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Abstract In this paper, we introduce the concepts of Z-covering mappings and 1-Z-covering
mappings, discuss the difference between sequence-covering and Z-covering mappings by some
examples. With those concepts, we get some interesting properties of Z-covering (1-Z-covering)
mappings and some characterizations of Z-covering (1-Z-covering) and compact mapping images
of metric spaces.
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1. Introduction

Statistical convergence, which is a generalization of the usual notion of convergence, was
introduced independently by Fast [1] and Steinhaus [2]. There is not doubt that the study of
statistical convergence and its various generalizations has become an active research area [3-9].
In particular, Kostyrko, Saldt and Wilczynski [10] introduced two interesting generalizations of
statistical convergence by using the notion of ideals of subsets of positive integers, which were
named as Z and Z*-convergence, and studied some properties of Z and Z*-convergence in metric
spaces. Later, Lahiri and Das [11] discussed Z and Z*-convergence in topological spaces. Some
further results connected with Z and Z*-convergence can be found in [12-17].

On the other hand, to find the internal characterizations of certain images of metric spaces
is one of the central questions in general topology. In 1971, Siwiec [18] introduced the concept
of sequence-covering mappings. Thereafter, the research in this area has been well developed
[19-25]. In 2017, Renukadevi and Prakash [26] extended sequence-covering mappings to statis-
tical sequence-covering mappings. Naturally, we wonder if we can combine sequence-covering
mappings with Z-convergence. For this reason, this paper draws into Z-covering mappings and
1-Z-covering mappings for an ideal Z on N, and discusses some basic properties of them.

Recently, the researches on Z-convergence are mainly focused on aspects of Z*-convergence
[11], Z-limit points [10], Z-cluster points [16], Z-Cauchy sequences [13], and selection principles
[14] and so on. As we know, continuous mappings, sequence-covering mappings and sequentially

quotient mappings are the most important tools to study convergence, sequential and metric
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spaces. It is expected that Z-covering mappings and 1-Z-covering mappings will also play an
active role.

The paper is organized as follows. In Section 2, we introduce some basic concepts and proposi-
tions in topological spaces. In Section 3, we define Z-covering mappings and discuss the difference
between sequence-covering mappings and Z-covering mappings by some examples. In Section 4,
we discuss the Z-covering (1-Z-covering) compact mappings and obtain some characterizations
of Z-covering (1-Z-covering) compact mapping images of metric spaces.

In this paper, the letter X will always denote a topological space. U, denotes the family of
all neighborhoods of a point = in a topological space X. The cardinality of the set B is denoted
by |B|. The set of all positive integers, the first infinite ordinal, and the first uncountable ordinal
are denoted by N, w and w1, respectively. Let & be a family of subsets of X, st(x, %) and (£),
denote the union U{P : P € &£,z € P} and the subfamily {P € & : x € P}, respectively. (x,)
denotes the subset {z, : n € N} C X. A point & = (ay)nen of a Tychonoff-product space is
abbreviated to (). The readers may refer to [27,28] for notation and terminology not explicitly

given here.

2. Preliminaries

Recall some related concepts and notations. For each subset A of N the asymptotic density
of A, denoted 6(A), is given by

S(A) = lim ~|{k e A:k < n}l,
n

n— 00
if this limit exists. Let X be a topological space. A sequence {z, }nen in X is said to converge
statistically to a point x € X, if 6({n e N: z, ¢ U}) =0, i.e., 6({n € N: z, € U}) =1 for each
neighborhood U of x in X, which is denoted by s-lim,,_, x, = = or z,, = =x.

The concept of Z-convergence in topological spaces is a generalization of statistical conver-
gence, which is based on the ideal of subsets of the set N. Let A = 2V be the family of all
subsets of N. An ideal Z C A is a hereditary family of subsets of N which is stable under fi-
nite unions[10], i.e., the following are satisfied: if B C A € Z, then B € Z; if A,B € Z, then
AUB €Z. An ideal 7 is said to be non-trivial, if Z # () and N ¢ Z. A non-trivial ideal Z C A
is called admissible if Z D {{n} : n € N}. Clearly, every non-trivial ideal Z defines a dual filter
Fr={ACN:N\AeZI}onN

Let Zs be the family of subsets A C N with §(A) = 0. Then Zs is an admissible ideal, and
the dual filter Fz, = {A C N:46(A4) =1}.

Definition 2.1 ([10]) A sequence {z, }nen in a topological space X is said to be Z-convergent
to a point x € X provided for any neighborhood U of x, we have Ay ={n € N:z, ¢ U} € T,
which is denoted by I-lim,_ oo Tn = T or T, — x, and the point = is called the I-limit of the

sequence {x, }nen-

Definition 2.2 A sequence {x, }nen in a set is trivial if the set {x,, : n € N} is finite.
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Let X be a topological space, P C X and = € P. P is called a sequential neighborhood of x
in X if whenever {z, },en is & sequence converging to the point x, {x, }nen is eventually in P.
A subset F' C X is called sequentially closed if F' is closed with respect to the usual convergence
of sequences in F, i.e., for each sequence {x, }peny C F with 2, > 2 € X, x € F. X is called a
sequential space [8,29] if each sequentially closed subset of X is closed. A subset U C X is called
sequentially open if X \ U is sequentially closed. Obviously, a subset U C X is sequentially open
if and only if for each sequence {x, }nen converging to a point x € U, {x, }nen is eventually in
U; a space X is a sequential space if and only if each sequentially open subset of X is open.

Every first countable space is a sequential space [29].

Definition 2.3 ([30]) Let Z be an ideal on N and X be a topological space.

(1) A subset F C X is said to be Z-closed if for each sequence {z, }nen C F with x, = x €
X,z eF.

(2) A subset U C X is said to be Z-open if X \ U is T-closed.

(3) X is called an Z-sequential space if each T-closed subset of X is closed.

Obviously, every sequential space is an Z-sequential space.

Definition 2.4 Let Z be an ideal on N, X, Y be topological spaces and f : X — Y be a
mapping.

(1) f is called preserving I-convergence provided for each sequence {x,}nen in X with
xn = x, the sequence {f(z,)}nen I-converges to f(x) (see [11]).

(2) f is called I-continuous provided U is Z-open in' Y, then f~(U) is Z-open in X.

Definition 2.5 Let X be a topological space and P C X, P is called an T-sequential neigh-
borhood of x, if for each sequence {x,, }neny which Z-converges tox € P, {n € N:z, ¢ P} € L.

Definition 2.6 Let X be a topological space and & be a cover of X.

(1) & is a cs-cover [31] of X if for any convergent sequence S in X, there exists P € &
such that S is eventually in P;

(2) & is an sn-cover [32] of X if each element of & is a sequential neighborhood of some
point of X and for each x € X, there exists P € & such that P is a sequential neighborhood of

x.

Similarly, we can define the following two concepts.

Definition 2.7 Let X be a topological space and & be a cover of X.

(1) & is an I-cs-cover of X if for any sequence {xy, }nen in X which Z-converges to x, there
exists P € & such that x € P and {n € N: z,, ¢ P} € T;

(2) & is an I-sn-cover of X if each element of & is an T-sequential neighborhood of some
point of X and for each x € X, there exists P € & such that P is an ZI-sequential neighborhood

of x.

Definition 2.8 ([33]) A class of mappings is said to be hereditary if whenever f : X — Y is in
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the class, then for each subspace H of Y, the restriction of f to f~(H) is in the class.

Definition 2.9 Let & =J,.x & be a cover of a space X, where &, C (£),. & is called a
network [34] of X if for each x € U with U open in X, there exists P € &, such that P C U,

where &, is called a network at x in X.

Definition 2.10 Let {£2,} be a sequence of covers of a space X. {Z,} is called a point-star
network [32] of X if { st(x, &,)) is a network at x in X for each z € X.

Obviously, {£2,} is a point-star network of X if and only if for each € X and for given
P, € (Pn)s, (Pn) is a network at = in X (see [20]).

Definition 2.11 Let {£,} be a point-star network of X. For each n € N, put A,, = A and
endow A,, with the discrete topology. Put M = {a = () € [],,cn An ¢ (Pa,) forms a network
at some point x,, in X'}. Then M, which is a subspace of the product space [ [, . An, is a metric
space and x,, is unique for each o € M. Define f: M — X by f(a) = z; then f is a mapping,
and (f, M, X, {Z,}) is called a Ponomarevs system.

Lemma 2.12 ([30]) Let X, Y be topological spaces and f : X —Y be a mapping.
(1) If f is continuous, then f preserves T-convergence[ll].

(2) If f preserves I-convergence, then f is Z-continuous.

Lemma 2.13 Let I' be an index set and {2, }nen be a sequence in X, for each v € I'. Then

each &, = v, € X, (y € I') if and only if (x4 n)yer = (v4)rer € [1,ep Xy

Proof Necessity. For any neighborhood U of (z4)yer € H'yGF X, there exists a finite subset
I'" C I' and open set U, in X, (v € I'') such that U D J[ ¢ Uy X [, p\ r X5 Since each
Toyn —> T, we have {n € N:z, , ¢ U,} € T for each v € I'". Obviously, {n e N: ., ¢ X,} =
0 € T for each v € I'\I". Note that {n € N: (vyn)7er ¢ U} C U,ep{n € N:a,, ¢ Uy} By
the definitions of ideal and ideal convergence, it follows that {n € N : (24,,)yer ¢ U} € Z, thus
(Zyn)yver = (Ty)yer

Sufficiency. Let P, : H’)'EF X, — X, be the projection mapping, then P, is continuous. By
Lemma 2.12, P., preserves Z-convergence. Hence, z. , = z,, € X, for each y € I'. O

Let Z be an ideal on N, and X be a topological space. It is easy to see that the ideal Z = () if
and only if each constant sequence x,x,...,x,... in X does not Z-converge to the point x € X.
If N € Z, then Z = 2", and each sequence in X Z-converges to any point in X. It is known that
if 7 is a non-trivial ideal on N and X is a T space, then each Z-convergent sequence in X has a
unique Z-limit [11].

If no otherwise specified, we consider Z is always an admissible ideal on N, all mappings are

surjection and all spaces are Hausdorff.

3. Properties of Z-covering mappings

In this section, we define Z-covering mappings, discuss the difference between sequence-
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covering mappings and Z-covering mappings by some examples and prove some properties of
Z-covering mappings.

Let X, Y be topological spaces, and f be a mapping from X onto Y. f is said to be sequence-
covering if whenever {y,}.en is a sequence in Y converging to y in Y, there exist a sequence
{Zn}nen of points z,, € f~1(y,) for each n € N and x € f~!(y) such that z,, — z (see [18]).

Definition 3.1 Let f be a mapping from a topological space X onto a topological spaceY . f is
said to be T-covering if whenever {y, }nen Is a sequence in Y Z-converging toy in Y, there exist

a sequence {x, nen of points z,, € f~1(y,) for each n € N and x € f~!(y) such that z,, = .

Proposition 3.2 If f: X — Y and g: Y — Z are Z-covering mappings, then go f : X — Z

is an Z-covering mapping.

Proof Let z € Z and {2, }nhen be a sequence such that 2, = z. Since g is an Z-covering mapping,
there exists a sequence {y, }nen Z-converging to y with each v, € g71(2,,) and y € g~ !(z). And
because f is an Z-covering mapping, there exists a sequence {x,},en Z-converging to z with
each z, € f~'(y,) and = € f~'(y). Note that @, € [~ (yn) C [~ (g7 (2n)) = (90 ) ' (20)
and x € f~(y) C f~1 (g (2)) = (go f)"1(z). Thus go f is an Z-covering mapping. [J

Proposition 3.3 (1) The product mapping of Z-covering mappings is an Z-covering mapping;

(2) Z-covering mappings are hereditarily Z-covering mappings.

Proof (1) Let [[,cafa @ [laca Xa — Ilaca Yo be a mapping, where each f, : Xo — Y,
is an Z-covering mapping. Let {(ya,n)}nen C [[oca Yo be a sequence Z-converging to (yo) in
[Ioca Yo By Lemma 2.13, each {ya,n}nen is a sequence Z-converging to y, in Y,. Since each
fa is an Z-covering mapping, there exists a sequence {zqa ,}nen Z-converging to z, such that
fa(Zan) = Yan, fo(Ta) = Yo for each a € A. By Lemma 2.13 again, the sequence {(xq.n)}nen
T-converges to (zo) With (ya) € [[aecp Yo and (Ya,n) € [[oca fa(Tan). Therefore, ] o4 fo is
an Z-covering mapping.

(2) Let f: X — Y be an Z-covering mapping and H be a subspace of Y. Define g :
fYUH) - Hbyg=f |#~1(m)- Then g is a mapping.

Given a sequence {y, }neny Z-converging to y in H, since f is an Z-covering mapping, there
exists a sequence {z, }nen in X such that z, = x, 2, € f~(y,) C f~H(H) and x € f~1(y) C
f7(H). And g = f | -1 gy implies that each x,, € g7 (yn) and z € g~ (y). O

Two examples below show that sequence-covering mappings and Z-covering mappings are

independent.

Example 3.4 There exists a continuous and sequence-covering mapping which is not an Z-

covering mapping.

Proof Let Z =75 and S = {z,, : n € N} be a sequence with different terms. Take z ¢ S and
put X = S U {x}. The topology on X is defined as follows [8]:
(1) Each point z,, is isolated,;
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(2) Each open neighborhood of the point x is a set U of the form U = {z} U M, where
McSand{neN:z, e M} e Fz={ACN:N\AeZ} ie,d({neN:2, e M})=1

It was obtained that the space X is a Hausdorff statistically sequential space but no sequence
of S converges to the point z (see [8, Example 2.1]).

Now, let Z be the set X endowed with the discrete topology. Define a mapping f : 7 — X
to be the identity mapping. Obviously, f is continuous. Since there is no non-trivial convergent
sequence in X, f is a sequence-covering mapping. But f is not an Z-covering mapping. In fact,
S = {xntnen C X Z-converges to x € X. But {n € N: z, # 2} = N ¢ 7, since Z is an
admissible ideal. Consequently, {z, }nen C Z does not Z-converge to x € Z. [

Example 3.5 There exists a continuous Z-covering mapping which is not a sequence-covering

mapping.

Proof Let T =7; and Y = {0} U{1 : n € N} be a subspace of R with the usual topology.

Denote

{{yr:ken} : {yr}ren C Y is a convergent sequence } = {Y, : a € A}.

Obviously, {Y, : @ € A} is a cover of Y. For each a € A, the set Y, is endowed with the following
topology and denoted it by X, : if Y, is a finite set, then X, is a discrete space; if Y, is an infinite
set, the topology on X, is defined as Example 3.4 with g = 0. Put X = @, 4 Xo x {a}. Let
p: X — Y be a natural mapping, that is, p((y, @)) =y, for each (y,a) € X, x {a} and a € A.

Assume that U is a neighborhood of 0 in Y, then Y\U is a finite set, and further (X, x
{a})Np~1(Y'\U) is a finite set for each o € A. Thus p~*(Y'\U) is closed in X, and hence p~(U)
is open in X. Therefore p is continuous.

It was obtained that there is no non-trivial convergent sequence in X, for each o € A (see
[8]). Hence there is no non-trivial convergent sequence in X. Consequently, p is not a sequence-
covering mapping.

Let {yr}ren C Y be an Zs-convergent sequence. Without loss of generality, we can assume
that yy 235 0. Since Y is a first countable space, there exists A € Fz such that limasg ooy =0
(see [5]). Hence, there exists o« € A such that {y; : k € A} U {0} = Y,. Since the sequence
{yr}rea in X, Zs-converges to 0, the sequence {(yx,)}rea Zs-converges to (0,a). For each
k € N, put 2 € p~t(yx) satisfying z = (yx, @) € Yo x {a} as k € A. And because A € Fz, the

sequence {zk }ren in X Zs-converges to 0. Thus p is an Zs-covering mapping. 0

4. Z-covering (1-Z-covering) and compact mapping of metric spaces

In this section, we discuss Z-covering (1-Z-covering) and compact mappings and obtain some
characterizations of Z-covering (1-Z-covering) and compact mapping images of metric spaces.

Next, we assume all mappings are continuous.

Theorem 4.1 X is an Z-covering and compact image of a metric space if and only if X has a

point-star network consisting of point-finite Z-cs-covers.
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Proof Necessity. Suppose that f : M — X is an Z-covering and compact mapping, where
M is a metric space. Then there exists a sequence {%;}ien of locally finite open covers of M
such that for each compact subset K of M, ( st(K,%;)) is a neighborhood base of K in M.
Put &; = f(%;). As f being a compact mapping, &; is a point-finite cover of X. For each
x € X, let V be an open neighborhood at z in X. Since f~!(z) is a compact subset in M and
fY(x) C f~1(V), there exists n € N such that st(f~!(z),%,) C f~1(V). Hence st(z, #,) C V,
thus ( st(x, &;)) is a network at x in X. This implies that {£2,,} is a point-star network of X.

Let {2, }nen C X be a sequence satisfying x,, = € X. Since f is an Z-covering mapping,
there exist a sequence {b, }nen of points b, € f~1(x,) for each n € N and b € f~!(x) such that
b, = b. And since each %; is an open cover of X for each i € N, there exists B € %, such that
b € B. Take P = f(B). Note that b, = b, hence {n € N: b, ¢ B} € Z, and further x € P and
{neN:z, ¢ f(B) =P} € Z. This implies that {Z;} is an Z-cs-covers of X. Therefore, X has
a point-star network consisting of point-finite Z-cs-covers.

Sufficiency. Let {£2;} be a point-star network consisting of point-finite Z-cs-covers of X. For
each i € N, put &; = {Z, : a € A;} and each A; is endowed with the discrete topology. Put
M = {a = (a;) € [[;en 4i : (Pa,) forms a network at some point z, in X}, then M, which is
a subspace of the product space [[;.y 4, is a metric space and the point z,, is unique for each
a € M. Define a function f: M — X by f(a) = 4, then f is a mapping, and (f, M, X, {Z;})
is a Ponomarevs system. By [20, Lemma 3.3.2], f is a compact mapping.

Next, we shall show that f is an Z-covering mapping.

For each zg € X, let {z,}nen C X be a sequence satisfying x,, = xo € X. Since {Z;} is
a point-finite Z-cs-covers of X, we can choose a; € A; such that x9 € P, € & and {n € N :
xp, ¢ Py} € I for each j € N. Since {2} is a point-star network of X and P,; € (%)),
(P,,) forms a network at zo in X. Let a = (a;) € M. Then o € f~'(xo). Now choose a
sequence {(jn)}nen in M as follows: Choose «j, = a;j if 2, € Py, otherwise choose 3; € A;
such that z,, € Ps; so that a;, = 3;, for each j € N. For each neighborhood V; of a; in Ay,
since {fn e N: o, ¢ V;} C{neN:aj, #ao;} ={neN:a, ¢ Pp,} €L, aj,, = aj, and
hence (o) = (a;) in M from Lemma 2.13. By the choosing of (), it is easy to see that
P,, . € (2)a,, hence (P,, ) forms a network at x,, in X, thus (ay,,,) € f~!(x,) for each n € N.

Qj,n

Therefore, f is an Z-covering mapping. [

Definition 4.2 Let f be a mapping from a topological space X onto a topological space Y. f
is said to be I-quotient provided f~1(U) is Z-open in X, then U is Z-open in Y.

The following two theorems can be seen in [30].
Theorem 4.3 Every Z-covering mapping is Z-quotient.

Theorem 4.4 Let f be a mapping from a topological space X onto a topological space Y .
(1) If X is an Z-sequential space and f is continuous quotient, then Y is an Z-sequential
space and f is T-quotient.

(2) IfY is an Z-sequential space and f is Z-quotient, then f is quotient.
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Corollary 4.5 The following conditions are equivalent:

(1) X is an Z-covering, quotient and compact mapping image of a metric space;

(2) X is a sequential space and has a point-star network consisting of point-finite Z-cs-covers.

Recall the notion of 1-sequence-covering mappings in topological spaces. Let f : X — Y be
a mapping. f is an 1-sequence-covering mapping if for each y € Y, there is x € f~!(y) such that
whenever {y, }nen 18 a sequence converging to y in Y there is a sequence {2, }nen converging to

z in X with each z,, € f~1(y,) (see [19]). Next, we assume all mappings are continuous.

Definition 4.6 Let f: X — Y be a mapping. f is an 1-Z-covering mapping if for each y € Y,
there is x € f~1(y) such that whenever {y, }nen is a sequence I-converging to y in Y there is a
sequence {, }nen Z-converging to x in X with each x, € f~1(yy).

Obviously, f is a 1-Z-covering mapping, then f is an Z-covering mapping.

Proposition 4.7 Let f: X — Y and g : Y — Z be mappings. If f and g are 1-Z-covering
mappings, then g o f is 1-Z-covering mapping.

Theorem 4.8 Let f: X — Y be a 1-Z-covering mapping. Then for each y € Y, there exists
x € f~1(y) such that whenever U is an open neighborhood of z in X, f(U) is an Z-sequential
neighborhood of y in Y.

Proof Let f: X — Y be a 1-Z-covering. Then for each y € Y, there is x € f~!(y) such that
whenever {y, }nen is a sequence Z-converging to y in Y there is a sequence {x,, },en Z-converging
to x in X with each z,, € f~!(y,). Let U be an open neighborhood of z. Note that z,, = =,
hence {n € N: z, ¢ U} € Z, and further {n e N:y, ¢ f(U)} ={neN:z, ¢ U} € T
Therefore, f(U) is an Z-sequential neighborhood of y in Y. O

Theorem 4.9 X is a 1-Z-covering and compact mapping image of a metric space if and only if

X has a point-star network consisting of point-finite Z-sn-covers.

Proof Necessity. The procedure to prove that X has a point-star network {;} consisting of
a point-finite covers is similar to Theorem 4.1. Next, we shall show that {Z;} is an Z-sn-covers
of X.

Since f is a surjection, there exists b € f~1(x) satisfying the condition in Theorem 4.8 for
each x € X. And since each %; is an open cover of X, there exists B € %, such that b € B. Take
P = f(B). By Theorem 4.8, P is an Z-sequential neighborhood of z. Let &/ = {P € &; : P
is an Z-sequential neighborhood of some point in X}. Then 2] is a point-finite cover of X and
{Z!} is a point-star network consisting of point-finite Z-sn-covers of X.

Sufficiency. Let {£;} be a point-star network consisting of point-finite Z-sn-covers of X. And
let (f, M, X,{Z;}) be a Ponomarevs system. By [20, Lemma 3.3.2], f is a compact mapping.

Next, we shall show that f is a 1-Z-covering mapping.

For each x € X, since {#;} is a point-finite Z-sn-covers of X, there exists P,;, € &; such that
P, is an T-sequential neighborhood of z for each j € N. And since {#;} is a point-star network
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of X and Py, € (2;)a, (Pa,) forms a network at = in X. Let a = (a;) € M, then o € f~' ().
And let {x,}nen C X be a sequence satisfying x,, = 2 € X. Then {n e N: z, ¢ P,,} €T for
each j € N. Now choose a sequence {(a;n)}nen in M as follows: Choose o, = a; if 2, € Py,
otherwise choose 3; € A; such that z,, € Ps;, so that a;, = ;, for each j € N. For each
neighborhood V; of o in A;, since {n € N: o, ¢ V;} C{n e N:a;, # a;} ={neN:
&y & Pa,} €I, ajy = oy, and hence (a;,) = (a;) in M from Lemma 2.13. By choosing of
(ajn), it is easy to see that P, € (£)s,, hence (P, ) forms a network at x, in X, thus

(ajn) € f7'(z,) for each n € N. Therefore, f is a 1-Z-covering mapping. [J

Question 4.10 Are Z-covering and compact mapping images of metric spaces equivalent with

1-Z-covering and compact mapping images of metric spaces?

Example 4.11 There exist an admissible ideal Z on N, a topological space X, and two sequences
{xn}nENa {yn}nEN in X7 such that Ln £> Zo, Yn £> Zo, but the sequence {zla Y1,22,Y2,23,Y3, . - }

does not Z-converge to xg.

Proof Let Z be an admissible ideal of N generated by all subsets of the set of all even positive
integers and all finite subsets of the set of all odd positive integers. Let the topological space
(R, 7) be the set of all real numbers R endowed with the usual topology 7. Set z, = 0, if n is
odd; z, =n,if niseven,n=1,2,3,.... And let y,, = %, n=1,2,3,.... It is easy to verify that
2, = 0 and y, = 0. Now define a sequence {x1,y1, T2, y2, 3,3, . - -}, and denote it by {z, }nen.
Then, {2, }nen does not Z-converge to 0. In fact, if not, then {4n —1:n e N} C {n e N: z, ¢
U} € Z, for each neighborhood U of 0 in R. Hence, {4n — 1 : n € N} € Z. But this contradicts
the structure of Z. O
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