.5, we obtain
N(Pa,n(gl,oo)) S 4E€/2 : A(Pe,n—l(gl,oo)) + 2. N(Pa,n—l(gl,oo))
< 4E5/2 2 N(Ps,n—l(gl,oo)) +2- N(Pe,n—l(gl,oo))
= (8E€/2 + 2) : N(Ps,nfl(gl,oo));

therefore
N(Pem(gl,w)) < (8Ea/2 + 2)n : N(PE,O(gLOO))-

When nk < m < (n+ 1)k, we have

T(gl,m7€7pnk’ba G) < r(gl,OO7€7pm7b7 G) < r(gl,OO7€7p(n+1)k7b7 G)v

thus
Tim log Ta(gl,ooa g, Pm’bv G) < Tim log Ta(.él,oo» g, p(n+1)k,b7 G)
m— 00 m n— 00 nk
< 1 log3- NPz n41(91,0))
k n—oo n
1 — 1og3(8E./2 +2)""" - N(P-0(d1,00))
< — lim
k n—oo n
1
=1 log(8E. /2 + 2).

By arbitrariness of k, we have

_ 1 = m,b
him Ogra(gl,txneap ’G)

n—00 n

<0

9

then by arbitrariness of €, we get h;(«, U.) = 0.
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Similar results can be obtained when there are a finite accumulation points on the infinite

graph G. O
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