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Abstract In this survey, we first present a brief overview of logical algebras. We then discuss
concepts of single-valued neutrosophic K-subalgebras, single-valued neutrosophic soft K-algebras
and single-valued neutrosophic topological K-algebras. Moreover, we discuss various fundamen-
tal concepts which include interior, closure, Cs-connectivity, super connectivity, compactness
and Hausdorffness of single-valued neutrosophic topological K-algebras.
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1. Introduction

The study of algebra of logic also termed as logical algebra is the algebraic study of certain
propositional calculi. This study arose as an attempt to solve logical problems by using algebraic
methods. George Boole [1] was the first who developed the “algebra of logic” in 19th century.
The work of Boole was further developed by Stanley, Peirce, Schréder, Russell and many others.
After the advent of the set theory, propositions and logical operations on them became the main
subject of algebra of logic. In an attempt to generalize the set difference in set theory, Imai and
Iséki introduced the concept of BC K-algebra [2]. Iséki later generalized the concept of BCK-
algebra to BCI-algebra [3]. Interestingly, BC'K algebras found several applications including in
coding theory [4].

A new kind of logical algebra, known as K-algebra, was introduced by Dar and Akram [5].
The K-algebra was built on a group (G, -, e) by adjoining the induced binary operation ® on
G and joined with an abstract K-algebra (G,-,®,e), where e is right identity element of G.
The group G is particularly of the type in which each non-identity element is not of order 2.
This algebraic structure is, in general, non-commutative and non-associative with right identity
element e (see [5,6]). If the given group G is not an elementary abelian 2-group, then the K-
algebra is proper. Thus, a K-algebra K = (G,-,®,¢) is abelian and non-abelian, proper and
improper, purely depends on the base group G. Due to structural basis of group G, it is renamed

as “K(G)-algebra” and characterized by its left and right mappings [7, 8].
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The concepts and results of K-algebras have been broadened to the fuzzy setting frames
by applying Zadeh’s fuzzy set theory and its generalizations [9-17]. In 1998, Smarandache [18]
introduced neutrosophic sets as a generalization of fuzzy sets [19] and intuitionistic fuzzy sets [20].
A neutrosophic set is identified by three functions called truth-membership (T'), indeterminacy-
membership (/) and falsity-membership (F') whose values are real standard or non-standard
subset of unit interval ]70,1%[, where 0 = 0 — ¢, 17 = 1 + ¢, € is an infinitesimal number.
To apply neutrosophic set in real-life problems more conveniently, Smarandache [18] and Wang
et al. [21] defined single-valued neutrosophic sets which take the value from the subset of [0, 1].
Thus, a single-valued neutrosophic set is a representative case of neutrosophic set, and can be
used expediently to deal with real-world problems, especially in decision support.

A wide range of research has been presiding over by many researchers to model the uncer-
tainties present in environmental sciences, medical sciences, social sciences etc. A number of
theories such as the theory of probability, interval mathematics, fuzzy and intuitionistic fuzzy
set theories etc. have been used to overcome these uncertainties. Due to the insufficiency of the
mathematical tool, these theories have not worked so long. As a consequence, the concept of
the soft set was presented by Molodtsov in [22] for modeling vagueness and uncertainty. Soft
set theory considers various parameters subject to the problem to get a reliable solution without
setting membership function. Molodtsov has put this theory in application to different spheres
like game theory, smoothness of functions, operational research etc. In addition, Maji in [23]
initiated the concept of neutrosophic soft set just as a coalition of the neutrosophic set and soft
set to deal with indeterminate data in a more unified manner. The composition of these two
mathematical techniques provided a new mathematical model namely, neutrosophic soft set.

Algebraic structures have a vital place with vast applications in various areas of life. Algebraic
structures provide a mathematical modeling of related study. Neutrosophic set theory has also
been applied to many algebraic structures. Agboola and Davazz introduced the concept of
neutrosophic BCI/BCK-algebras and discuss elementary properties in [24]. Jun et al. [25-27]
defined interval neutrosophic sets on BC'K/BCI-algebra and proposed neutrosophic positive
implicative N-ideals and study their extension property. Currently, work on neutrosophic set
theory and its instances is in advancement. Soft sets have also been applied to K-algebras.
Alshari et al. [17] applied soft set to K-algebras. Akram et al. [10,11,16] introduced the notion
of fuzzy soft K-algebras, intuitionistic fuzzy soft K-algebras, bipolar fuzzy soft K-algebras.
Bakhat and Das [28] introduced the notion of (€, € Vq)-fuzzy subgroups and Yuan et al. [29]
introduced generalized fuzzy subgroups.

A number of set theories and their topological structures have been introduced by many
researchers in order to deal with uncertainities. Chang [30] was the first who introduced the
notion of fuzzy topology. Later, Lowan [31], Pu and Liu [32], Wong [33], Chattopadhyay and
Samanta [34], Lupianez [35] and Hanafy [36] introduced other concepts related to fuzzy topology.
Coker [37,38] introduced the notion of intuitionistic fuzzy topology as a generalization of fuzzy
topology. Salama and Alblowi [39] defined the topological structure of neutrosophic set theory.

These set theories with their topological structures have also been applied to K-algebras. Akram
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and Dar [14,15] introduced the concept of fuzzy topological K-algebras and intuitionistic fuzzy
topological K-algebras. In this survey, we apply neutrosophic set theory to K-algebras. We
organize the rest of the survey article as follows:

In Section 2, we give overview of the concept of K-algebras. In Section 3, we present the
notion of single-valued neutrosophic K-algebras. In Section 4, we study the concept of single-
valued neutrosophic soft K-algebras. In Section 5, we describe the topological structure of single-
valued neutrosophic sets to K-algebras. The same section deals with certain concepts of interior,
closure, C5-connected, super connected, compact and Hausdorff of single-valued neutrosophic

topological K-algebras with numerical examples.
2. K-algebras

A non-associative and non-commutative algebra, K-algebra, was firstly instigated by Dar and
Akram in 2005 (see [5]). A K-algebra is such a structure in which the base group G is explicitly
of the form that each of its non-identity element is not of order two. It is such a structure which
is constructed on a group (G, -, e) by adjoining an induced binary operation ® and connected to

an abstract K-algebra (G, -, ®,e), where e is right identity element of G.

Definition 2.1 ([5]) Let (G,-,e) be a group such that each non-identity element is not of order
2. Let a binary operation ® be introduced on the group G and defined by ©(s,t) = s®t = st~ !
for all s, t € G. If e is the identity of the group G, then:

(1) e takes the shape of right ®-identity and not that of left ®-identity.

(2) Each non-identity element (s # e) is ®-involutionary because s ® s = ss~* = e.

(3) G is ®-nonassociative because (s Ot) Ou=sO (uOt 1) #sO (tou) for all s, y, u € G.
(4) G is ®-noncommutative since s ©t #t© s for all s, t € G.

(5) If G is an elementary Abelian 2-group, then s ©t = s - t.

Definition 2.2 ([5]) A K-algebra is a structure (G, -,®,¢e) on a group G, where ® : GxG — G
defined by ®(s,t) = s ®t = s.t™ Y, if it satisfies the following axioms:

(i) (0o (sou)=(so ot os),
(i) (s0(s0t) = ((s0t)os),

(iii) s®s=e,

(iv) s@e=s,

(v) eos=s"'foralls t,ued.

Example 2.3 Consider K = (G, -, ®, ¢) bea K-algebra, where G = {e, x, 22,23, 2% 25,25, 27, 28}
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is the cyclic group of order 9 and Caley’s table for ® is given as:

O) e x a2 a3 a2t 25 2% 7 28
e | e 8 7 2% 5 2t 2 2% 2
x| x e a8 27 28 5 2t 2?22
22|22 z e 2 7 25 2 2t 28
232’ 22 oz e 2® 2T b 25 ot
2t 2t 2 22 oz e 28 2T a8 b
2|25 2t 2 22 oz e a® 2T af
28 | 28 25 2t 23 2?2 o e a8 2T
27 | 2" 2% b 2t 2 22 oz e 28
a8 | a® 7 28 2 2t 2 2?2 e

Example 2.4 Consider additive groups (%, +,0), (Q,+,0), (R, +,0). Then (Z,+,®,0), (Q,+,®,0),
(R, +,®,0). Form K-algebras with an induced binary operation ®, defined by ®(s,t) =s®t =
s —t for all s,t € G.

Definition 2.5 ([5]) Let K be a K-algebra and let H be a nonempty subset of K. Then H is
called a subalgebra of IC if u ® v € H for all u,v € H.

Definition 2.6 ([5]) Let K; and Ky be two K-algebras. A mapping f : K1 — Ky is called a

homomorphism if it satisfies the following condition:
o flu®v)=f(u)® f(v) forall u,v € K.

Definition 2.7 ([5]) Let K be a K-algebra. Then K is called an Abelian K -algebra if and only
ifu®(e®@v)=v06 (e®u) for all u,v € G.

Definition 2.8 ([5]) Let K be a K-algebra and u be a fixed element of K. Then a mapping
pu 2 K = K, defined by p,(v) = v ®u for all v € K, is called right map of K.

Definition 2.9 ([5]) Let K be a K-algebra and u be a fixed element of K. Then a mapping
pu 2 K — K, defined by p,(v) =u®v for all v € K, is called left map of K.

Definition 2.10 ([5]) Let K be a K-algebra and f be a mapping. Then f : K — K is called an
automorphism of K-algebras if it satisfies the following conditions:
(i) f is an endomorphism of K.

(ii) f is a bijective mapping.

3. Single-valued neutrosophic K-algebras

Akram et al. [40] presented the concept of single-valued neutrosophic K-algebras. This section
is based on [40].

Definition 3.1 A single-valued neutrosophic set A = (Ta,Za,F4) in a K-algebra K is called

a single-valued neutrosophic K-subalgebra of K if it satisfies the following conditions:
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(a) Ta(s ©t) = min{Ta(s), Ta(®)},

(b) Ta(s ©t) = min{Z4(s),Za(t)},

(c) Fals©t) <max{Fa(s),Fa(t)}, for all s,t € G.
>T

Note that Ta(e) > Ta(s), Ta(e) > Za(s), Fale) < Fals), for all s € G.
Example 3.2 Let K = (G,-,®,e) be a K-algebra, where group G is given as G = {e, z, 22, 23, 2*,

25,25, 27, 28} which is the cyclic group of order 9 and Caley’s table for ® is given as:

O] e x a2 a3 a2t 25 2% 7 28
e | e a8 7 28 2 2t ¥ 22 o
x| x e a8 27 28 5 2t 2?22
22|22 z e 2 7 25 2 2t 28
23|23 22 oz e 2® 2T b 25 ot
22t 2 22 oz e 28 2T b 2P
2 |25 2t 23 22 oz e 2B 2T af
28 | 28 25 2t 23 22 o e a8 2T
27| 2" 28 b 2t 22 22 oz e 28
a8 | a2 27 28 2 2t 2 2?2 oz e

We define a single-valued neutrosophic set A = (T4,Z4, F4) in K-algebra as follows:
Tale) = 0.8,Z4(e) = 0.7, Fa(e) = 0.4, and Ta(s) = 0.2,Z4(s) = 0.3, Fa(s) = 0.6, for all
s # e € G. Clearly, A= (Ta,Za,Fa) is a single-valued neutrosophic K-subalgebra of K.

Example 3.3 Consider a K-algebra X = (G,-,®,¢e) on dihedral group D4 given as G =

{e,a,b,c,z,y,u,v}, where ¢ = ab,x = a?,y = a3, u = a®b,v = a3b and Caley’s table for ® is

given as:
®©le a b ¢ x Yy u v
e | e b ¢ =z a uwu v
ala e ¢ u Yy x v b
blb ¢c e y u v x a
clec u a e v b y x
r|lx a u v e y b c
yly = v b a e ¢ u
u|lu v x a b ¢ e y
vi|iv b y x ¢ u a e

We define a single-valued neutrosophic set A = (T4,Z4, F.4) in K-algebra as follows:

Tale) = 0.9,Z4(e) = 0.3, Fa(e) = 0.3, and TA(s) = 0.6,Z4(s) = 0.2,F4(s) = 04, for all
s # e € G. By routine calculations, it is easy to verify that A is a single-valued neutrosophic
K-subalgebra ok K.

Proposition 3.4 If A= (T4,Za,FA) is a single-valued neutrosophic K -subalgebra of K, then
for all s,t € G, we have
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(1) (Tals ©t) = Ta(t) = Ta(s) = Tale)), (Ta(s) = Tale) = Ta(s ©t) > Ta(t)).
(2) Za(s©t) =Za(t) = Za(s) =Zale)), (Za(s) =Zale) = Ta(s ©t) > La(l)).
(3) (Fa(s©t)=Fa(t) = Fa(s) = Fale)), (Fa(s) = Fale) = Fals©t) < Falt)).

Proof (1) Assume that Ta(s ®t) = Ta(t), for all s,t € G. Taking t = e and using (iii) of
Definition 2.1, we have T4(s) = Ta(s ©® e) = Ta(e). Let s,t € G be such that Ta(s) = Ta(e).
Then T4(s ®t) > min{T4(s), Ta(t)} = min{Ta(e), Ta(t)} = Ta(t).

(2) Again assume that Z4(s ®t) = Z4(t), for all s,t € G. Taking t = e and by (iii) of
Definition 2.1, we have Z4(s) = Za(s©e) = Za(e). Alsolet s,t € G be such that Za(s) = Za(e).
Then Za(s ©®t) > min{Za(s), [(t)} = min{Z4(e),Za(t)} = Ta(t).

(3) Consider that F4(s®t) = Fa(t), for all s,¢t € G. Taking t = e, we have F4(s) = Fa(s®O
e) = Fa(e). Let s,t € G be such that F4(s) = Fre). Then Fu(s ©t) < max{F4(s),Fa(t)} =
max{Fa(e), Fa(t)} = Fa(t). This completes the proof. O

Definition 3.5 Let A = (T4,Za,Fa) be a single-valued neutrosophic set in a K-algebra K and
let (o, B,7) € [0,1] x [0,1] x [0,1] with « + 8 + v < 3. Then level subsets of A defined as:

A(a,pr) =15 € G|Ta(s) > a,Za(s) > B, Fa(s) <7},
Aa,py) =15 € GTa(s) 2 a}nN{s € G|Za(s) > B} N{s € G|Fa(s) <},
A(a,ﬂ,’y) = U(TAa Oé) N U,(IA76) N L(]:Aa’)/)

are called («, 8,7) -level subsets of single-valued neutrosophic set A. The set of all («, 3,7) €
Im(74) x Im(Z4) x Im(Z4) is known as image of A = (Ta,Za,Fa). The set A p~) = {5 €
G|Ta(s) > a,Ta(s) > B,Fa(s) <~} is known as strong («, 3,7)-level subset of A.

Proposition 3.6 If A= (T4,Z4,FA) is a single-valued neutrosophic K -subalgebra of K, then
the level subsets U(Ta,a) = {s € G | Ta(s) > a}, U(Za,B) = {s € G|Za(s) > B} and
L(Fa,v) = {s € G|Fa(s) <~} are k-subalgebras of K, for every («, 3,7) € Im(T4) x Im(Z4) X
Im(F4) C [0,1], where Im(74), Im(Z4) and Im(F_4) are sets of values of T(A), Z(A) and F(A),

respectively.

Proof Assume that A = (T4,Z4,F.4) is a single-valued neutrosophic K-subalgebra of K and let
(a, B,7) € Im(T4)xIm(Z 4) xIm(F.4) be such that U(T4, ) # 0,U (Z 4, 8) # 0 and L(F.4,7) # 0.
Now to prove that U,U" and L are level K-subalgebras. Let s,t € U(74, ), Ta(s) > a and
Ta(t) > a. It implies that TA(s © t) > min{7a(s), Ta(t)} > a. It implies that s © t € U(T4, @).
Hence U(T4,«) is a level K-subalgebra of K. Similar result can be proved for U'(Z4,8) and
L(Fa,v)- O

Theorem 3.7 Let A= (T4,Za,Fa) be a single-valued neutrosophic set in K-algebra K. Then
A = (Ta,ZTa,Fa) is a single-valued neutrosophic K-subalgebra of K if and only if A, 3. is a
K-sublagebra of K, for every («, 8,7) € Im(T4) X Im(Z4) x Im(F4) with a + 8+~ < 3.

Proof Let A = (T4,Za,F4) be a single-valued neutrosophic set in a K-algebra K. Assume



A survey on single-valued neutrosophic K -algebras 227

that A = (T4,Za,Fa) be a single-valued neutrosophic K-subalgebra of K, i.e., the following
conditions hold:
(1) Tals ©t) = min{T4(s), Ta(t)
(2) Za(s ©t) = min{Za(s),Za(t)
(3) Fa(s®t) <max{Fa(s), Fa(t)}, forall s,t € G.
Tale) > Ta(s), Za(e) > Tu(s), Fale) < Fa(s), for all s € G.
Let (o, 8,7) € Im(T4) x Im(Z4) x Im(F4) with a+ 3+~ < 3 be such that A, g, # 0. Let
s5,t € A(a,8,y) be such that

2
}

)

Ta(s) > o, Ta(t) > o,
Za(s) = B, Za(t) > 5,
Fa(s) <7, Falt) <~
Without loss of generality we can assume that o < o’ , 8 < 8’ and v >/, then

Ta(s ©t) > a=min{TA(s), Ta(t)},
Ta(sOt) > B =min{Za(s),Za(t)},

Fal(s©t) <v=max{Fa(s), Falt)}.

T4
Iy

It implies that s ©t € A(q,5,4)- S0, A(qa,3,y) is a K-subalgebra of K. Conversely, we suppose
that A, 3,4) is a K-subalgebra of K. If the condition of the Definition 3.1 is not true, then there
exist u,v € G such that

Talu©v) <min{T4(u), Ta(v)},

Za(u®v) <min{Zx(u),Za(v)},

Fa(u©v) > max{Fa(u), Falv)}.
We take

a1 = 3 (Talu ©v) + min{Ta(u). Ta()}),
B1 = 3(Ta(u® v) + min{Za(w), Ta(0)}),
11 = (Falu® ) + min{Fa(w), Fa@))).

We have Tu(u ©®v) < a1 < min{T4(u),Ta(v)}, Za(u ©v) < 1 < min{Z4(u),Za(v)} and
Falu©v) >~ > max{Fa(u), Fa(v)}. It implies that u,v € A g, and u © v & A g, a
contradiction. Therefore, the condition of Definition 3.1 is true. Hence A = (T4,Z4,FA) is a
single-valued neutrosophic k-subalgebra of K. [

Theorem 3.8 Let A = (T4,Z4,Fa) be asingle-valued neutrosophic k-subalgebra and (a1, £1,71),
(02, B2,72) € Im(T4) x Im(Z4) x Im(F.a) with aj + B +; < 3 for j = 1,2. Then A(a, 5,,71) =
Alaspas) if (o1, B1,7m1) = (2, B2, 72)-

Proof If (ala ﬁl 5 71) = (a27 627 72)7 then Cleaﬂy A(al,ﬁl,’yl) = A(ag,ﬁg,’yg) . Assume that A(al,ﬁl,’yl) =
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A(as,Bs,42)- Since (a1, B1,71) € Im(T4) x Im(Z4) x Im(F4), then there exists s € G such that
Ta(s) = a1,Za(s) = p1 and Fa(s) = 1. It follows that s € A, 5,.41) = A(as,Ba,y2)-

Therefore, ay = Ta(s) > ag,81 = Za(s) > B2 and 71 = Fa(s) < v2. Also (ag, 82,72) €
Im(74) x Im(Z 4) x Im(F 4), there exists t € G such that T4(t) = as,Za(t) = B2 and F4(t) = 2.
It follows that ¢ € A(a,,85,7.) = A(ay,81,7:)- Therefore, an = Ta(t) > a1, fo = Za(t) > 1 and
Y2 = Fa(t) < y1. Hence (a1, f1,71) = (a2, f2,72). O

Theorem 3.9 Let H be a K-subalgebra of K-algebra K. Then there exists a single-valued
neutrosophic K-subalgebra A = (T4,Za,Fa4) of K-algebra K such that A = (T4,Za,Fa) = H,
for some «, 8 € (0,1],v € [0,1).

Proof Let A= (T4,Za,FA) be a single-valued neutrosophic set in K-algebra K given as:

a€(0,1], ifse H,
Tats)={ © <O .

0, otherwise.

B8 €(0,1], ifse H,
Za =4 PO .

0, otherwise.

vel0,1), ifseH,

0, otherwise.

.7:,4(8)2{
Let s,t € G. If s,t € H, then s®t € H, and

Ta(s ©t) > min{T4(s), Ta(t)},
Za(s®t) > min{Za(s),Za(t)},
Fa(s ©t) <max{FA(s), Fa(t)}.

(
(

Butif s ¢ Hort ¢ H, then T4(s) =0 or Ta(t),Za(s) =0 or Za(t) and Fa(s) =0 or Fa(t).
It follows that T4(s © t) > min{Ta(s),Ta(t)}, Za(s ©®t) > min{Za(s),Za(t)}, Fa(s®t) <
max{F 4(s), Fa(t)}. Hence A = (Ta,Za,F4) is a single-valued neutrosophic K-subalgebra of
K. Consequently A, 3.y = H.

The above theorem shows that any K-subalgebra of K can be perceived as a level K-

subalgebra of some single-valued neutrosophic K-subalgebras of K. [J

Theorem 3.10 Let K be a K-algebra. Given a chain of K -subalgebras: Ag C A1 C Ay C -+ C
A, = G. Then there exists a single-valued neutrosophic K -subalgebra whose level K -subalgebras

are exactly the K-subalgebras in this chain.

Proof Let {aglk =0,1,...,n}, {Bk|k =0,1,...,n} be finite decreasing sequences and {vx|k =
0,1,...,n} be finite increasing sequence in [0, 1] such that o; + 8; +; < 3, for i =0,1,2,...,n.
Let A = (Ta,Za, Fa) be asingle-valued neutrosophic set in K defined by 74 (Ag) = ap, Za(Ag) =
Bo, Fa(Ao) = Y0, Ta(Ar \ A1) = ak, Za(Ap \ Ax—1) = Br and Fu(Ag \ Ag—1) = v, for
0 < k <n. We claim that A = (T4,Z4,FA) is a single-valued neutrosophic K-subalgebra of K.
Let s,t € G. If 5,t € A \ Ag_1, then it implies that T4(s) = ar = Ta(t),Za(s) = Bx = Za(t)
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and F4(s) =y = Fa(t). Since each Ay is a K-subalgebra, it follows that s ®t € Ai. So that
either s @t € Ay \ Ax—1 or s©Ot € Aix_1. In any case, we conclude that
Ta(s ©t) > ap = min{Ta(s), Ta(t)},
TZa(s©t) > Br = min{Za(s),Za(t)},
Fa(sOt) <y, =max{F4(s), Fa(t)}.
For ¢ > j,if s € A; \ Ai—1 and t € A; \ Aj_1, then Tu(s) = a;, Ta(t) = o, Za(s) = B,
Za(t) = B; and Fa(s) = vi, Fa(t) = v and s ©t € A; because A; is a K-subalgebra and
A; C A;. Tt follows that
Ta(s ©t) > a; = min{Ta(s), Ta(t)},
TZa(sOt) > B; = min{Z(s),Za(t)},
Fa(s©t) <vi = max{Fa(s), Fa(t)}.
Thus, A = (Ta,Za,Fa) is a single-valued neutrosophic K-subalgebra of I and all its non
empty level subsets are level K-subalgebras of K. Since Im(7T4) = {ao, a1,...,an}, Im(Z4) =
{Bo, B1,---,Bu}, Im(Fa) = {70,71,---,7n}, the level K-subalgebras of A = (T4,Za,F4) are
given by the chain of K-subalgebras:
U (Ta,a0) CU(Ta, 1) C - CU(Ta, o) = G,
U/ (IAaﬂo) - U/(IAvﬁl) c---C U/(I.Avﬂ’n) = G7
L(Fa,7%) C L(Fa,m) C -+ CL(Fa, 1) =G,

respectively. Indeed,
U (Ta,a0) = {s € G|Ta(s) > ap} = Ao,
U, (I.Avﬁo) = {S € GlIA(S) Z BO} = AOa
L(Fa:70) = {s € G|Fals) <1} = Ao.

Now we prove that U(Ta,ar) = Ag, U (Za,Bk) = Ar and L(Fa, ) = Ag, for 0 < k < n.
Clearly, A C U(Ta,ar), Ax C U (Za,0k) and Ay C L(Fa, k). If s € U(Ta, ar), then Ta(s) >
ai and so s ¢ A;, for i > k.

Hence T4(s) € {ap,a1,...,ax} which implies that s € A;, for some ¢ < k since A; C Ag. Tt
follows that s € Aj.

Consequently, U(74,ar) = A for some 0 < k < n. Similar case can be proved for
U(Z4,Bk) = Ax. Now if t € L(Fa,vk), then Fu(s) < v and so t ¢ A;, for some j < k.
Thus, Fa(s) € {y0,71,---,7} which implies that s € A;, for some j < k. Since A; C Ay, It
follows that t € Aj.

Thus, L(Fa,vk) = Ak, for some 0 < k < n. The proof is completed. O

4. Single-valued neutrosophic soft K-algebras

Akram et al. [41,42] discussed single-valued neutrosophic soft K-algebras. This section is
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due to [41,42].

Definition 4.1 Let (¢,M) be a single-valued neutrosophic soft set (SNSS) over K. The pair
(¢, M) is called a single-valued neutrosophic soft K-subalgebra of K if the following conditions
are satisfied:

() Tou(s ©1) = min{Te, (), T, (1)},

(i) Te,(s 1) = min{Zg, (5), Zc, (O},

(iii) Fe,(s ©t) < max{F¢,(s), Fe¢,(t)} for all s,t € G.

A single-valued neutrosophic soft K-algebra also satisfies the following properties:

Teo (e) = T (s), I, (e) > I, (s),
Feo(€) < Feo(s) for all s # e € G.

Example 4.2 Consider a K-algebra K = (G,-,®,e) , where G is the cyclic group of order 9

given as G = {e,w, w?, w3, w* w®, w8 w”,wd}. Consider the following Cayley’s table:
© e w w2 w owt w W W wd
e e w® w w W wt w w? w
wlw e w w o w W w* w Ww?
w? w2 w o e wd W w W wt w?
wd | wd o w? ow e wd W wt W w?
wh | wt wd w? w e wd W' wt W
wh | wb wt wd w? w e w® W' WS
wh | wh wb wt wd w? o w e w® W’
w | w w W wt w? wr w e W
wd | wd w wb W w' w w? o ow e

Consider a set of parameters M = {l1,l2,l3, } and a set-valued function ¢ : M — P(G), where
the membership, indeterminacy-membership and non-membership values of the elements of G

at parameters lq, lo, 3 are given as:
(1) Te, (e) = 0.9, 7, (e) = 0.3, Fa, (e) = 0.3, Ta, (s) = 0.6, Iy, (s) =0.2, Fa, (s) =04,
(ii) T, (e) =0.8, Z¢,, (e) = 0.7, F¢,_ (e) = 0.4, T¢,, (s) = 0.7, I, (s) = 0.6, F¢,, (s) = 0.5,
(iii) ¢, (e) = 0.9, I, (e) = 0.6, F¢,, (e) = 0.6, T¢,, (s) = 0.8, I, (s) = 0.5, F¢,, (s) = 0.7
for all s # e € G. The function ( is defined as:
¢(11) ={(e,0.9,0.3,0.3), (w,0.6,0.2,0.4), (w?,0.6,0.2,0.4), (w*,0.6,0.2,0.4),
(w*,0.6,0.2,0.4), (w®,0.6,0.2,0.4), (w%,0.6,0.2,0.4),
(w",0.6,0.2,0.4), (w®,0.6,0.2,0.4)},
C(ls) ={(e,0.8,0.7,0.4), (w,0.7,0.6,0.5), (w?,0.7,0.6,0.5), (w*,0.7,0.6,0.5),
(w*,0.7,0.6,0.5), (w®,0.7,0.6,0.5), (w%,0.7,0.6,0.5),
(w",0.7,0.6,0.5), (w®,0.7,0.6,0.5)},
¢(I3) ={(e,0.9,0.6,0.6), (w,0.8,0.5,0.7), (w?,0.8,0.5,0.7), (w*,0.8,0.5,0.7),
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(w*,0.8,0.5,0.7), (w®,0.8,0.5,0.7), (w%,0.8,0.5,0.7),
(w",0.8,0.5,0.7), (w®,0.8,0.5,0.7)}.
Consider a set N = {l1,l2} of parameters and a set-valued function n : N — P(G), where the
membership, indeterminacy-membership and non- membership values of the elements of G at
parameters [, o are defined as:
(i) Tn, () =0.9,7, (e) =08, Fy (e) =0.2, Ty (s) = 0.5, I, (s) = 0.2, F, (s) =0.5,
(ii) Ty, (e) = 0.3, Iy, (e) = 0.5, Fy,, (e) = 0.6, Ty, (s) = 0.1, Zp,, (s) = 0.4, Fy, (s) = 0.8
for all s # e € G. The function 7 is defined as:
n(l1) ={(e,0.9,0.8,0.2), (w,0.5,0.2,0.5), (w?,0.5,0.2,0.5), (w®,0.5,0.2,0.5),
(w?*,0.5,0.2,0.5), (w®,0.5,0.2,0.5), (w®,0.5,0.2,0.5),
(w”,0.5,0.2,0.5), (w®,0.5,0.2,0.5)},
n(l2) ={(e,0.3,0.5,0.6), (w,0.1,0.4,0.8), (w?,0.1,0.4,0.8), (w?,0.1,0.4,0.8),
(w*,0.1,0.4,0.8), (w®,0.1,0.4,0.8), (w®,0.1,0.4,0.8),
(w”,0.1,0.4,0.8), (w®, 0.1,0.4,0.8)}.
Evidently, the set (¢,M) and the set (n,N) are SNSSs. Since ((f), n(f) are single-valued
neutrosophic K-subalgebrasfor all § € M and 6 € N. It concludes that the pairs ({,M), (n,N)

are single-valued neutrosophic soft K-subalgebras.

Example 4.3 Consider K-algebra on dihedral group D4 given as G = {e,a,b,c,w,x,y, 2},

where ¢ = ab,w = a?, 2 = a3,y = a?b, z = a>b and Caley’s table for © is given as:
©le a b ¢ w T Yy =z
ele x b ¢ w a y =z
a|la e ¢ y x w z b
b|b ¢ e z y z w a
clec y a e z b x w
wlw a Yy z e x b ¢
r|lx w z b a e ¢ y
yly 2z w a b ¢ x
z|lz b x w ¢ y a e

Consider a set of parameters M = {ly, 12,13, } and a set-valued function ¢ : M — P(G), where
the membership, indeterminacy-membership and non-membership values of the elements of G
at parameters lq, lo, 3 are given as:

(i) Tg, (e) =0.7, I (e) = 0.7, F¢, (e) = 0.3, T¢, (s) = 0.5, I, (s) = 0.2, F¢, (s) = 0.7,

(ii) T¢,(e) =0.9, Z¢, (e) = 0.8, F¢,, (e) = 0.4, T¢,, (s) = 0.2, I, (s) = 0.2, F¢,, (s) = 0.9,

(iil) T¢,,(e) = 0.5, I¢,, (e) = 0.5, F¢,, (e) = 0.3, T, (s) = 0.1, Z¢, (s) = 0.3, F¢,, (s) = 0.8
for all s # e € G. The function ( is defined as:

(1) ={(e,0.7,0.7,0.3), (a,0.5,0.2,0.7), (b,0.5,0.2,0.7), (¢, 0.5,0.2,0.7),
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(w,0.5,0.2,0.7), (,0.5,0.2,0.7), (y,0.5,0.2,0.7), (,0.5,0.2,0.7)},
¢(l2) ={(e,0.9,0.8,0.4), (a,0.2,0.2,0.9), (b,0.2,0.2,0.9), (¢, 0.2,0.2,0.9),

(w,0.2,0.2,0.9), (z,0.2,0.2,0.9), (y,0.2,0.2,0.9), (z,0.2,0.2,0.9)},
¢(I3) ={(e,0.5,0.5,0.3), (a,0.1,0.3,0.8), (b,0.1,0.3,0.8), (¢, 0.1,0.3,0.8),

(w,0.1,0.3,0.8), (,0.1,0.3,0.8), (y,0.1,0.3,0.8), (2,0.1,0.3,0.8)}.

Consider a set N = {l1,l2} of parameters and a set-valued function n : N — P(G), where the

truth, indeterminacy and falsity membership values of the elements of G at parameters [1, > are
defined as:

(i) Tn, (e) =0.8,I, (e) =08, Fy (e) =0.2, Ty, (s) = 0.6, Z,, (s) = 0.3, F, (s) = 0.7,

(ii) Ty, (e) = 0.6, Z,,, (e) = 0.4, Fy,, (e) = 0.3, Ty, (s) = 0.5, I, (s) = 0.4, Fy, (s) = 0.9
for all s # e € G. The function 7 is defined as:

n(ly) ={(e,0.8,0.8,0.2), (a,0.6,0.3,0.7), (b, 0.6,0.3,0.7), (¢, 0.6,0.3,0.7),
(v,0.6,0.3,0.7), (z,0.6,0.3,0.7), (y,0.6,0.3,0.7), (z,0.6,0.3,0.7)},

n(l2) ={(e,0.6,0.4,0.3), (a,0.5,0.4,0.9), (b, 0.5,0.4,0.9), (c, 0.5,0.4,0.9),
(w,0.5,0.4,0.9), (2,0.5,0.4,0.9), (y,0.5,0.4,0.9), (2,0.5,0.4,0.9)}.

Obviously, the set (¢,M) and (,N) are SNSSs. Since for § € M and 6 € N, the sets (), n(6)
are single-valued neutrosophic K-subalgebras. This concludes that the pair (¢, M) and (n,N) are

single-valued neutrosophic soft K-subalgebras.

Proposition 4.4 Let (¢,M) and (n,N) be two single-valued neutrosophic soft K-subalgebras.
Then the extended intersection of ((,M) and (n,N) is a single-valued neutrosophic soft K-

subalgebra.

Proof For any 6 € Q, following three cases arise.

First Case. If # € M — N, then 9(0) = ((0) and () being single-valued neutrosophic K-
subalgebra implies that ¥(6) is also a single-valued neutrosophic K-subalgebra since (¢,M) is a
SNS K-subalgebra.

Second Case. If § € N — M, then ¥(6) = n(0) and 7n(#) being single-valued neutrosophic
K-subalgebra implies that ¢() is a single-valued neutrosophic K-subalgebra since (n,N) is a
SNS K-subalgebra.

Third Case. Now if § € M NN, then ¥(0) = ¢(0) Nn(6) which is again a single-valued neutro-
sophic K-subalgebra of K. Thus, in any case, 9(0) is a single-valued neutrosophic K-subalgebra.
Consequently, (¢, M) Ne, (n,N) is a over K-algebra K-subalgebra over K. OJ

Proposition 4.5 If (¢,M) and (n,N) are two SNS K -subalgebras over K, then (¢,M) A (n,N)
is an SNS K-subalgebra.

Proof Let (I,m) € Q, ¢(I), ¢(m) be single-valued neutrosophic K-subalgebras of I, where
Q = M x N, which implies that ¥(l,m) = ((I) N n(m) is also a single-valued neutrosophic K-
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subalgebra over K. Hence (¢,M) A (n,N) is an SNS K-subalgebra of K. O

Proposition 4.6 If ((,M) and (n,N) are two SNS K-subalgebras and ((I) C n(l) for alll € M,
then (¢, M) is an SNS K-subalgebra of (n,N).

Proof Since (¢,M) and (n,N) are SNS K-subalgebras and ((I), n(l) be two single-valued neu-
trosophic K-subalgebras also {(I) C n(l). Therefore, (¢,M) is an SNS K-subalgebra of (n,N). O

Definition 4.7 Let (¢,M) be a single-valued neutrosophic soft over Z. Then for each a, 8,7 €
[0,1], the set (¢, M)(@8:7) = (¢(@B:7) M) is called an (v, (3, 7)- level soft set of (¢, M) and defined
as:

P = (Tey >, Te, > B, Fe, <), forall 6 € M.

Theorem 4.8 If ((,M) is a single-valued neutrosophic soft set over K, then ({,M) is a single-
valued neutrosophic soft K-subalgebra if and only if (¢,M)(®#7) is a soft K-subalgebrafor all
a, B,y € [0,1].

Proof Consider that ({,M) is an SNS K-subalgebra. Then for all «, 8,y € [0,1], § € M and
uy,ug € Co P, Te, (ur) > a, Te, (u2) > a, e, (ur) > B, I, (uz) > B, Fe,(ur) < 7, Fe, (uz) < .

It follows that T¢, (w1 @ua) > min(Te, (u1), Te, (u2)) > o, Ze, (w1 ®(u2)) > min(Ze, (u1), Ze, (u2))
> B, Feo(ur © (u2)) < max(Fea(uy), Fe,(u2)) < v, which implies that u; ®ug € (p(*#7). Hence
Co(@P7) is a soft K-subalgebrafor all a, 3,7 € [0,1]. Converse part is obvious. [

Definition 4.9 Let ¢ and p be two functions, where ¢ : S1 — S2 and p : M — N and M and N
are subsets of universe of parameters R from Sy and Ss, respectively. The pair (¢, p) is said to

be a single-valued neutrosophic soft function from S7 to Ss.

Definition 4.10 Let the pair (v, p) be a single-valued neutrosophic soft function from K; in-
to Ko, then the pair (¢, p) is called a single-valued neutrosophic soft homomorphism if ¢ is a
homomorphism from Ky to Ko and said to be a single-valued neutrosophic soft bijective homo-

morphism if ¢ is an isomorphism from Ky to s and p is an injective map from M to N.

Definition 4.11 Let (¢,M) and (n,N) be two single-valued neutrosophic soft sets over G; and
G2, respectively and let (¢, p) be SNS function from G; into Go. Then under the single-valued
neutrosophic soft function (p, p), image of ((,M) is a single-valued neutrosophic soft set on Ko,
denoted by (p, p)(¢,M) and defined as for all | € p(M) and v € Ga, (¢, p)((,M) = (¢(¢), p(M)),
where

To0),(v) = { Vo= Vo= Galw); ifuep=(v),

1, otherwise,

Z,

©), () = { vw(")zv Vp(a)zl Calw), ifu € p~i(v),

1, otherwise,

/\go(u):v /\p(a):l Ca(u)? ifu S pil(v)v
0, otherwise.

Fo),(v) = {
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Under the single-valued neutrosophic soft function (p,p), preimage of (n,N) is denoted as
(0, p)~(n,N) and defined as for alla € p~*(N) and for allu € G4, (¢, p) " (n,N) = (p~1(n), p~1(N)),

where

Theorem 4.12 Let (¢, p) be a single-valued neutrosophic soft homomorphism from Ky to Ko
and (n,N) be a single-valued neutrosophic soft K-subalgebra on Ko. Then (p,p)~1(n,N) is an
SNS K-subalgebra on K.

Proof Assume that uq,us € K1, then we have

0 (Top) (w1 © uz) = Ty, (91 © u2)) = Ty, (0(ur) © p(un)),
o~ (Top) (w1 © u) > min{Ty,, (0(w1)), Ty M(@( 2))};

0™ (Toe) (w1 © uz) = min{ep™! (To ) (wr), " (T, ) (u2) },

07 (Zny) (ur © ua) = Iy ) ((ur © ua)) = Iy, (9(ur) © p(ur)),

0~ (Zny) (w1 © un) > min{Zy, ., (0(ur)), Ly, ) (0(u2))

0~ (Zne) (w1 © up) = min{ep™ (Zy, ) (wr), ¢ (Zy, ) (u2) },

P~ (Fao) (ur © uz) = Fy ) (01 © u2)) = Fyy ) (9(u1) © (un)),
P~ (F) (w1 © uz) < max{Fy, ,, (£(u1)), o, (0(u2))},

o (Fg) (w1 © up) < max{p™ (Fy, ) (ur), 7" (Fy, ) (u2)}-

Therefore, (¢, p)~*(n,N) is SNS K-subalgebra over K;. O]

Remark 4.13 Let ({,M) be a single-valued neutrosophic soft K-subalgebra and let (¢, p) be a
single-valued neutrosophic soft homomorphism from K; into K2. Then (¢, p)(¢, M) may not be

a single-valued neutrosophic soft K-subalgebra over ICs.

5. Neutrosophic topological K-algebras

Akram et al. [43] studied certain notions of neutrosophic topological K-algebras. This section
is due to [43].

Definition 5.1 Let Z be a nonempty set. A collection x of single-valued neutrosophic sets in
Z is called a single-valued neutrosophic topology on Z if the following conditions hold:

(a) Osn,1lsn € Xx;

(b) If A,B € x, then AN\ B € x;

(c) If A; € x, Vi € I, then J;c; A;i € x.
The pair (Z,x) is called a single-valued neutrosophic topological space. Each member of x

is said to be x-open or single-valued neutrosophic open set (SNOS) and compliment of each
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open single-valued neutrosophic set is a single-valued neutrosophic closed set (SNCS). A discrete
topology is a topology which contains all single-valued neutrosophic subsets of Z and indiscrete

if its elements are only Dsn, 1on.

Definition 5.2 Let A = (T4,Za,F4) be a single-valued neutrosophic set in K. Then A is
called a single-valued neutrosophic K-subalgebra of K if following conditions hold for A:

(i) Tale) = Ta(s), Zale) > Za(s), Fale) < Fals).

(ii) Ta(sOt) > min{T4(s), Ta(t)}, Za(sOt) > min{Z4(s),Za(t)}, Fa(sOt) < max{Fa(s), Fa(t)}
Vs, tek.

Example 5.3 Consider a K-algebra K = (G, -, ®, e), where group G = {e, x, 22, 23, 2%, 25,25, 27, 28}

is the cyclic group of order 9 and Caley’s table for ® is given as:

O) e x a2 a3 a2t 25 2% 7 28
e | e a8 7 28 2 2t 2% 22 2
x| x e a8 27 2% 5 2t ¥ a2
22|22 e 2 7 25 2 2t o8
23|23 22 oz e 2% 2T a8 25 ot
2t 2t 2 22 oz e 28 2T b 2P
2|25 2t 2 22 oz e 2B 2T af
28 | 2% 25 2t 23 22 o e a8 2T
27 | 2" 28 b 2t 2P 22 oz e 28
a8 | a® 7 28 2 2t 2 2?2 e

We define a single-valued neutrosophic set A, B in K such that:

A =1{(e,0.4,0.5,0.8), (s,0.3,0.4,0.7)},
B = {(e,0.3,0.4,0.8), (s,0.2,0.3,0.7)}

V s # e € G. According to Definition 5.1, the family {0sn,1lsn, .4, B} of single-valued neu-
trosophic sets of K-algebra is a single-valued neutrosophic topology on K. We define a single-
valued neutrosophic set A = {T4,Za,Fa} in K such that T4(e) = 0.7,Z4(e) = 0.5, F4(e) = 0.2,
Ta(s) =0.2,Z4(s) =04, Fa(s) =0.6. Clearly, A= (T4,Z4,Fa)is an SN K-subalgebra of K.

Definition 5.4 Let K = (G,-,®,¢e) be a K-algebra and let xx be a topology on K. Let A be
a single-valued neutrosophic set in K and let xx be a topology on K. Then an induced single-
valued neutrosophic topology on A is a collection or family of single-valued neutrosophic subsets
of A which are the intersection with A and single-valued neutrosophic open sets in K defined as:
xa={ANF :F € xx}. Then x4 is called single-valued neutrosophic induced topology on A
or relative topology and the pair (A, x4) is called an induced topological space or single-valued

neutrosophic subspace of (K, xx).

Definition 5.5 Let (K1, x,) and (K2, x,) be two single-valued neutrosophic topologies and let
f:(Ki,x,) = (Kayx,)- Then f is called single-valued neutrosophic continuous if following
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conditions hold:
(i) For each single-valued neutrosophic set A € x,, f~1(A) € x,.
(ii) For each SN K-subalgebra A € x,, f~'(A) is an SN K-subalgebra € Y, .

Definition 5.6 Let (K1, x,) and (K2, x,) be two single-valued neutrosophic topologies and let
(A, x4) and (B, xB) be two single-valued neutrosophic subspaces over (K1, x,) and (K2, x,). Let
f be a mapping from (Ki,x,) into (Ka,x,). Then f is a mapping from (A, x4) to (B, xg) if
f(A) C B.

Definition 5.7 Let f be a mapping from (A, x4) to (B, xs). Then f is relatively single-valued
neutrosophic continuous if for every SNOS Yg in x5, f~1(Yz) N A € xa.

Definition 5.8 Let f be a mapping from (A, x.4) to (B, xg). Then f is relatively single-valued
neutrosophic open if for every SNOS X 4 in x 4, the image f(X4) € xB.

Proposition 5.9 Let (A, x4) and (B, xg) be single-valued neutrosophic subspaces of (K1, x,)
and (K2, x,), where K1 and Ko are K-algebras. If f is a single-valued neutrosophic continuous
function from Ky to KCo and f(A) C B. Then f is relatively single-valued neutrosophic continuous

function from A into B.

Definition 5.10 Let (K1,x,) and (Kq,x,) be two single-valued neutrosophic topologies. A
mapping f : (K1, x,) — (Ka, x,) Is called a single-valued neutrosophic homomorphism if following
conditions hold:

(i) f is a one-one and onto function.

(ii) f is a single-valued neutrosophic continuous function from Ky to K.

(iii) f~ is a single-valued neutrosophic continuous function from Ko to K;.

Theorem 5.11 Let (K1,x,) be a single-valued neutrosophic topology and (K2, x,) be an in-
discrete single-valued neutrosophic topology on K-algebras K1 and Ko, respectively. Then each
function f defined as: f: (K1,x,) = (Kq,x,) is a single-valued neutrosophic continuous function
from Ky to Ko. If (K1, x,) and (K, x,) are two discrete single-valued neutrosophic topology K1
and Ky, respectively, then each homomorphism f : (K1,x,) = (K2, x,) is a single values neutro-

sophic continuous function from K1 to Ko.

Proof Let f be a mapping defined as f : K1 — Ka. Let x, be single-valued neutrosophic
topology on K; and y, be single-valued neutrosophic topology on Kq, where x, = {0sn,1sn}-
We show that f~!(A) is a single-valued neutrosophic K-subalgebra of K1, i.e., for each A € ¥,
f7YA) € x,. Since x, = {Psn,1lsn}, then for any u € y,, consider sy € x, such that
1 0s) () = Osi (£ () = Osiv ().

Therefore, (f~*(Dsn)) = Dsn € X, Likewise, (f~(1sn)) = lsn € X,. Hence f is an SN
continuous function from Ky to Ks.

Now, for the second part of the theorem, where both x, and x, are single-valued neutrosophic
topology on K; and Ks, respectively and f : (K1, x,) = (Kq,x,) is a homomorphism. Therefore,
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for all A € x, and f~1A € x,, where f is not a usual inverse homomorphism. To prove that

fY(A) is a single-valued neutrosophic K-subalgebra in of K;. Let for u,v € Ky,

FHTD (o) =Talf(u ©v)) = Ta(f(u) © f(v))
Zmin{7a(f(uw)) © T(f(v)}
=min{f ™ (Ta) (), f~H(Ta) (v)},

FHZA(u O w) =Za(f(u © v)) = Za(f(u) © f(v))
Zmin{Z4(f(w) © L f(v))}
=min{f~"(Za)(w), f 7 (Za)(v)},

FHFD)(w®v) =Fa(f(u©v)) = Falf(u) © f(v)
<max{Fa(f(u)) © F(f(v))}
=max{f ™" (Fa)(w), T (Fa)(v)}.

Hence f is a single-valued neutrosophic continuous function from C; to KCo. O

Proposition 5.12 Let x, and x, be two single-valued neutrosophic topologies on K. Then each

homomorphism f : (K, x,) — (K, x,) is a single-valued neutrosophic continuous function.

Proof Let (K,x1) and (K, x,) be two single-valued neutrosophic topologies, where K is a K-
algebra. To prove the above result, it suffices to show that the result is false for a particular
topology. Let A = (Ta,Za,Fa) and B = (Tp,Zp, Fi) be two single-valued neutrosophic sets
in K. Take x1 = {@sn,1lsn, A} and x2 = {Osn,1sn, B} If f: (K, x1) = (K,X,), defined
by f(u) = e ®u, for all w € K. Then f is a homomorphism. Now, for u € A, v € ¥,,
(f~1(B))(u) = B(f(u)) = Ble®u) = B(u),Vu € K, i.e., f~1(B) = B. Therefore, (f~1(B)) ¢ x,-

Hence f is not a single-valued neutrosophic continuous mapping. [J

Definition 5.13 Let K = (G, ,©,¢) be a K-algebra and x be a single-valued neutrosophic
topology on K. Let A be a single-valued neutrosophic K-algebra (K -subalgebra) of K and x 4 be
a single-valued neutrosophic topology on A. Then A is said to be a single-valued neutrosophic
topological K-algebra (K-subalgebra) on K if the self mapping p, : (A, x4) — (A, x4) defined

as pq(u) =u®a, Va € K, is a relatively single-valued neutrosophic continuous mapping.

Theorem 5.14 Let x, and x, be two single-valued neutrosophic topology on K1 and Ka, re-
spectively and f : K1 — K2 be a homomorphism such that f~1(x2) = x1. If A= {Ta,Za,Fa}
is a single-valued neutrosophic topological K-algebra of Ky, then f~1(A) is a single-valued neu-

trosophic topological K-algebra of K.

Proof Let A = {T4,Za,Fa} be a single-valued neutrosophic topological K-algebra of K.
We prove that f~1(A) is a single-valued neutrosophic topological K-algebra of K;. Let for any
u,v € Kq,

Tr-1(a)(w©v) = Ta(f(u©v)) >min{Ta(f(u)), Ta(f(v))}
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= min{Ty-1 () (), Tr-1(a)(v)},
Zp-1a)(wov) =Za(f(u©v)) = min{Za(f(u)), Za(f(v))}
= min{Zy-1 ) (), Zg-1(a) (v)},
Fr1)(uov) = Fa(f(u©v)) < max{Fa(f
= max{Fp-1(4)(u), Fr-1(4)(v

), Falf(v))}

(
)}
Hence f~!(A) is a single-valued neutrosophic K-algebra of ;.

Now, we prove that f~1(A) is single-valued neutrosophic topological K-algebra of ;. Since
f is a single-valued neutrosophic continuous function, by Proposition 5.12, f is also a relatively
single-valued neutrosophic continuous function which maps (f~1(A), x F-1e4)) to (A, xa)-

Let a € K1 and Y be a single-valued neutrosophic set in x4, and let X be a single-valued
neutrosophic set in xs-1(4) such that

fY(y)=X. (5.1)

We are to prove that p, : (f7'(A), xp-1(a)) = (f7'(A),xs-1(a)) is relatively single-valued
neutrosophic continuous mapping, then for any a € 1, we have

Tpgl(x)(u) x)(pa(u)) = Tixy(u© a)
= 7} (w©a) =Ty (f(uoa)
=Tw)(f(u) © f(a)) = TY)(Pf ) (f(w)))
=T 15y (f() = T -1 (p7 (V)(w),
Z,1x)(u) = Zix)(pa(u) = I(X)(UQG)

= If 1) (u©a) =Ly (f(u®a))

=Ziy)(f(w) © f(a)) = Ly (psa) (f(w)))

= Ty sy (FW)) = Ty (07 (V) (),

For1x0) () = Frxy(pa(u) = Fix)(u©a)

=Fram(uoa) = f(Y (fu©a))

= Fo)(f(u) © f(a)) = Fy)(psa) (f(w)))

= F s gy (F0) = F (ol (V) ().
It concludes that p; 1(X) = f‘l(p;(la) (Y)). Thus, p; 1/(X)Nf~1(A) = f‘l(p;(la)(Y))ﬂf_l(A) is
a single-valued neutrosophic set in f~!(A) and a single-valued neutrosophic set in x f-1(4)- Hence

f71(A) is a single-valued neutrosophic topological K-algebra of K. The proof is completed. (]

Theorem 5.15 Let (Ky,x,) and (Ka, x,) be two single-valued neutrosophic topologyies on Ky
and Ko, respectively and let f be a bijective homomorphism of K1 into Ko such that f(x1) = Xa.
If A is a single-valued neutrosophic topological K-algebra of K1, then f(A) is a single-valued
neutrosophic topological K-algebra of KCs.

Proof Suppose that A = {T4,Z4,F4} is an SN topological K-algebra of ;. We are to prove
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that f(A) is a single-valued neutrosophic topological K-algebra of K. Let for u,v € Ko,

F(A) = (foup (TA) (0), foup (Za) (v), fins (Fa) (v))-
Let a, € f~(u), b, € f~1(v) such that

sup  Ta(z) =Talao), sup Ta(z)=Ta(bo),

z€f~1(u) zef~1(v)
sup Za(z) =Za(ao), sup Za(x)=TZa(b,),
z€f—1(u) z€f~1(v)
inf — Fala,), inf — Falby).
et Falz) = Falao) xe}gl(v)}}t(x) Falbo)
Now
Tt (uov) = Slll(p )TA(Z') > Talae,bo) > min{Ta(a,), Ta(bo)}
ze€f~1(u®v
=min{ sup Ta(z), sup Ta(z)}
zef~1(u) z€f~1(v)
= min{7;4)(w), Ty (v)},
Zya(uov) = fSIIIF )IA(I) > Za(ae,bo) > min{Z4(ao), Za(bo)}
zef~1(u®v
=min{ sup Za(z), sup Za(x)}
z€f~1(u) z€f~1(v)
= min{Zf(A) (u),If(A)(U)},
Fra(uov) = ijrll(f 5 )}'A(x) < Falae, bo) < max{F4(a,), Fa(bo)}
=max{ inf Fy(x), inf Fy(z
(_inf Fa(@), il Fa@)

= max{Fya)(u), Fra)(v)}.

Hence f(A) is a single-valued neutrosophic K-subalgebra of Ky. Now, we prove that the self
mapping pp : (f(A),xr(A)) = (f(A),xr(A)), defined by py(v) = v © b, for all b € Ky is a
relatively single-valued neutrosophic continuous mapping. Let Y4 be a single-valued neutrosophic
set in x 4. There exists a single-valued neutrosophic set “Y” in x; such that Y4 =Y Nn.A. We

show that for a single-valued neutrosophic set in x (4,

pw(Yea)) N f(A) € Xpea)-

Since f is an injective mapping, f(Y4) = f(YNA) = f(Y)N f(A) is a single-valued neutrosophic
set in x ¢(4) which shows that f is relatively single-valued neutrosophic open. Also f is surjective,
then for all b € Ky,a = f(b), where a € K. Now

Tr=100-10 V) (W) = Tr=1-1 1 @)Yy ) (W) = Tp1 (@) (v ) (f ()
=Ty (Pra)(f(1) = Ty u) (f(w) © f(a))
=Tr1(v;a) (WO @) = Ty-1(v; 1) (Pa(w))
= To 1) (7 (Vi) (w),

L1001, (Vra)) (W) = Zp=1(0=1 () (V) (W) = Lp=1 5 a) (v ) (F (1)
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= Ziyy ) (Pr(a)(f (1) = Ly ) (f (1) © f(a))
=Ti-1(vu) (@ ©a) =Ty-1(v; ) (Pa(u))
=T 1,0 (7 (Vi) (),
Fr100-10(v5a) (W) = Fr=1(0-1 () (V5 ) (W) = Fom1 (@) (v ) (F ()
= Fvpea) (Pr) (F(w) = Fryy ) (f(1) © f(a))
=Fr1(vyu) WO a) = Fro1(v; ) (Palw))
= Fpra) (T (V) (w).
This implies that fﬁl(P(_bi((Yf(A)))) = P(_al)(ffl(Y(A))). Since pg @ (A, x4) = (A, xa4) is rela-
tively single-valued neutrosophic continuous mapping and f is relatively single-valued neutro-
sophic continues mapping from (A, x.a) into (f(A),xfa)). Thus, f_l(p(;;((Yf(A)))) NA=
p(_al)(f’l(Y(A))) NA is a single-valued neutrosophic set in 4. Hence f(f ' (p@)((Yy(a))))NA) =
p(_bi(Yf( 4)) N f(A) is a single-valued neutrosophic set in x 4, which completes the proof. (]

Example 5.16 Let K = (G,-,®,¢) be a K-algebra, where G = {e,z, 22,23, 2%, 2% 2%, 27, 28}
is the cyclic group of order 9 and Caley’s table for ® is given in Example 5.3. We define a
single-valued neutrosophic set as:

A ={(e,0.4,0.5,0.8), (s,0.3,0.4,0.6)},
B = {(e,0.3,0.4,0.8), (s,0.2,0.3,0.6)},

for all s # e € G, where A,B € [0,1]. The collection xx = {0sn,1sn,.A, B} of single-valued
neutrosophic sets of K is a single-valued neutrosophic topology on K and (K, x i) is a single-valued

neutrosophic topology. Let C be a single-valued neutrosophic set in I, defined as:
C ={(e,0.7,0.5,0.2), (5,0.5,0.4,0.6)}, Vs#ecG.

Clearly, C is a single-valued neutrosophic K-subalgebra of IC. By direct calculations relative topol-
ogy Xc is obtained as x¢ = {0.4,1.4,.A}. Then the pair (C,xc) is a single-valued neutrosophic
subspace of (K, xx). We show that C is a single-valued neutrosophic topological K-subalgebra
of K, i.e., the self mapping p, : (C, xc) — (C, xc) defined by p,(u) = v ® a,Va € K is relatively
single-valued neutrosophic continuous mapping, i.e., for an SNOS A in (C, xc), pz 1 (A)NC € xc-
Since p, is homomorphism, then p;1(A) NC = A € xc. Therefore, p, : (C,xc) — (C,xc) is rel-
atively single-valued neutrosophic continuous mapping. Hence C is a single-valued neutrosophic

topological K-algebra of K.

Example 5.17 Let K = (G,-,®,¢) be a K-algebra, where G = {e,z, 22,23, 2%, 2%, 2%, 27, 28}
is the cyclic group of order 9 and Caley’s table for ® is given in Example 5.3. We define a
single-valued neutrosophic set as:

A ={(e,04,0.5,0.8), (5,0.3,0.4,0.6) },

B ={(e,0.3,0.4,0.8), (s,0.2,0.3,0.6)},

D = {(e,0.2,0.1,0.3), (s,0.1,0.1,0.5)},
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for all s # e € G, where A, B € [0,1]. The collection x1 = {0sn,1lsn, D} and x2 = {bsn, Lsn,
A, B} of single-valued neutrosophic sets of K are single-valued neutrosophic topology on K and
(K,x1), (K, x2) are two single-valued neutrosophic topologies. Let C be a single-valued neutro-
sophic set in (K, x2), defined as:

€ ={(e,0.7,0.5,0.2), (5,0.5,0.4,0.6)}, Vs#e€q.

Now, let f : (K,x1) — (K,x2) be a homomorphism such that f~!(x2) = x1 (we have not
considered K to be distinct). Then by Proposition 5.9, f is a single-valued neutrosophic con-
tinuous function also f is relatively single-valued neutrosophic continues mapping from (K, x1)
into (X, x2). Since C is a single-valued neutrosophic set in (K, x2) and with relative topology
xc = {04,14, A} is also a single-valued neutrosophic topological K-algebra of (K, x2). We prove
that f~1(C) is a single-valued neutrosophic topological K-algebra in (K, x1). Since f is a contin-
uous function, by Definition 5.5 f~1(C) is a single-valued neutrosophic K-subalgebra in (K, x1).
To prove that f~1(c) is a single-valued neutrosophic topological K-algebra, then for b € K; take

py: (FHC), xp-1(0) = (FTHC), xp-1(0))

for A € xp-1(cy,py (A) N fHC) € xf-1(c) which shows that f~1(C) is a single-valued neu-
trosophic topological K-algebra in (K, x1). Similarly we can show that f(C) is a single-valued

neutrosophic topological K-algebra in (I, x2) by considering a bijective homomorphism.

Definition 5.18 Let x be a single-valued neutrosophic topology on K and (K, x) be a single-
valued neutrosophic topology. Then (K, ) is called single-valued neutrosophic Cs-disconnected
topological space if there exist an SNOS and SNCS H such that H = (Tx, Ly, Fu, ) # lsn and
H = (Tu,Zu, Fu,) # Osn, otherwise (K, x) is called single-valued neutrosophic Cs-connected.

Example 5.19 Every indiscrete single-valued neutrosophic topology space on K is Cs-connected.

Proposition 5.20 Let (K1,x1) and (K2, x2) be two single-valued neutrosophic topologies and
f i (Ki,x1) — (Ka,x2) be a surjective single-valued neutrosophic continuous mapping. If
(K1, x1) is a single-valued neutrosophic Cs-connected space, then (Kq, x2) is also a single-valued

neutrosophic Cs-connected space.

Proof Suppose on contrary that (Ko, x2) is a single-valued neutrosophic Cs-disconnected s-
pace. Then by Definition 5.18, there exist both SNOS and SNCS H such that H # 1gy and
H # Dsn. Since f is a single-valued neutrosophic continuous and onto function, f~1(H) = 1gnx
or f7Y(H) = Dsn, where f~1(H) is both SNOS and SNCS. Therefore,

H=f(f"'(H) = f(lsn) = 1sn, H=F(fT'(H)) = f(Dsn) = Dsn,
a contradiction. Hence (Ka, x2) is a single-valued neutrosophic Cj-connected space. [J

Corollary 5.21 Let x be a single-valued neutrosophic topology on K. Then (K, x) is called a
single-valued neutrosophic Cs-connected space if and only if there does not exist a single-valued
neutrosophic continuous map f : (K, x) — (Fr, xr) such that f # lgy and f # Dgn.
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Definition 5.22 Let A = {T4,Z4,Fa} be a single-valued neutrosophic set in K. Let x be a
single-valued neutrosophic topology on K. The interior and closure of A in K is defined as:
A™: The union of SNOSs contained in A.
AC°:The intersection of SNCSs for which A is a subset of these SNCSs.

Remark 5.23 Being union of SNOS, A" is an SNO and A®° being intersection of SNCS is
SNC.

Theorem 5.24 Let A be a single-valued neutrosophic set in a single-valued neutrosophic topol-

ogy (K,x). Then A™ is such an open set which is the largest open set of K contained in A.

Corollary 5.25 A = (Ta,Za, Fa)isan SNOS in K if and only if A" = A and A = (T4, Za, Fa)
is an SNCS in K if and only if A = A.

Proposition 5.26 Let A be a single-valued neutrosophic set in K. Then following results hold
for A:

(i) (1gn)™ =1gn.

(ii) (szlo =0sn-

(iii) (A = (A,

(iv) () = (A,

Definition 5.27 Let K be a K-algebra and x be a single-valued neutrosophic topology on K.
An SNOS A in K is said to be single-valued neutrosophic regular open if A = (A1)t

Remark 5.28 Every SNOS which is regular is single-valued neutrosophic open and every single-

valued neutrosophic closed and open set is a single-valued neutrosophic regular open.

Definition 5.29 A single-valued neutrosophic super connected K-algebra is such a K -algebra in
which there does not exist a single-valued neutrosophic regular open set A = (Ta,Z, F) such
that A # Osy and A # 1gn. If there exists such a single-valued neutrosophic regular open set
A = (Ta,Za,Fa) such that A # Qsy and A # 1gy, then K-algebra is said to be a single-valued

neutrosophic super disconnected.

Example 5.30 Let K = (G,-,®,e) be a K-algebra, where G = {e,z, 22,23, 2%, 2% 2%, 27, 28}
is the cyclic group of order 9 and Caley’s table for ® is given in Example 5.3. We define a

single-valued neutrosophic set as:
A ={(e,0.2,0.3,0.8), (5,0.1,0.2,0.6) }.

Let xx = {0sn, 1sn, A} be a single-valued neutrosophic topology on K and let B = {(e,0.3,0.3,0.8),
(5,0.2,0.2,0.6)} be a single-valued neutrosophic set in K. Here

SNOSs: sy = {0,0,1}, 15y = {1,1,0}, A = {(¢,0.2,0.3,0.8), (5,0.1,0.2,0.6) }.

SNCSs: (0sn)® = ({0,0,1})¢ = ({1,1,0}) = 1sn, (Lsn)® = ({1,1,0})¢ = ({0,0,1}) = Osn,
(A)° = ({(e,0.2,0.3,0.8), (5,0.1,0.2,0.6)})¢ = ({(e,0.8,0.3,0.2), (5,0.6,0.2,0.1)}) = A’ (say).

Then closure of B is the intersection of closed sets which contain B. Therefore, A’ = BC°. Now,
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interior of B is the union of open sets contained in . Therefore,
Dsn | JA=A, A=B"

Note that (B¢©)¢le = Bl Now, if we consider a single-valued neutrosophic set A = {(e, 0.2, 0.3,
0.8),(s,0.1,0.2,0.6)} in a K-algebra K and if xx = {0sn, 1sn,.A} is a single-valued neutrosophic
topology on K, then (A)€"° = A and (A)™ = A. Consequently, A = (A®°)™* which shows
that A is an SN regular open set in K-algebra K. Since A is an SN regular open set in K and
A # (Osn, A# 1gn, then by Definition 5.29, K-algebra K is a single-valued neutrosophic supper

disconnected K-algebra.

Proposition 5.31 Let K be a K-algebra and let A be an SNOS. Then the following statements
are equivalent:

(i) A K-algebra is single-valued neutrosophic super connected.

(ii) (A)C° = 1gn, for each SNOS A # Dgn.

(iii) (A)M = (g, for each SNCS A # 1gy.

(iv) There do not exist SNOSs A, F such that A C F and A # sy # F in K-algebra K.

Definition 5.32 Let (K, x) be a single-valued neutrosophic topology, where K is a K-algebra.
Let S be a collection of SNOSs in K denoted by S = {(Ta;,Za;,Fa;):Jj € J}. Let A be an
SNOS in K. Then S is called a single-valued neutrosophic open covering of A if A C |JS.

Definition 5.33 Let K be a K-algebra and (K, x) be a single-valued neutrosophic topology.
Let L be a finite sub-collection of S. If L is also a single-valued neutrosophic open covering of
A, then it is called a finite sub-covering of S and A is called single-valued neutrosophic compact
if each single-valued neutrosophic open covering S of A has a finite sub-cover. Then (K, x) is

called compact K-algebra.

Remark 5.34 If either K is a finite K-algebra or x is a finite topology on I, i.e., consists
of finite number of single-valued neutrosophic subsets of K, then the single-valued neutrosophic

topology (K, x) is a single-valued neutrosophic compact topological space.

Proposition 5.35 Let (K1,x1) and (K2, x2) be two single-valued neutrosophic topologies and
f be a single-valued neutrosophic continuous mapping from K1 into IC5. Let A be a single-valued
neutrosophic set in (KC1,x1) . If A is single-valued neutrosophic compact in (K1, x1), then f(A)

is single-valued neutrosophic compact in (Ka, x2)-

Proof Let f : (Ki,x1) = (K2,x2) be a single-valued neutrosophic continuous function. Let
S = (f7*(A; : j € J)) be a single-valued neutrosophic open covering of A since A is a single-
valued neutrosophic set in (K, x1). Let L= (A; : j € J) be a single-valued neutrosophic open
covering of f(A). Since A is compact, there exists a single-valued neutrosophic finite sub-cover
Uj—1 f7'(A;) such that

AcJr ).
j=1
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We have to prove that there also exists a finite sub-cover of L for f(A) such that f(A) C
Un (.A]) Now

j=1
n

AC U A, rA < rlJr A

j=1 Jj=1

FA < JUuH ), £ < ).

j=1 j=1

J
Hence f(A) is single-valued neutrosophic compact in (K, x2). O
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