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Abstract We give general solutions (the explicit solutions) of a class of multi-term impulsive
fractional differential equations involving the Riemann-Liouville fractional derivatives. This pa-
per contributes within the domain of impulsive fractional differential equations. The author
strongly believes that the article will highly be appreciated by the researchers working in the
field of fractional calculus and on fractional differential models.
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1. Introduction

Fractional differential equations have many applications [1-5]. Impulsive fractional differen-
tial equation is an important area of study [6]. In [7-9] and [10-16], authors studied the existence
of solutions of the different initial or boundary value problems for impulsive fractional differential
equations with the Caputo fractional derivatives or the Riemann-Liouville fractional derivatives.

However, we should point out that most of the work on the topic is based on Riemann-
Liouville and Caputo type fractional differential equations in the last few years. In 1892,
Hadamard introduced another kind of fractional derivatives, i.e., Hadamard type fractional d-
ifferential equations, which differ from the preceding ones in the sense that the kernel of the
integral and derivative contains logarithmic function of arbitrary exponent. The Hadamard and
Riemann-Liouville fractional derivatives have one similar property, which is the fact that the
derivative of a constant is not equal to zero. It is caused by the definitions of them containing
the usual derivative outside the integrals. In 2012, Jarad et al. [12] presented the modifications
of the Hadamard fractional derivative into a more suitable one having physically interpretable
initial conditions similar to the Caputo sense. In 2014, Gambo et al. [17] proved the funda-

mental theorem of fractional calculus, some interesting results and also semigroup properties of

Received December 3, 2018; Accepted September 3, 2019

Supported by the Natural Science Foundation of Guangdong Province (Grant No.S2011010001900), the Natural
Science Research Project for Colleges and Universities of Guangdong Province (Grant No.2014KTSCX126), the
Foundation for High-Level Talents in Guangdong Higher Education (Grant No.201707010425) and the Founda-
tions of Guangzhou Science and Technology (Grant No. 201804010350).

E-mail address: liuyuji888@sohu.com



General solutions of IFDEs 141

Caputo-Hadamard operators.

In [18-23], the Cauchy problem or boundary value problems with Riemann-Liouville type
Hadamard fractional derivative or Caputo type Hadamard fractional derivatives and impulsive
effect were studied. We note that the fractional differential equations in known paper are single
term ones, i.e., DY xz(t) = f(t,x(t)). In applications such as biological models, a fractional
differential equation involves the linear operator D, = + AD€+I. This motivates us to consider
the two-term fractional differential equation D,z + /\Dg+a: = f(t,x(t)) (see [1]). This model
also comes from the standard Malthus population model N = —aN subjected to a perturbation
f(t,z(t)). It is called two-term fractional differential equation. The fact forces us to study the
solvability of initial or boundary value problems for impulsive two-term fractional differential
equations.

Let a > 3 > 0. To solve the two-term fractional differential equation Df, x — )\Dg +x = h(t)
by using the Laplace transform method, “it encounters very great difficulties except when a— 3 is
an integer or half integer”, for example, & = 2,3 = 2 or # = a—1, see page 139 in [3] or page 156
in [2]. It is interesting to find a new method to get the general solutions of the two-term equation
D\ x — )\Dg+m = h(t). Furthermore, one sees that D, Dg+ac(t) # D§+ D§, x(t) # Dgfﬁx(t) for
a, >0 (see [1]).

We provide new general solutions of the following multi-term fractional differential equation

involving the Riemann-Liouville fractional derivatives
D§. DG, D a(t) — ADJ, x(t) = g(t), ae., te (0,1], (1.1)
6+ Db Dy, a(t) — ADJ,a(t) = g(t), ae., t € (t;,tip] i € N, (1.2)

where

(i) n,l,p,k are positive integers, o € (n —1,n), € (I—1,1),0 € (p—1,p),v € (k—1,k)
with k <a+B+60, N ={a,a+1,a+2,...,b} with a,b being nonnegative integers;

(ii) AeR, 0=ty <t; <ty <---<tp <tmy1 =1 are constants (impulse points);

(iii) ¢ € C[o,1];

(iv) Dgy is the standard Riemann-Liouville fractional derivative of order * with the starting
point ¢t = 0.

A continuous function x : (0, 1] — R is called a continuous solution of (1.1) if lim,_,o+ t!~#2(2)
is finite, and x satisfies (1.1) for almost all ¢ € (0, 1].

A function z : (0,1] — R is called a piecewise continuous solution of (1.2) if z

(ti,tit1] (Z € Nom)
o+ (t— ) 7Pa(t) is finite, and z satisfies (1.2) for almost all ¢ € (0,1].
The purpose of this paper is to give the explicit solutions (continuous solutions) of (1.1) and

is continuous, lim

the explicit solutions (piecewise continuous solutions) of (1.2), respectively.
In Section 2, some definitions and the explicit solutions (continuous solutions) of (1.1) are
given firstly (see Lemma 2.7). Then in Section 3, we establish the explicit expressions of general

solutions of (1.2) (see Theorem 3.1). A conclusion section is given at the end of the paper.

2. Definitions and preliminary results
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Let us recall some basic definitions of fractional calculus [1,17,22]. Let the Gamma function,

the Beta function and the classical Mittag-LefHler special function be defined by

oo 1 ! 1 1 = "
_ a— —x — pP— _ q— = _—
I'(a) /0 x* e *dx, B(p,q) /0 2P~ (1 —2)"  de, Ej5.(x) ,;) Tk 1 o)’

respectively, for a > 0,p > 0,4 > 0,5 > 0,0 > 0.

Definition 2.1 ([17,22]) Let a > 0 and h : (a,+00) — R be a function. The left side Riemann-
Liouville fractional integral of order a > 0 of h is given by I, h(t) = f(f %h(s)ds,t > a
provided that the right-hand side exists.

The left side Riemann-Liouville fractional derivative of order a € (n — 1,n) with n being
a positive integer of h is given by D%, h(t) = [f; %h(s)ds}("),t > a provided that the
right-hand side exists.

Suppose that n, [, p, k are positive integers, A\ € R, « € (n—1,n), 8 € (I-1,1),0 € (p—1,p),v €
(k—1,k) with k < a+[£40 in this subsection. We seek continuous solutions of the linear Langevin

fractional differential equation (LFDE for short)
g+Dg+Dg+m( ) = ADJ,x(t) = g(t), a.e., te(0,1].

Let z;(i € NP} and y,(j € NY) be fixed. We firstly give some claims and lemmas by using

the Picard iterative methods. Consider the following initial value problem:
D8‘+D8+D0+x( ) = ADg,x(t) = g(t), ae., t € (0,1],
Il_ x(0) =y, Do+ x(O):yi, iElel,

0 [4 . —1
- D0+ ) = zp, D0+JD0+5U( ) =2, jENT,

DYDY, DS~ ADI)a(0) = xj, je NI, h=mn
D§+ ’“D8+D§+ — MF)2(0) = @, or

(DgT ng+Dg+ —AD])2(0) =a;, jeNTL  ifk<n,
DSTIDY, DY a(0) = zj,5 € Ny, |,

(I “D8+Dg+ —AD)™Mz(0) =z, or

(DT7DY, DS, —ADY )x(0) =2, jeNT™!  ifk>n
—AD) 7 x(0) = 2,5 € NE

(0
(I} D§. Dy, — My )2(0) =
(Dg
(

and

Remark 2.2 The initial conditions in (2.1) are complicated. When o € (2—1,2), 0 € (2—1,2),
Be(2-1,2),y € (1—1,1), the initial conditions in (2.1) become

157%2(0) = y2, DY Hw(0) =y,
127D 2(0) = 22, DET'DY, 2(0) = 21,
Iy DY, Dy, x(0) = wa, [Dy7 "Dy Dy — My "a(0) = a1

Choose = 0, we have D, DY, DS,z = Dg, D, x. The initial conditions in (2.1) are com-
plicated. When o € (2 -1,2), 8 € (2 —-1,2),y € (1 — 1,1), the initial conditions in (2.1)
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become
12772(0) = o, D '(0) =y, (DG DY, — ML )2(0) = 1, 137 DS,2(0) =

which are defined by some published papers when A = 0. When a € (1-1,1), 8 € (1—-1,1),y €

(1 —1,1), the initial conditions in (2.1) become
17(0) = g, (I37°DL, — AL )a(0) = o

which are defined by some published papers when A = 0 (see [1]).

Denote N = max{k,n}. Choose Picard function sequence as

L B—j P 40+B—j N pat04p—i
y;t z;t z;t
t) = + ‘ + . +
$o(®) ;F(ﬁ—wrl ;F0+6fj+1) ;F(a+0+6—z+1)
t o Nat0+8—1
(t —s)*t
/0 mg(s)ds, te(0,1],

E(f— g)atOHB—1
i(t) = t—l—)\/ i—1(s)ds, t€(0,1],i=1,2,....
) =on(t) +1 [ o (a)ds, te 11
Claim 2.3 ¢, € C(0,1] and lim #=%¢,(t) is finite.
t—0+
Proof In fact, we have
t
= 5’/ _ a+9+5 y—1 s)ds‘ gtl—ﬂ/ (t—s)a+9+ﬂ_"’_1||g||ods
0
tl+o¢+9—'y

— 3 0ast—0".
a+0+p—v

< gllot~* / (t — 5)Ho+I-1"1d5 =
0

One sees ¢ € C(0,1] and lim,_,+ =P po(t) exists. So [|¢ol| = SUPye (0,1 [t1=Bpo(t)] is finite.
It is easy to see ¢1 € C(0, 1] and

i "\/ )44, () ds
< ¢l B/ (t — 5)@H0+0-7=1gB=1| =By (5)|ds
0
< ||t~ /t(t — 5)ot0F0+8=7=145-l45 ( by using ; = w)
0
_ ||¢0Htl—5ta+9+26—w—l /1(1 _ w)a+9+6—7—1w3_zds
= || ¢o|[t* TP~ B(a + 6 i B—7,B—1+1)—0ast— 07

Then lim,_,o+ !¢, (t) exists. By mathematical induction method, we see that ¢; € C(0,1] and
lim, o+ t' =P, (t) exists. O

Claim 2.4 {t — t'8¢;(t)} is convergent uniformly on (0, 1].

Proof In fact, from Claim 2.3, we know |[¢ol| = sup,e(q 1) [#'~?¢o(t)| is finite. Then, we have
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for ¢t € (0, 1] that

tl*[f t
1-pB _ Jat0+0+8—v—1
0110 = 00 = [ g g r = =) ols)ds
H(bOH l—,@/ +0+8—~v—1_8-1
t t—s)® 1=lgPlds
Fa+60+8—7) 0 ( )
_ lgolBla+0+5-75-1+1) arorp—y
Tla+60+5—7)
So
(=210a(0) - tn(e e [ 06 - (o)
Dla+0+B—7) ’
t=~ /t(t_ §)atOHB—=1 48~ go|Bla+0+8—v,8-1+1) SO HIHB—1 g
Ila+60+8—7) I(a+0+8—7)
_l¢olBla+0+8-78-l+1)Bla+d+F—yat+B5-v+B—1+1) s@aiorp—)
Ma+0+5—-7) Ko+ 0+8-7)
Similarly, by the mathematical induction method, we get for every 7 = 3,4, ... that
="

016,(0) = 0rms ()] = I gpag =y [ (= 9" e (s) = o)

NgolBla+0+5-75-1+1)

- Ta+0+6—7)
(11[ B(a+9+6—’y,(j—1)[a+9+5—’)’]+5—l+1)>t7(a+9+5_w
s MNa+0+p5—7)

< leolBla+b0+5—-7-1+1)

- MNa+0+6—7)

T Bla+ B~ Dat+0+F—]+8—1+1)
(II T(a+0+F—7) ). e

=2

We consider

+oo
\|¢ollBa+9+ﬁ v,B—1+1)
2 ”*Z Lla+0+05-7) .

v=1

(H (a+5—%(j—1)[a+9+6—v]+ﬁ—l+1))
= Tla+0+8-7) '
Since

u _Bla+0+B-—yvja+0+5-+B-1+1)

Uy F(Oé + g + 6 - ’7)
_fol §at0+B—7=1(1 — g)vlat0+B-]+6-l+1qs

Fa+0+5—7)

— 0 as v — o0,

we know that Z —1 Uy is convergent. Hence

000 (t) + ' [o1(t) = Go ()] + -+ (g0 (t) — dua(B)] + -+, tE(0,1]

is uniformly convergent. Then {t/=%¢,(t)} is convergent uniformly on (0,1]. O
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Claim 2.5 ¢(t) = lim, 40 ¢ (¢) defined on (0, 1] is a unique continuous solution of the integral
equation

A
a+0+p—7

x(t) = t — §) A== 1y (5)ds. .
(1) = o) + 17 [ (22)

Proof By Claim 2.4, we know that lim, . ¢, (t) = ¢(t) is uniformly convergent on (0,1]. We
see that ¢(t) is continuous on (0, 1]. We know that

)\ t
0= 0=t [0+ s [= 90 o
= A ! a+60+pB—y—
,¢O(t)+r(a+9+ﬁ_7)/o(tfs) FOHE=7=15(5)ds.

Then ¢ is a continuous solution of (2.2) defined on (0, 1].
Suppose that 1 defined on (0, 1] is also a solution of (2.2) satisfying that lim,_,+ t'= ¢ (t) is
finite. Then

A t
WO =)+ F T /0 (b= 8)* " (s)ds, ¢ € (0,1].
We need to prove that ¢(t) = 1(¢) on (0,1]. Now we have
=8 ¢
10 = 00| = gy ] [ (£ 9 (el
Hd’” I-p ! _ et 0+B8—y—1_B-1
_F(a+9+6—7)t /O(t s) T sP s

_ ||'L/J||B(OZ+9+B B ’775 -1+ ]-)ta_;,_.g_;,_ﬁ_,y
F'a+60+6—7) '

Now suppose for v > 0 that

=By () — [¥]Bla+0+8—v,8-1+1)
EPp(t) = du ()] < T 0177 x

(H B(a+0+48—~,jla+0+8—7]+beta— 1+ 1)>t(l/+l)(a+0+,3—’¥)
Lla+0+8-17) .

j=1
Furthermore, we have by the Mathematical induction method that

1-B t
O = b O] = Frargg | [, =T ) — (o)

1 za/t w0ip1 gt IVIBla+0+B8—75,8-1+1)
< t t—s)¢ ol
STarorp—y’ S, 09 ° Tat0+58-7) %

v

(H Bla+0+B8—7v,jla+0+8—1] +5—l+1)>8(u+1)(a+6+ﬁfv)ds
Lla+0+8—7)

j=1

_ ||¢||B(Ol+9+ﬁ—%ﬁ—l+1)(ﬁB(a+9+ﬁ—%j[Oé+9+ﬁ—7]+ﬂ—l+1))x

Fa+0+6—7) Fa+60+6—7)

L +2)(at0+8—)

j=1
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So

B(a+0 B-l+1
E1() = ()] < PRSI AT,
(Tme+9+ﬁ_7JM+9+B_ﬂ+ﬁ_l+”)7y:LZ””

Dla+60+8—7)

Jj=1
Similarly we know
(e’ v+1

l|Bla+60+8—~,8-1+1) Bla+0+8—7,jla+0+B8—-7]+B—-1+1)
E: E: Fla+60+8—7) (11 Fa+0+6—7)

is convergent. Then lim, o u, = 0. Hence lim, o ¢, (t) = 9(t) on (0,1]. Then ¢(t) = (t)
n (0,1]. Then (2.2) has a unique solution ¢. The proof is completed. O

v=1

Lemma 2.6 Suppose that x is a solution of IVP(2.1). Then x is a solution of the integral
equation (2.2).

Proof Suppose that z is a solution of IVP(2.1). Then Theorem 2.3 ((2.7.48) on page 116 in [1])
implies that

DozfiDO Dﬁ x(o)tafi t (t— S)a—l
D Dfa(t) = Z e R

t_ 3 a 1
A | ——=~5—DJ,x(s)ds, te(0,1].
Furthermore, we have similarly that

DITIDE, x(0)t0i DS DY, D w(0)te+0—i
D 0+ 0+ o+
(1) = Z r—j+1) Z

j=1 Fla+60—i+1)
t _ at+6-—1 t N at+6—1
/o (tF(Z)—i—G)g(S)dS—'—)‘/O %Dmx( )ds, te(0,1].
So
= Dy a0 L DY DY w(0) A
;C(t)—;m D (RS YRS

Da 1D0 D O ta+0+ﬁ—i t t— a+6+B8—1
Z 0+$( ) / ( ( o) g(s)ds+
0

p MNa+60+p—i+1) a+60+p)

tp_ gyato+B—1
)\/O WDngx(s)ds, t € (0,1].
Now, we have

toy o yat6+B—1 tp_ gyatb+5-1 S (g— )71 @)

| e vt = [ ([ o —atan) s

B Y A R

_A rw+e+m(%ﬁ lﬂfv)xmm@
t

_ (t— S)a+0+5—1 S (s — u)l—v—l (1-1)
= Taxars (), STasy ) [
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t _ Jat+p8-2 s _ l—vy—1 1—1
(t—s)t / (s —u) (1-1)
/0 (a+9+5—1)( o T(l—7) s(wdu) - ds

D Tla(0)tetotA-t bt — s)ot0+8-2 S (s —u)l=rt (1-1)
: Dla+6+5) +/o Dla+6+6— 1)(/0 L'l —7) I<u)du) ds

k o

D’Y J ta+0+,8 i t t— a+60+p8—-1-1 s o l—v—1

E 2(0) +/ (t=s) / (s — ) x(u)duds
“Ta+0+B8-3j+1) Fa+0+6-10)Jy TU-7)

O)eto+B-i §)aHOHB—I=1 (5 _ y)l=r-1
= _Z / / dsz(u)du
a+9+6—.7+1 a+¢9+5—l) IN(E)

k

D'Y Jx )ta+9+ﬁ—j t (t _ u)a+9+ﬁ—’y—l
) / (

Zra+0+ﬂ j+1 Pa+0+ﬂ—7)x(u)du'

It follows that

Doy DYDY (0)0+F
x(t)_; r(B—o+1) +; re+s—-j+1)

Z Da zDe DO+‘T(O)to¢+0+[37i /t (t _ S)a+9+ﬁ—1
MNa+60+p—i+1) o Dla+0+p0)

g(s)ds—
1=1

k o
D’Y J 0)rato+8—i t_  \at+0+B—y—1
2(0) )+ / (t( W z(u)du
0

A
st MNa+0+8—j7+1 Tla+0+4+8-17)
l . —j i

Z 0+ 72(0)t? +Zp: Dg+]Dg+x(0)t9+5 J
— T(B-0o+1) = re+p-j+1)

n — feY —1 k —Jj @ -7
Z DS; ZD8+Dg+x(O)t +0+8 - Z Dg+]x(0)t +0+5—j

+
—~ Tla+0+p-i+1) Fla+0+B8—-j+1)
t (t _ )a+0+ﬂ 1 _ a+9+5 y—1
s)ds + /\/ z(u)du
/0 L(a+6+8) a+0+ﬁ ) ()
il (Dg_;iDg+D§+f)\Dg_:i)a:(O)t"'*'“'ﬁ_i L (Ig;”Dg+D§+7,\13;7)75(0)15“””*—"’ k—n
] T(a+0+B—i+1) T(a+6+B—k+1) J J
im
S (D5 Dgs Doy ADg a0t
= T(a+6+B—it+1)
(De* DS, DY =AY ")z (0)etOHEk E”: DIDY, DE (o)t P k<mn,
= F(a+9+ﬁ k+1) ) T(a+0+B—i+1) )
1=k+1
”il (DS DY, DY —ADY (o)t oA
T(a+6+B—i+1)
i=1 k>n
(In uDG Dﬁ —)\D” W)x(o)ta+9+5 n k D"’+7ac(0)t“+9+5 i
F(a+0+/3 n+1) A Z+1 T(at0+B8—it1)
=N
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L DL x(0)tP Zpggpwx(())t“ﬂ—j
S TE-o+l) &= TE+5-j+1)

t —s a+60+4+p—-1 t —u a+0+8—~v—1
/0 (t()g<s>ds 5\ /0 (t( ) #(u)du

Fla+0+p) Ta+0+8—7)
tB—3 P O+B—j max{k,n} ta+0+5 i
_Z Ys +Z Zj . n Z
B—i+1) j:1F9+B—]+1) — (a+0+6—z+1)
t(t— )a+9+ﬁ 1 _ a+9+6*771
s)ds + A d
/0 T(a+0+5) ot / +9+ﬂ Ty (e)ds

t (4 _ gyotf+B—y—1
:gbo(t)—i—)\/o (I?f(oz—gﬁ—kﬁ—fy) xz(s)ds, te(0,1].

Then x € C(0,1] is a solution of (2.2). The proof is completed. OJ

Lemma 2.7 z is a solution of (2.1) if and only if x satisfies

1
i 0+3—
:Zyjtﬂ T Bt oty (AOTOTI7) 4
j=1

p

0+6-j 6+5—
Yt T T B p g (MO
j=1
N

ZIﬂfo‘ww7iEa+0+B—w,a+9+ﬁ—z‘+1()\tMGWﬂH
=1

¢
| =9 B s (M= )T g(e)s, b 01, (23)
0
Proof Suppose that z is a solution of (2.1). From Lemma 2.6, we know z is a solution of (2.2).
By Claim 2.5, (2.2) has a unique solution given by x(t) = lim, o, ¢, (t). We see that

b4 _ g)ato+B—y—1
Pilt) =do(t) + )\/0 (t(a +> 0+5—7) Fim1(s)ds

_ a+0+57'yfl s (3 _ u)a+0+ﬂffy71
=oo(s +/\/ Oz+9+5 o [(bo(s)-i-/\/o Ma+t058-7) ¢i—2(u)d’u:|d3

(t_s)a+9+ﬁ y—-1 py A
=dolt) + /0 Ta+0+8-2 " Tavor5-Tar0+5-7)"

/ / 8) T (s — u) TP M dsgi g (u)du

(t — s)ot0+B—y—1 5 [t (t — u)2et0rB—)-1 '
=fo(H) + /0 Mo+ 0+ p—q 0t /0 T2 1855 = ) 2wdu

(t — s)(at0+5=7)—

%“)*;”/o GraT =y oK

4 N i
jt9+ﬁ J xita+9+[3 i

B y]tﬁ—j p
_ZF(5—3+1 +;F9+ﬂfj+1)+Zr(a+9+ﬂ—i+1)+

j=1 i=1
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t (t _ 8)a+0+ﬁ—1
/0 Tlatd+g) JE)dst

yila+o+A—7)=1 ! B—ij P O+B—j
ZAJ/ (Z v +Z—Z]S 4
a+9+6 7)) ]:lF —j+1) j:1F(9+ﬁ—3+1)
a+9+ﬁ7i s (5—U)a+9+ﬁ71
ZF +9+B—z+1)+/ T(at0+p) g(“)du)ds

Y; x(at+0+B—7)+B—]

_ZZF (a+0+p8— 7)+ﬁ—j+1)+

X0]1

2 .tx(a+0+ﬂfv)+9+,6’fj

ZZ XaF0FB—)T01B—j+1)

X0J1

xtx(a+9+ﬁ Y)+at+0+p6—i

ZZF (a+60+3— ’Y)+a+9+5—z+1)

x=0 =1

t—S x(a+0+B—~)+a+0+5—1
ds.
Z/ W@t 0B tatarpeds

Hence

!
z(t) = lim ¢;(t) Zy]tﬁ TBato+p-,p-j+1 (A7) 4

i—00
j=1

P
6 —J % —
> 2t P I Bators oy orp—grn (M) 4
j=1
N

> @it TP E sy arer i (AT 4
=1

t
/ (t =) Ba oty arors(AE — )77 ) g(s)ds.
0

We get (2.3).
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Now, suppose that x satisfies (2.3). We prove that x is a solution of (2.1). By computation,

firstly we get by using (2.3) for i € N} that

0|, iy o

(t_s )t +0+8—
= {/ (Zya Eat04—v,5-j+1(As” ")+

0

2" PIE As@FOH8=7) 4

M=

a0+ B8—,0+—j+1(

<.
Il
—_

atO+f—i a+0+8—
;s P Eat0+p-v.ators—jt1(As )+

M=

<.
Il
—
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s (I—1)
/0 (5 = W) T T B g abos s (As = 0T ) g(u)du ) ds|

AX gX(at0+B—)+B—]

)\sz(a+9+ﬁfv)+9+ﬁfj

781 B-1
:{/O . (Z%ZF a+9+6—v)+5—j+1)+
>

ZJZF(X(a+9+B—7)+9+B—j+1)
N> X gX(@+0+5=7)+at0+5—;
ijzF(x(a+9+ﬁ—7)+a+9+ﬁ—j+1)

+

o " (S _ U)X(a+9+ﬁ77)+a+0+671 d
> P(X(a+9+5—7)+a+0+ﬁ)g(u) “)

}(l*i)

I-p-1 gx(at0+B—7)+B—j

l %) . t—S)
{Z%ZA/O —B) Tx(a+0+B—7)+B—j+1)

1 x=0

ds+

J:
Xpi % i AX/ = S)HH sXORIHETINOTIT
‘ o TU-B) Tlat0+B-+0+5—j+1)

ds+
j=1 x=0
N oo tp_ \—B—-1 x(a4-0+B—~)+a+0+8—j
t
ijz)\x/ (t—s) s . 5
== o Il-p) Tx(a+0+8—y)+a+0+8—75+1)

w T—-p8) Tx(a+0+B8—y)+a+0+75)

! g AXpx(at0+B—7)+—j

- [Zngf(x(a+9+6v)+lj+l)+

i WX X (at0+B—y)+0+1—j
% Z +
Nix(a+0+B—7v)+0+1—-5+1)

0 Axpx(at0+B—y)+at+o+i—j
xﬂ Z +
Fix(a+0+8—7)+a+0+1—i+1)

bt — u)x(et0tB—)totfti-1 (1—i)
g )\X/ g(u)du
o Tix(a+0+B8—7)+a+0+1)

Axpx(atb+B—y)+i—j
— +
IF'ix(a+0+p—7)+i—j5+1)

Axpx(at0+8—v)+i—j

Zyjzr(x(a+9+6—v)+i—j+1)+

Axgx(at0+8—)+0+i—j

szzF(X(a+9+6—7)+9+i—j+l)+

N o Axpx(atb+B—y)+at0+i—j
DD — "
; F'ix(a+0+p—v)+a+0+i—j+1)

t ot _ )\—B-1 _ \x(a+0+8—v)+a+0+5—-1
Z)\X// (t=s) (s —u) dsg(u)du
0
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/ ) X(a+0+B—7)+a+0+i—1

a+0+,3 Ntatoti) gluydu, i€ Np.
It follows that
WX px(at0+B—y)—j
@+ 0+B-7)—3+1)
AXgx(at0+B—)+0—]
Fix(a+0+8-7)+0—j+1)

M-
NE

Dg+$(t) = Yj

1

<.
Il
=
Il

-

+

Rﬂ»@
ot

0

<
Il
—

=
Il

Axpx(atb+B—y)+at+o—j
. +
Fx(a+0+p—v)+a+0—j+1)

M=
WK

<
Il
S+

Mg

Zj

Il
o

X
X(t — u)x(a+9+ﬁ ) +ta+6—1

(X(a+0+5—7)+04+9)

g(u)du (2.4)

J

I5%2(0) =y, DJ7'a(0) =y, i€ NITL (2.5)

x=0

and

Secondly, we have for ¢ € N}j by using (2.4) that

¢ (t — S)p—9—1 B

Dg+lDo+x( ) = {/0 WDmx(s)ds} v

MX gXx(atb0+B8—y)—j

,Sp -1
:[/0 ¢ (Zyﬂxzr @t0+8-7)—J+1)

AX gx(atb+B8—y)+6—j

xla+0+8—7)+0—j+1)

+

M

<.
I

AXgx(at+0+B—)+ati—j

i

Mz

T; +
= g Tla+d+5—)+a+b-j+1)

s X AX(s — (a+0+ﬁ v)+at+6—1 (p—1)
/ Z (s — ) g(u )du)ds] 8
o T(x(a+6+B—-7) +a+6)’

x=0

oo .
Axgx(at0+8—v)—0+p—j

Yj Z - +

—T(x(a+0+5—-7)-0+p—j+1)

I
M-

j=1
AXx(atb+B—y)+p—j
_|_
F(x(a+0+B=7)+p—3j+1)

M~ 5
M8><

25

<.
Il
-
o
i
o

AXpx(at0+B—y)+atp—j
+
Mix(a+0+8—y)+a+p—j+1)

M=
Mg

IJ

<.
Il
|
=

X

e X(t — x(a+0+6 Y +at+p—1 d (p—1i)
/0 Z (a+9+5 7)+a+p)g(u) B

X:O

! AXpx(atb+B—y)—0+i—j

yJZF (a+60+3— 7)—9+z—]+1)+

=1 X:l

<.
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P i Axpx(at0+8—)+i—j
2 52 —7 "
Pt —I(x(a+0+B—7)+i-j+1)

¢ AXpx(at0+B—7)+ij

Zzﬂ;r a+9+ﬁ—7)+i—j+1)+

1

<.
Il

Axpx(atb+B—v)+ati—j
_l’_
x(@a+0+B—-y)+a+i—j+1)

(t—u X(a+0+6 ) toti-1
F'ix(a+0+p—7)+a+ )g

\ uMz

Z (u)du.
It follows that

> A pxlatb+B—y)—6—j
DY.DP a(t) = :
D D D N e S Ea T

WX gx(atb+B8—v)—j

DLW e e ey Y

Axpx(at0+8—v)+a—j

N oo
ijzl“(x(a+9+5—7)+a—j+l)+

j=1 x=0
t AX(t u)x(a+0+5*7)+a*1
w)du, 2.6
/o;nx(aww—wa)g” (26)
177D 2(0) = 2, DET'DE 2(0) = 2, i€ Ny (2.7)

Thirdly, we have similarly for ¢ € N by using (2.6) that
(n—1)

_ S)n—a 1

t
a—1 t
DYDY, DY x(t) = [/0 ( o DS, DY, x(s)ds

n—q)

B (t — g)n—a- 1 AX gX(at0+B—)—0—j

_[/0 (Z%ZF @t0+8-7)-60-j+1 "
WX gx(at0+B—7)—j

szzl“(x(a+9+ﬂ—7)—j+l)+

AX gX(at0+B8—y)+a—j

N ')
ijzf(x(a+9+ﬂf’y)+a—j+l)+

=\ (s — u)x(a+9+6—7)+a—1
> T(x(a+0+58—7)+a) g(u)d“)ds

}("*i)

W px(atb+B8—y)+n—a—6—j

l [e'S)
.ZyjzF(X(a+0+ﬂ*’y)+nfa—97j+1)

+

AXpx(at0+B8—y)+n—a—j

Zz'jzF(X(O&+9+B*’}/)+’I‘L7Q*j+1)+
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Axpx(atb+B8—y)+n—j

Z%ZF

+
(a+0+B—y)+n—j+1)

t & )\X t, u)x(a+0+5 ) +n—1

g(u)du} (=)

AXgx(at0+B—)+i—a—0—j
+

:ZyjzF(X(a+9+5—7)+i—a—9—j+1)

Axgpx(ato+B—)+i—a—j

F(X(Oé+‘9+ﬁ—’y)+i—a—j+1)+

Axgx(ato+B—7)+i—j

(X(a+9+ﬂ—'y)+i—j+1)+

AXgx(at0+B—7)+i—j

at0+B8-+i-j+1)

Jj=1 x=0
t 2 AX(f—u)X(aHOHB- i1 '
0 XZ,:O L (x(a+0+8—7)+i) g(u)du, 1 € NP,
t R AX(p—u)X(aHOHA— 1 o
g(t) + fO XXZZI T'(x(a+6+5—7)) g(u)du, 7 =0.

It follows that

and

Dg. DS, DS x(t) =

Axpx(at0+B—)—a—0—j
. +
T(x(a+0+B-7)—a—0—j+1)

M8

Yj

KMN

<
Il
—_

=
I

1
AXpx(atd+B—y)—a—j
IF'ix(a+0+B—-7)—a—j+1)

_|_

Pj@
s

<
Il
—
Eas
I
—

Axpx(ato+8—7)—j
- +
P(x(a+0+8-7)—j+1)

t oo )\X(ﬁ _ u)X(CK"Fa-‘rB—’y)—l
B+ /0 Z I'(x(a+0+3—17)) g(u)du, (2.8)

sz
¢

<
Il
—

o
Il
—

Axgpx(ato+B—)+i—a—0—j

l [e'S)
DafiDG D/@ t) = .
o+ Do+ Dorx(l) ZyjZF(X(a—|—9+,3—’y)+i—oz—0—j+1)+

AXgx(at0+B—y)+i—a—j

ZZJZF(X(a+9+[3*’y)+ifa—j+1)

+

WX gx(atb+B8—7)+i—j

=1
N oo
Z ijF(X(O‘+0+/8_’Y)+i—j+1)+

> AXpx(at0+B—)+i—j
2> — +
Iix(@+0+p—-7)+i—-j+1)
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)\X t — y)x(at0+B—7)+i-1
// » g(u)du, i€ NT. (2.9)

X(a+0+8—7)+1i)

Fourthly, by using (2.3), we have for i € NIS similarly that
t k—y—1 —
(t — )= (k—i)
DT ~——— (s)d
0= [ e = (1]

MX gX(atb+8—7)+—]

(tfsk y—1
( (;%ZF (a+0+p5— 'Y)+5—j+1)+

— MX gx(at0+8—7)+0+5—]
5 +
TOda+6+B-7)+0+8-j+1)

H
M"@;

1

<.
Il

=
=}

WX gXx(at0+B—y)+at0+8—j

Z’];J]_—‘ a+0+8— 7)+a+9+ﬂ—3+1)

S

x=0

> EMZ
>

X

(s — u)Xx(at0+f—y)+tato+i—1 (k—1)
g(u) u)ds}
Xat0+5-7)+ato+8)’
! e Axgx(at0+B—y)+B—y+k—j
Dy, S
; Fix(a+0+B-—y)+B-—v+k—37+1)

J= X=
3 - AXpx(at0+8—7)+0+p—y+k—j

l . +

szZI‘(X(a+9+ﬁ—'y)+9+5_7+k_j+1)

- = AXpx(at0+B—7)+at0+B—y+k—j
T | N
Z JZF(X(a+9+5*7)+a+9+577+k7‘7+1)

X
/ i x (t— u)x(a+9+B—'y)+a+9+5_,y+k_1 s (hi)
0 T(x(a+0+B8—7)+at+0+B—v+hk)?

X px(at0+B—)+—y+i—j
. +
Fix(a+0+B8-—7)+B—v+i—j+1)

3 - AXgx(at+0+8—7)+0+B—y+i—j
) - .

N 00 XX (at0+B—)+at0+B—y+i—j
T - N
Z JzF(x(a+0+5—’y)+a+9+ﬂ—7—|—1_]_|_1)

/t i MNX(t — y)X(at0+f=7)Fat+B-y+i-1

ﬂF@W+9+5fw+a+9+ﬂ77+wﬂmw

It follows that

l oo 4
AXpx(at0+8—)+B—7—j

D] x(t E N

o+ E,yj Dix(a4+0+B—7)+B—7—7+1)

j=1 =0

Iad

AX X (et 04+B—)+0+8—y—j

_l’_
ngo]_—‘ (a+0+B—9)+0+8—~v—35+1)

M@

<.
Il
—

=
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N A px(at0+B—)+at0+f—y—j
+
; z:: xX(a+0+B—7)+a+0+8—-—y—j+1)

[eS) tfu) x(a+0+B8—v)+a+6+p8—v—1 d
2.10
/z_: Xat0+B-N+ato+5-7)" i (210)
and
. AXpx(atb+B8—y)+i—a—0—j
DeTDY, DS — ADIT]
DG+ Do+ Dy = Ay nyzr (a+0+p8— 7)+z—a—9—g+1)

j=1 x=1
AXpx(atb+B8—y)+i—a—j

P oo
2% T+ 035 +i-a—771"

Wxpx(atb+B—y)+i—j

=1
N o]
Z szl“(x(a+9+ﬁ—'y)+i—j+1)+

e axpx(at0+B—)+i—j
Z;j Z — +
Fix(a+0+B—-7)+i—j+1)

F S WX (t — w)X(att+f—)+i1
/0 Z F( (Oé+9+ﬁ—ry)+i) g(u)du—

AXpx(at+B—y)+B—y+i—j

)\[ZyjzF(X(a+9+5—’7)+ﬁ—’y+i—j+1)+

e AXx(at0+B—7)+0+B—y+i—j
IEDD —
: P(x(a+0+8—7)+0+8—y+i—j+1)

N A pxX(a+0+B—)+a+o+B—y+i—j
: ———+
242 T(x(@+0+B8—-7)fa+0+B—7+i—j+1)

(u)du}

iy tog oNi—l
=3 L +/ U= du, i e Nmntnd, (2.11)
r ) Jo )

It follows from (2.8) and (2.10) that
DG DY, D, a(t) — ADJ, x(t) = g(t), a.e., t € (0,1].
The fractional differential equation in (2.1) is satisfied. We note

| | DS7'DY. DY x(0), i € Npyp.n >k,
(D37 DG Dy = ADG e(t) = § (DT DE, Dy = ADG 1 (0), i € Ny, =k,
—AD; ‘2(0), ie Nt k>

From (2.11), we have

(DD, DS, — AD T 2(0) = a;,i € Ny (2.12)
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If £ > n, we have N = k. Then

~AFT2(0) = g, —ADY'2(0) = @, € NE . (2.13)
If k < n, we have N = n. we get

I'7°D8, DY x(0) = x,, DY DYDY, x(0) = 4,7 € Ny 1. (2.14)

It is easy to see from (2.5), (2.7), (2.12), (2.13) and (2.14) that all initial conditions in (2.1) are
satisfied. Then we get (2.1). The proof is completed. O

3. Piecewise continuous solutions of IFDE

Suppose that n, [, p, k are positive integers, A € R, « € (n—1,n), 8 € (I-1,1),0 € (p—1,p),v €
(k—1,k) with £k < a+ 0+ § in this subsection. We seek piecewise continuous solutions of the

linear Langevin fractional differential equation with impulse effects (ILFDE for short)
D§. DS, DY x(t) — ADY, x(t) = g(t), ae., t€ (t;,tiy], i € NJ. (3.1)

Theorem 3.1 Suppose that (i)-(iv) hold. Then x is a solution of (3.1) if and only if there exist
constants ¢, ; € R(v € Nj*,j € NT*), b, (v € N",i € N{),d,; € R(v € Nj*,i € ernax{n’l}) such
that

v l
2(t) =) Y ot = 1) T Batorpn,g-jar (At — 1,) 2T 4

v=0j=1
v op
Z Z bl/,j (t - tu)9+ﬂ_]Ea+0+ﬁ*%9+ij+1()‘(t - tu)a+9+ﬂ_7)+
v=0 j=1
v N
DN it =) T Byt gy atorsoint At — £,) TP+ (3:2)
v=0i=1

t
/ (t = )T B gy aross (At — )T ) g(s)ds, € (to,turi], v e NG
0

Proof Step 1. Suppose that x is a solution of (3.2). We prove that z is a piecewise continuous
solution of (3.1).

Since g € C[0, 1], we know for ¢ € (0,1] and j € Nj* that
t
(t— tj)l_ﬁ’ / (t =) P Bayos s yarors(AE — 5)* TP )g(s)ds
0
t
< (=)' [ (=" B asosa(AD lolds

t
< llgli(t = tj)l_ﬁ/o (t =) P Batorgqarors(|A))ds

tat+o+p

— g

Eat0+8—v,a+0+5(|A])-

Then |, ;.. € C(tj,tj41] and lim,_,+ (£ — t;))!=Px(t) is finite.
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From (3.2), for t € (ty, ty4+1](v € N§*) and Remark 2.2, we have

t k—vy—1
(t—s)"" (k)
D)z [ (s ds]
o+ ( ) o F(kj _ 'Y) ( )
” L rtogn A E(t—s)kt (k)
(5)ds—|—/ 7m(s)ds]
o=0 /to ) ty F(k - ,Y)
” 1 o+1 _ k -1 °
/ (chug 5 = 1) Baorsoimgr1 (M — 1)) 4
o= to v=0j=1
o p )
SN s — ) T Basersyors—jr(A(s — ) TP+
v=0j=1
o N ]
SN duils — )T T Bayor s yators_itt(A(s — )T+
v=0i=1

s _ P ()
/ (s = )T Bayorsarors(A(s = w)* T gu)du)ds] T+
0

v

_ gkl
[ (32 sl B sia A — )7

v=0j=1

v P
DD buyls =) P T Baversqers-gi(A(s — 1))+
v=0j=1

v N

DD (s = ) T T EBatoy s yarorsiri(M(s — 6,) T4

v=0 i=1

s @ — @ — (k)
[ =0 B 0O = 1)) g(w)du) ds|
0

v—1lv—1 ot+1 t _ k—~vy—1 X
= [Z > Z Cv.j / L(S — )" T Batorp,a-5r1(A(s — )T ds+
v=0o=v j=1 (k N ’-Y)

v—1lv—1 p t_s)k,,y,1

o041 .
DD bus / (167—’7)(8 — )" T B ato4 04 8-5+1(A(s — )T T)ds+

v=0o=v j=1

v—1lv—1 N o041 t—S k—vy—1 )
D B Bl e AV L
v=0o=v i=1 to
ot (=)t e ato+6-1 at0+B—~ (®)
Z / 7) [ e-w Bt s rators(A(s —u) Jo(u)duds| "+
t 0

(t—s)F—771 s o _
[Z Z v / k)i(s =) T Batorp.8-541(A(s — )T ds
V=0 =1 to (k=)

b C—s)t Tt 0+6-ig (s — )0 H0HE- g
ZZ vi | Tre ey (8 ato+8-,0+8—j+1(A(s — tw) )ds+

v=0j=1 toy k 7)

t—S k=y-1 o —i o —
sz”/ k)i—)(s—tu) P Bagop—yators—iv(A(s — )T ) st
v=0 i=1 ty

k ! a+6+8—1 at0+8— (k)
/ / sl (5w Baso1s-as005(A(s —u) ") g(u)duds]

(t—s) " 5—j k48—
[Z Z Cuj T)(S =) 7 Batotp—y.p-i+1(A(s — ) )ds+

v=0j=1
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v—1 p k—~y—1

(t—s)"77 i o _
ZZb ’J/ k)i—)(s—tu)gw TBatots—y,008—j+1(A(s — £,) TP dst
v=0j=1
v—1 N k—~y—1

t—S v [eY —1 o -
sz’”/ )7(3*%) O B0y s-vatorsoit1t(A(s — ) T ) ds+
v=0 i=1 ty ’Y)

ty t— k—vy—1 s B B (k)
[ [ 5= 0 Baa s asss (s — ) g wduds]
0 Lk —~) 0

(t—s k=1 i o _
[ZZCW/ )77)(8—%)[3 TBatots-y.6-541(A(s = t,) 0T )ds+
v=0j=1 ty

(t—s)t ! 0+8—j ato+B—y
Z Z bu,j 7(5 —ty) Eato4p-v,0+8-5+1(A(s — tv) )ds+
v=0j5=1 ty k 7)

t_ k—y—1 « —1 @ -
szuz/ ;)7_)(5—@/) T Batoy s yators-ir1(A(s — 6,) T ) ds+
v=0 i=1 ty

k: y—1 _ o _ (k)
/ / 6= 0™ Brpr asons (s = )" g wduds]

(t—s k=y-1 _ o _

- [chw/ )7(5*%)6 TBatots—rp-i41(A(s — 1) 07 ) ds+
v=0j=1 ty k fy)

(t—s k=y—1 s o _
Zzb J/ )7(8*%)6% TBatorp0t6-j+1(A(s — )T ) dst
v=0j=1 k: 7)

t_ k=v—1 [ —1 o4 -
sz”/ L(s—tu) O B ot ators—itt(A(s — £,) T ds+
v=0 i=1 ty 7)

k ~y—1 B o B (k)
/ / O (s = )™ B o (M — )™ ) g () duds]
B [ZZC Z)\X/ t—s k—vy—-1 (S_ty)x(a+0+ﬂ—'y)+ﬁ—j dot
Tl s t -7) Tx(a+0+B-7)+B—-j+1)
B B R B e £\
===, k 7) Tx(a+0+B-7)+0+8-35+1)

(s _ tu)x(a+9+ﬁ—w)+a+9+ﬁ—i

o [t —s)Ft
;)lzld“zk/ (k—7) F(X(a+0+ﬂ—v)+a+9+5—i+1)d5+

Z)\X// t—Sk y—1 (S_u)x(a+0+67w>+a+0+671 dsg(u)du]<k)
P(x(a+0+B—7)+a+0+p)

t — 1, )X(@FO0FB=+B—y k=]

:[ZZC”Z M a+0+5 NAB—j+D

v=0j=1

t _ t x(a+0+B—v)+0+B—vy+k—j

Zzb”z ME a+6+ﬁ NFO+B—j+1)

v=0j=1

(t — t,,)X(a+O+B=)+atotf—yth—i

sz“z’\x a+0+/3 YN+tat+t0+p—y+k—i+1 )+

v=0 i=1

t_u)x(a+€+l3 Y +at+0+p—y+k—1
S [
X@+0+B8—y)+at0+5—7+k)?7

g(u)au]
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N(t—t, )x(a+9+ﬁ—7)+ﬁ—w—j

_ZZC’”ZF (@+0+8-N+B-7—j+1)

v=0j=1

N(t—t, )x(a+9+ﬁ—‘/)+6+ﬁ—’v—j

Zzb”zr @+ 01B8-NHt0+h-—7—J+1)

v=0 j=1

X(t—t, )X(a+9+3*"/)+a+9+5*"{*]'

+sz”zr a+9+6 NHat0+B8-v—i+D

v=0j=1
NX(t — u)x(a+9+5 Y +ato+p-—v—-1

/ZF (a+0+B—y)+a+0+8— ’y)

g(u)du

and for t € (t,,t,41] that

Déﬂx(t) :{/Ot (tl:(ls)_lg)lx(s)ds} o

Z/t t_SZ T (s)d”/j (tr_as )l_ﬂﬁ;lx(s)ds}(l)

v

o X(a+0+8-7)—j

N (t—t,) /
*ZZ ’]ZF a+9+6 ’y)—j+1)+

1/0]1

>\ (t—t yx(at0+5-9)+6—j

Zzb”z at OB 01

yO]l

NX(t—t )x(a+0+ﬁ*v)+a+0*j

ZZ ’JZF (a+0+B—7)+tat+b- ¢7+1)Jr

v=0j=1
/t St )X(a+9+ﬁ ¥)+a+6—1

a+9+ﬂ Ntato)y’

g(u)du.

Similarly we have for t € (t,,ty+1] (v € N§’) that

t —3 p—6—1 P
DY, DY, a(t) = {/0 (t(p)_e)D@x(s)ds v

s MNX(t — t, )x(at0+5—)—0—]

_ZZ ’JZ x(a+60+08— 7)—9—g+1)+

VUJl

= N (t—t, x(a+9+ﬁ—7)—j

Zzbﬂzr a+9+6 7)—y+1)Jr

VO_]l

X(t —t )x(a+9+6—7)+a—j

ZZ ’JZ a+9+ﬁ ’y)—|—a—j+1)+

v= O] 1
)\x t — g )Xx(at0+B8—7)+a—-1
/ ) g(u)du.
(a+0+B8—-7)+a)

Finally, we have for ¢ € (t,, tv+1] that

t n—a—1
0. DS, DY DS, x(t) = [ /O Wp&z)@x(s)ds
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i AX(t —t )x(a+9+ﬁ—v)—a—9—j

_ZZCWZP (a+60+3— W)—a—@—j+1)+

1/0]1

X(t — ¢, )X(at0+p—)—a—j

Z:X:b’]zzl“ a+0+ﬁ 7)—a—]+1)+

VOjl

e NX(t—t )x(a+9+ﬁ—’v)—j

sz’jz x(a+0+ 8 — ’y)*]+1)+

v=0j=1
)\xt_u)x(a+9+ﬁ 7)-1
/ x(e+0+8—7))

g(u)du.

Then
0. DS DS a(t) — ADY, x(t) = g(t), t € (to,tus1], v € NG

It follows that x is a piecewise continuous solution of (3.1).
Step 2. We prove that x satisfies (3.2) if « is a piecewise continuous solution of (3.1).
For t € (to,t1], we have from Lemma 2.7 that there exist constants cg ;, bo ;,do,; such that

l

2(t) =Y cot" TBayorpy s (AT
j=1

P
> b0t T Bavo sy 04s (MO 4
j=1
N

Y dogt P I Ea o1 gy atorgojr(MOTOTITT) 4
j=1

t
/ (t =) By oy 5y arors(AE —5) TP 7)g(s)ds, ¢ € (to, ta]-
0

We know (3.2) holds for v = 0. Suppose that (3.2) holds for v =0,1,2,..., u, i.e.,

= et —t) T Eayorp (Mt — £,) T4

v=0j=1
v p
DD bt =) P B g 0r s (A(E = £,) T4
v=0 j*l
Z Z dyj(t =) T B g4 5y a0t g1 (A = 1,)0T0FI7T) 4
v=0j=1

t
/ (t = )T B arors AL — )™ )g()ds, 1€ (to, by, v € ZE.
0

We will prove that (3.2) holds for v = p + 1. Then by mathematical induction method, we see
that (3.2) holds for all v € Nj*.

In fact, we suppose that

t)+ Z Z Cuj(t = 1) T Baroy s (At —£,) 077+
v=0j=1
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M‘:
VM"@

buj(t = 1) Barorprormjrt (Mt — 1) T4

N
Il

=
<
Il

-

M‘:
.MZ

dyj(t—1,) TP T Ba 01 yators—jrr (At — £,)* TP+

<
Il
<+ o
<
Il
—

S~

We seek ®(t),t € (t,41,tut2). Then for t € (t,41,t,42] we have
(t —s)k=7—1 Q)
D —_ d
1a(t) = [/0 ()]

ptl °© N(t — t,))X(a+0+B=7)+B—7=j

7220”21‘ @t0+8-N+B-7-j+1)

v=0 j=1 x=0

ptl p AX(E — 1, )X(@FH0+6=7)+0+5——j

;};b”zr (@+0+B—7)+0+8—7— ]+1)

pAl N X(t — t,)X(@+0+B=7)+a+0+5-7—j

;J;dﬂzr a+9+5 NAato+B—y—j+1)

/ — u)X x(a+0+B—7)+at6+B—y—1 ol )du+D a0
a+9+ﬁ Vtat0+8-7)7 bi

and for ¢ € (ty,tyt1] (v € Ng) that

Dlalt) =] / =9 0]

()
B v=1 it,uy Mms s twws S v
—{Z)/t ra-p " +/t,u e

20 NX(t —t, )x(et0HF=)—)

_ZZC”ZP a+9+6 N+

VO_]l

X(t—t, x(a+0+ﬁ Y)+0—j

ZZbJZF +9+6 N+0—j+10

l/Ojl

i MNX(t — t, )x(oH0+F—)+ato—j

ZZ ’JZ xX(a+0+8—7)+a+6— ]+1)+

v=0j=1
/t 0 )\X t—u x(a+0+8—~)+a+6—1

xX(a+0+5—7)+a+0) ()du+Du+1q>(t)'

Then for ¢ € (ty,ty41] (v € NO) we have
t —0-1
(t —s)P (»)
o MNX(t — t, )x(at0+F=7)—0—j

_ZZ ’JZ Xat0+8-7) 06—+

v=0j=1

(t =) P Bayos s vyarorsAE—5)* TP )g(s)ds, t€ (bupr,tural.
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v L 0 NX(t — t, )x(et0E8-) =]
;g zz: a+(9+ﬂ 7)_]+1)+

v N e X(t — t,)X(@+0+B-7)+a-j

Zg ’JZF atb+p—7)+a—j+1)

t )X(a+9+,87’y)+a 1 d e, DB o1
/ HEsTEs R oy dwdut Dy, Dy @),

4,

Finally, we have for ¢ € (tu_H, tu+2] that
(n)

)n—a 1

o DY, D, (t) = [Awﬁg_a)papwu)@]

H tot1 (t _ S)n—a—l t (t _ S)n—a 1 (n)
- Y= py.oD? DS D
[02(:)/ T(n—a) 0+0 Dy, x(s)ds + /tu-%—l T(n—a) 0 o+73( s)ds

pAl 1 > NX(t—t )x(a+9+ﬁ*“/)*a*9*j

_ZZ ’JZF (a+60+p3— 7)—a—0—j+1)+

v=0 j=1

ptl p X(t—t, )X(a+6+5—7)—0¢—j

Zzb’]zr (a+60+p3— 7)—04—j+1)+

v=0 j=1

ptl N 0 NX(t — ¢, )X(eH0FB-Y) =i

2.2 d ’JZ a+9+6 ’Y)*]Jrl)—‘r

v=0 j=1

)\x t— w)X(et0+B-7)-1 P
du+ D} DY, ®(t
/‘ Mt 04 p ) Jwdut Dy Dy 20

Then (3.1) implies that
g(t) =Dg. DE. D, a(t) — AD, a(t)
=g(t) + ngﬂpfjﬂpﬂ B(t) — )\DVH (t), t€ (tuyi,tural.

pt1 +1

So
% D! DI @)= AD), x(t)=0, t€ (tys1,tvsal. (3.4)
tu+1 tu+1 t,/+1

V+1
By computing the following derivatives and integrals directly, we also find
I O(tys), D @(tyi) i € NI
M

p+1

0 —1 . —1
If+ Dtﬁ+ ®(ty41), Dt+ Df+ D(tyr1), 1€NT,

p+1 v+1 +1 v+1

k—
(oD%, DYy = ALE ) ®(t40).

w1 Tod . k=n, (3.5)
wﬁpgpﬂ—wmfwuHMeM%
P
(DeTFDY. DF = AL )®(t 1),
ptl v+1 pt1 [L+l
(D7 D, Df+ — D )®(t11), 5 € NL k<o,
pH1 v41 +1

DI Do, Dﬂﬂ@@w4xyeNHm
:

pt1 v41



General solutions of IFDEs 163

(ItrfaDtﬁ Der _)\IZL+_’Y)(P(tV+1)’
pn+1 n+1

pt1 o Cvtl )
(DD DP, —ADYT)®(t,41),j ENITL ks
bupr o tuga g1

_)‘DZ{qu)(tqul)aj €NpLy,
n

are finite.
By using the similar method in the proof of Lemma 2.7 and (3.4), (3.5), there exist constants
Cu+1j, bH+17j7 d,u-&-l,i € R such that

l
O(t) =Y cprri(t — tus1)? T Basorsrypojrr (Mt — tugr)* )+

=1
p .
D bt (=t )P I Bagor sy 041 (A — Eupn) T+
=1
N
D a1 (= 1) B4 s k05— (A = tu1) TPt E (fug, turel.
=

Substituting ® into (3.3), we get that (3.2) holds for v = v + 1. By mathematical induction
method, we know that (3.2) holds for all v € Njj*. So x satisfies (3.2) if z is a piecewise continuous

solution of (3.1). The proof is completed. [J

4. Conclusions

We obtain new general solutions of a class of singular impulsive multi-order fractional differ-
ential equations involving the Riemann-Liouville fractional derivatives. The methods used are
standard, however their exposition in the framework of such kind of problems is new and skillful.

The author strongly believes that the article will highly be appreciated by the researchers
working in the field of impulsive fractional calculus and be helpful for study on the boundary value
problems for impulsive fractional differential equations involving Riemann-Liouville fractional
derivatives and in the nonlinear area and the numerical simulation, especially for study in the
solvability of boundary value problems, initial value problems or numerical solutions of boundary
value problems for impulsive fractional differential equation involving the Rienmann-Liouville

fractional derivatives.
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