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Abstract The aim of the present paper is to investigate some sufficient conditions for starlikeness

and convexity of two new operators Eγ
α,λ and Hl

m(α1) related to the generalized Mittag-Leffler

function Eγ
α,λ and the generalized hypergeometric function, defined in the unit disk, respectively.

The results presented here make connections to some of the earlier known developments.
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1. Introduction

Let A denote the class of all functions of the form

f(z) = z +

∞∑
n=2

anz
n, (1.1)

which are analytic in the open unit disk

U = {z ∈ C and |z| < 1}.

Denote by S the subclass of A consisting of all univalent functions f in U. Let S∗(β),K(β)

denote the subclass of A consisting of f which satisfy

ℜ(zf
′(z)

f(z)
) > β and ℜ(1 + zf ′′(z)

f ′(z)
) > β

for some real β (0 ≤ β < 1), respectively. A function f ∈ K(β) is said to be convex of order

β in U and f ∈ K(β) is said to be starlike of order β in U. Note that f ∈ K(β) if and only if

zf ′(z) ∈ S∗(β), and that f ∈ S∗(β) if and only if
∫ z

0
f(t)
t dt ∈ K(β). We say that S∗(0) ≡ S∗

and K(0) ≡ K.

1.1. The generalized Mittag-Leffler
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A two-parameter Mittag-Leffler function (see [1, 2]) is defined as

Eα,λ(z) =

∞∑
n=0

zn

Γ(αn+ λ)
, z ∈ U, α, λ ∈ C,ℜα > 0, (1.2)

where Γ(·) denotes the Gamma function. For λ = 1, its one-parameter form [3] is shown as

Eα(z) =
∞∑

n=0

zn

Γ(αn+ 1)
= Eα,1(z), z ∈ U, α ∈ C,ℜα > 0. (1.3)

The three-parametric Mittag-Leffler function (or Prabhakar function)

Eγ
α,λ(z) =

∞∑
n=0

(γ)n
Γ(αn+ λ)

zn

n!
, z ∈ U, α, λ, γ ∈ C,ℜα > 0,ℜγ > 0, (1.4)

introduced by Prabhakar [4] where

(µ)n =

{
1, n = 0

µ(µ+ 1) · · · (µ+ n− 1), n ∈ N

is the well-known Pochhammer symbol.

Note that

E1
α,λ(z) = Eα,λ(z) and E1

α,1(z) = Eα(z).

In virtue of (1.4), the recurrence relations for the function Eγ
α,λ(z) can be easily established

γEγ+1
α,λ (z) = γEγ

α,λ(z) + z(Eγ
α,λ(z))

′, z ∈ U. (1.5)

Having a glimpse of the recent research works, we may find variety of vast potential of

applications associated with Mittag-Leffler type functions. The applications can be related to

applied problems, neural networks, probability, statistical distribution theory, etc. For a detailed

account of properties, generalizations and applications of Mittag-Leffler function, one may refer

to the works [5–13].

Geometric properties including starlikeness, convexity and close-to-convexity for the Mittag-

Leffler function Eα,λ(z) were recently investigated by Bansal and Prajapat [14]. Certain results

on partial sums of the function Eα,λ(z) were also obtained in [15]. Second-order and third-

order differential subordination and superordination results for functions Eγ
α,λ(z) were recently

investigated by [16,17].

However, the Mittag-Leffler defined by (1.4) does not belong to the class A. Therefore, we

consider the following modified Mittag-Leffler function

Eγ
α,λ(z) = Γ(λ)zEα,λ(z) = z +

∞∑
n=1

Γ(λ)(γ)n
Γ(αn+ λ)

zn+1

n!
, α, λ, γ ∈ C, z ∈ U,ℜα > 0,ℜγ > 0. (1.6)

Whilst the above mentioned formula defined by (1.4) holds for complex-valued parameters

α, λ, γ and z ∈ C, yet throughout the paper we shall restrict our attention to the case of real-

valued parameters α, λ, γ with α, λ, γ > 0 and z ∈ U.
Observing that the modified version Mittag-Leffler function Eγ

α,λ contains such well-known
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functions as its special cases
E1
1,1(z) = zez, E2

1,1(z) = zez(z + 1),

E1
2,1(z) = z cosh(

√
z), E2

2,1(z) = z cosh(
√
z) + 1

2z
√
z sinh(

√
z),

E1
2,2(z) =

√
z sinh(

√
z)− 2, E2

2,2(z) =
1
2 (
√
z sinh(

√
z) + z cosh(

√
z),

E1
2,3(z) = 2 cosh(

√
z)− 2, E1

2,4(z) = 6( sinh(
√
z)√

z
− 1).

(1.7)

Making use of the function Eγ
α,λ given by (1.6), a new operator E γ

α,λ : A → A can be defined,

in terms of Hadamard product, as follows

Eγ
α,λf(z) = (Eγ

α,λ ∗ f)(z) = z +
∞∑

n=1

Γ(λ)(γ)nan+1

Γ(αn+ λ)

zn+1

n!
, z ∈ U. (1.8)

From definition (1.8) and the equalities (1.5), we obtain the following recurrence relations for

the operator Eγ
α,λf(z)

z(Eγ
α,λf(z))

′ = γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z), z ∈ U. (1.9)

We deduce that

E1
0,1f(z) = f(z); E2

0,1f(z) = zf ′(z); E3
0,1f(z) =

1

2
z2f ′′(z) + zf ′(z).

1.2. The generalized hypergeometric function

For

αj ∈ C, j = 1, . . . , l and βj ∈ C \ Z−
0 , Z−

0 := {0,−1,−2, . . .}; j = 1, . . . ,m,

the generalized hypergeometric function lFm(α1, . . . , αl;β1, . . . , βm; z) is defined by the infinite

series

lFm(α1, . . . , αl;β1, . . . , βm; z) :=

∞∑
n=0

(α1)n · · · (αl)n
(β1)n · · · (βm)n

zn

n!
,

l ≤ m+ 1; l,m ∈ N0 := N ∪ {0}; z ∈ U.

Dziok and Srivastava [18] introduced the liner operator

H(l,m)(α1, . . . , αl;β1, . . . , βm) : A −→ A,

defined by

H(l,m)(α1, . . . , αl;β1, . . . , βm)f(z) := [zlFm(α1, . . . , αl;β1, . . . , βm)] ∗ f(z),

l ≤ m+ 1; l,m ∈ N0; z ∈ U. (1.10)

If f ∈ A given by (1.1), then

H(l,m)(α1, . . . , αl;β1, . . . , βm)f(z) = z +
∞∑

n=1

(α1)n · · · (αl)n
(β1)n · · · (βm)n

an+1
zn+1

n!
, n ∈ N.

For convenience, write

H l
m(α1) := H(l,m)(α1, . . . , αl;β1, . . . , βm), l ≤ m+ 1; l,m ∈ N0.
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Remark 1.1 When m = 0, the denominator (β1)n · · · (βm)n can be seen as no appearance. We

can easily get

H1
0 (1)f(z) = f(z); H1

0 (2)f(z) = zf ′(z); H1
0 (3)f(z) =

1

2
z2f ′′(z) + zf ′(z).

By view of (1.10), we can deduce that

z(H l
m(α1)f)

′(z) = α1H
l
m(α1 + 1)f(z)− (α1 − 1)H l

m(α1)f(z). (1.11)

In recent years, some researchers have obtained many interesting results related to the Dziok-

Srivastava operator [19–24]. In fact, the Dziok-Srivastava linear operator includes some special

cases of linear operator [25–29].

In the present paper, we obtain certain sufficient conditions for two kinds of operators

H l
m(α1)f(z) ∈ S∗(β), H l

m(α1)f(z) ∈ K(β) and Eγ
α,λf(z) ∈ S∗(β), Eγ

α,λf(z) ∈ K(β). The

results present here generalizes some earlier well-known interesting works.

To prove our main results, we will need the following lemmas.

Lemma 1.2 ([30]) If f ∈ A and satisfies |f ′(z)− 1| < 2√
5
(z ∈ U), then f ∈ S∗.

Lemma 1.3 ( [30]) If f ∈ A and satisfies | arg f ′(z)| < π
2 δ (z ∈ U), then f ∈ S∗, where

δ = 0.6165 · · · is the unique root of the equation 2 tan−1(1− δ) + (1− 2δ)π = 0.

Lemma 1.4 ([31]) If f ∈ A and satisfies |f ′′(z)| < 1√
5
= 0.4472 · · · (z ∈ U), then f ∈ K.

2. Main results

From an application of Lemma 1.2, we get Theorem 2.1.

Theorem 2.1 If f ∈ A and satisfies∣∣(Eγ
α,λf(z)

z
)

1
1−β (

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)− 1 + β
∣∣ (2.1)

<
2√
5
(1− β), z ∈ U, (2.2)

where 0 ≤ β < 1, then Eγ
α,λf(z) ∈ S∗(β).

Proof Let f ∈ A. Define the function p(z) by

p(z) = (
Eγ
α,λf(z)

zβ
)

1
1−β = z +

Γ(λ)γ

Γ(α+ λ)

a2
1− β

z2 + · · · , (2.3)

then p(z) ∈ A, and

p′(z) =
1

1− β
(
Eγ
α,λf(z)

z
)

1
1−β × (

z(Eγ
α,λf(z))

′

Eγ
α,λf(z)

− β).

Combining (1.9), we get

p′(z) =
1

1− β
(
Eγ
α,λf(z)

z
)

1
1−β ×

(γ(Eγ+1
α,λ f(z))′

Eγ
α,λf(z)

− (γ − 1)− β
)
, (2.4)
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by means of the condition of (2.1), we get

|p′(z)− 1| = 1

1− β

∣∣(Eγ
α,λf(z)

z
)

1
1−β (

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)− 1 + β
∣∣ < 2√

5
.

Applying Lemma 1.2 gives p(z) ∈ S∗. Since

zp′(z)

p(z)
=

1

1− β

(γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β
)
,

we have ℜ(γE
γ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)) > β (z ∈ U), that is Eγ
α,λf(z) ∈ S∗(β). �

Let β = 1
2 , β = 0 in Theorem 2.1, respectively. We get following results.

Corollary 2.2 If f ∈ A and satisfies

∣∣(Eγ
α,λf(z)

z
)2(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− γ +
1

2
)− 1

2

∣∣ < 1√
5
= 0.4472 · · · , z ∈ U,

then Eγ
α,λf(z) ∈ S∗( 12 ).

Corollary 2.3 If f ∈ A satisfies

∣∣γEγ+1
α,λ f(z)

z
−

(γ − 1)Eγ
α,λf(z)

z
− 1

∣∣ < 2√
5
, z ∈ U,

then Eγ
α,λf(z) ∈ S∗.

Let α = 0, λ = γ = 1 in Corollary 2.3. We get

Corollary 2.4 If f ∈ A and satisfies

|
E1
0,1f(z)

z
− 1| < 2√

5
, z ∈ U,

then f ∈ S∗.

Remark 2.5 Corollary 2.4 can be seen as Lemma 1.2, since E2
0,1f(z) = zf ′(z).

Remark 2.6 Let α = 0, λ = γ = 1 in Theorem 2.1. We get [31, Theorem 2.1].

Applying Lemma 1.3, we show

Theorem 2.7 If f ∈ A and satisfies

∣∣ arg(Eγ
α,λf(z)

z
) + (1− β) arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)
∣∣ < π

2
δ(1− β), z ∈ U, (2.5)

for some real β (0 ≤ β < 1), then Eγ
α,λf(z) ∈ S∗(β), where δ = 0.6165 · · · is the unique root of

the equation of 2 tan−1(1− δ) + (1− 2δ)π = 0.

Proof Suppose that p(z) is given by (2.3), then, from (2.4) we know that

| arg p′(z)| =
∣∣ 1

1− β
arg(

Eγ
α,λf(z)

z
) + arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)
∣∣
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=
1

1− β

∣∣ arg(Eγ
α,λf(z)

z
) + (1− β) arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)
∣∣

By virtue of Lemma 1.3, if the condition

1

1− β

∣∣ arg(Eγ
α,λf(z)

z
) + (1− β) arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1)− β)
∣∣ < π

2
δ

holds, then p(z) ∈ S∗, which implies that Eγ
α,λf(z) ∈ S∗(β). This completes the proof of the

theorem. �
Let β = 1

2 , β = 0 in Theorem 2.7, respectively. We get following results.

Corollary 2.8 If f ∈ A and satisfies the condition

∣∣ arg(Eγ
α,λf(z)

z
) +

1

2
arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− γ +
1

2
)
∣∣ < π

4
δ, z ∈ U,

then Eγ
α,λf(z) ∈ S∗( 12 ), where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1 −

δ) + (1− 2δ)π = 0.

Corollary 2.9 If f ∈ A and satisfies

∣∣ arg(Eγ
α,λf(z)

z
) + arg(

γEγ+1
α,λ f(z)

Eγ
α,λf(z)

− (γ − 1))
∣∣ < π

2
δ, z ∈ U,

then Eγ
α,λf(z) ∈ S∗, where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1− δ) +

(1− 2δ)π = 0.

Let α = 0, λ = γ = 1 in Corollary 2.9. We get following corollary.

Corollary 2.10 If f ∈ A and satisfies the condition∣∣ arg(E1
0,1f(z)

z
) + arg(

E2
0,1f(z)

E1
0,1f(z)

)
∣∣ < π

2
δ, z ∈ U,

then f ∈ S∗, where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1−δ)+(1−2δ)π =

0.

Remark 2.11 Corollary 2.10 can be seen as Lemma 1.3, since E1
0,1f(z) = f(z), E2

0,1f(z) =

zf ′(z).

Remark 2.12 Let α = 0, λ = γ = 1 in Theorem 2.7. We get [31, Theorem 2.3].

Theorem 2.13 If f ∈ A and satisfies

∣∣( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z
)

1
1−β (γ(γ + 1)Eγ+2

α,λ f(z)+

γ(1− β − 2γ)Eγ+1
α,λ f(z)− (γ − 1)(1− β − γ)Eγ

α,λf(z))− 1 + β
∣∣

<
2√
5
(1− β), z ∈ U, (2.6)

where 0 ≤ β < 1, then Eγ
α,λf(z) ∈ K(β).
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Proof Let f ∈ A. Suppose that p(z) has the following form

p(z) =

∫ z

0

(
(Eγ

α,λf(t))
′) 1

1−β dt = z +
Γ(λ)γ

Γ(α+ λ)

a2
1− β

z2 + · · · . (2.7)

Let

g(z) = zp′(z) = z
(
(Eγ

α,λf(z))
′) 1

1−β = z +
Γ(λ)γ

Γ(α+ λ)

2a2
1− β

z2 + · · · ,

then p(z) ∈ A, g(z) ∈ A and

g′(z) =
(
(Eγ

α,λf(z))
′) β

1−β
(
(Eγ

α,λf(z))
′ +

1

1− β
z
(
Eγ
α,λf(z)

)′′)
=

1

1− β

( (z(Eγ
α,λf(z))

′)
β

1−β

z
1

1−β

)
((1− β)z(Eγ

α,λf(z))
′ + z2(Eγ

α,λf(z))
′′).

Combining (1.3), (1.10) and (1.11), we get

g′(z) =
1

1− β

( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z

) 1
1−β ×(

γ(γ + 1)Eγ+2
α,λ f(z) + γ(1− β − 2γ)Eγ+1

α,λ f(z)−

(γ − 1)(1− β − γ)Eγ
α,λf(z)

)
. (2.8)

By the condition (2.6), we derive that

|g′(z)− 1| = 1

1− β

∣∣( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z

) 1
1−β ×(

γ(γ + 1)Eγ+2
α,λ f(z) + γ(1− β − 2γ)Eγ+1

α,λ f(z)−

(γ − 1)(1− β − γ)Eγ
α,λf(z)

)
− 1 + β

∣∣ < 2√
5
, (2.9)

so that g(z) = zp′(z) ∈ S∗, which is equivalent to p(z) ∈ K.

Noting that
zp′′(z)

p′(z)
=

1

1− β

z(Eγ
α,λf(z))

′′

(Eγ
α,λf(z))

′ ,

we know

ℜ(1 + zp′′(z)

p′(z)
) = ℜ(1 + 1

1− β

z(Eγ
α,λf(z))

′′

(Eγ
α,λf(z))

′ ) > 0, z ∈ U,

thus, Eγ
α,λf(z) ∈ K(β). Theorem 2.13 is completely proved. �

Let β = 0 in Theorem 2.13. We get following corollary.

Corollary 2.14 If f ∈ A and satisfies the condition

|
γ(γ + 1)Eγ+2

α,λ f(z) + γ(1− 2γ)Eγ+1
α,λ f(z) + (γ − 1)2Eγ

α,λf(z)

z
− 1| < 2√

5
, z ∈ U,

then Eγ
α,λf(z) ∈ K.

If we let α = 0, λ = γ = 1 in Corollary 2.14, we get following corollary.

Corollary 2.15 If f ∈ A and satisfies the condition

|
2E3

0,1f(z)− E2
0,1f(z)

z
− 1| < 2√

5
, z ∈ U,



282 Xiaoyuan WANG

then f ∈ K.

Remark 2.16 Let α = 0, λ = γ = 1 in Theorem 2.13. The result coincides with [31, Theorem

3.1].

Theorem 2.17 If f ∈ A and satisfies

∣∣ arg ( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z

)
+

(1− β) arg
(
γ(γ + 1)Eγ+2

α,λ f(z) + γ(1− β − 2γ)Eγ+1
α,λ f(z)−

(γ − 1)(1− β − γ)Eγ
α,λf(z)

)∣∣ < π

2
(1− β), z ∈ U,

where 0 ≤ β < 1, then Eγ
α,λf(z) ∈ K(β), where δ = 0.6165 · · · is the unique root of the equation

of 2 tan−1(1− δ) + (1− 2δ)π = 0.

Proof Suppose that p(z) is given by (2.7), and g(z) = zp′(z). Then, from (2.8) we can obtain

g′(z) =
1

1− β

( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z

) 1
1−β ×(

γ(γ + 1)Eγ+2
α,λ f(z) + γ(1− β − 2γ)Eγ+1

α,λ f(z)− (γ − 1)(1− β − γ)Eγ
α,λf(z)

)
.

From an application of Lemma 1.3, we get

| arg g′(z)| =
∣∣ 1

1− β
arg

( [γEγ+1
α,λ f(z)− (γ − 1)Eγ

α,λf(z)]
β

z

)
+

arg
(
γ(γ + 1)Eγ+2

α,λ f(z) + γ(1− β − 2γ)Eγ+1
α,λ f(z)−

(γ − 1)(1− β − γ)Eγ
α,λf(z)

)∣∣ < π

2
δ,

where z ∈ U, thus g(z) ∈ S∗, which equivalent to p(z) ∈ K, implies that Eγ
α,λf(z) ∈ K(β). �

Remark 2.18 Let α = 0, λ = γ = 1 in Theorem 2.17. The result coincides with [31, Theorem

3.3].

Theorem 2.19 If f ∈ A and satisfies

∣∣γEγ
α,λf(z)

z2
(
Eγ+1
α,λ f(z)

Eγ
α,λf(z)

− 1)
∣∣ < 1√

5
= 0.4472 · · · , z ∈ U,

then Eγ
α,λf(z) ∈ S∗.

Proof Let f ∈ A. If g(z) has the form

g(z) =

∫ z

0

Eγ
α,λf(t)

t
dt = z +

∞∑
n=1

Γ(λ)γ

2Γ(α+ λ)

a2
1− β

z2 + · · · .

A simple calculation yields

g′′(z) =
γEγ

α,λf(z)

z2
(
Eγ+1
α,λ f(z)

Eγ
α,λf(z)

− 1).
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Combining with (1.11), we have

|g′′(z)| =
∣∣γEγ

α,λf(z)

z2
(
Eγ+1
α,λ f(z)

Eγ
α,λf(z)

− 1)
∣∣ < 1√

5
= 0.4472 · · · , z ∈ U.

From an application of Lemma 1.4 comes out g(z) ∈ K. Since

ℜ(1 + zg′′(z)

g′(z)
) = ℜ(

z(Eγ
α,λf(z))

′

Eγ
α,λ

) > 0, z ∈ U,

the proof of Theorem 2.19 is completed. �

Remark 2.20 Let m = 0, l = α1 = 1 in Theorem 2.17. The result coincides with [31, Theorem

4.1].

In the following we will give several results associated with the generalized hypergeometric

function. The method and the process of the proofs that we use are the same as above mentioned

and we choose to omit here.

By application of Lemma 1.2, we get Theorem 2.21.

Theorem 2.21 If f ∈ A and satisfies the condition∣∣(H l
m(α1)f(z)

z

) 1
1−β

(α1H
l
m(α1 + 1)f(z)

H l
m(α1)f(z)

− (α1 − 1)− β
)
− 1 + β

∣∣ (2.10)

<
2√
5
(1− β), z ∈ U, (2.11)

where 0 ≤ β < 1, then H l
m(α1)f(z) ∈ S∗(β).

Let β = 1
2 , β = 0 in Theorem 2.21, respectively. We get following results.

Corollary 2.22 If f ∈ A and satisfies the condition∣∣(H l
m(α1)f(z)

z

)2(α1H
l
m(α1 + 1)f(z)

H l
m(α1)f(z)

− α1 +
1

2

)
− 1

2

∣∣ < 1√
5
= 0.4472 · · · , z ∈ U,

then H l
m(α1)f(z) ∈ S∗( 12 ).

Corollary 2.23 If f ∈ A satisfies the condition

|α1H
l
m(α1 + 1)f(z)

z
− (α1 − 1)H l

m(α1)f(z)

z
− 1| < 2√

5
, z ∈ U,

then H l
m(α1)f(z) ∈ S∗.

Let m = 0, l = α1 = 1 in Corollary 2.23. We get

Corollary 2.24 If f ∈ A and satisfies the condition |H
1
0 (2)f(z)

z − 1| < 2√
5
(z ∈ U), then f ∈ S∗.

Remark 2.25 Corollary 2.24 can be seen as Lemma 1.2, since H1
0 (2)f(z) = zf ′(z).

Remark 2.26 Let m = 0, l = α1 = 1 in Theorem 2.21. We get [31, Theorem 2.1].

Applying Lemma 1.3, we show
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Theorem 2.27 If f ∈ A and satisfies the condition∣∣ arg(H l
m(α1)f(z)

z
) + (1− β) arg(

α1H
l
m(α1 + 1)f(z)

H l
m(α1)f(z)

− (α1 − 1)− β)
∣∣

<
π

2
δ(1− β), z ∈ U, (2.12)

for some real β (0 ≤ β < 1), then H l
m(α1)f(z) ∈ S∗(β), where δ = 0.6165 · · · is the unique root

of the equation of 2 tan−1(1− δ) + (1− 2δ)π = 0.

Let β = 1
2 , β = 0 in Theorem 2.27, respectively. We get the following results.

Corollary 2.28 If f ∈ A and satisfies the condition∣∣ arg(H l
m(α1)f(z)

z
) +

1

2
arg(

α1H
l
m(α1 + 1)f(z)

H l
m(α1)f(z)

− α1 +
1

2
)
∣∣ < π

4
δ, z ∈ U,

then H l
m(α1)f(z) ∈ S∗( 12 ), where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1−

δ) + (1− 2δ)π = 0.

Corollary 2.29 If f ∈ A and satisfies the condition∣∣ arg(H l
m(α1)f(z)

z
) + arg(

α1H
l
m(α1 + 1)f(z)

H l
m(α1)f(z)

− (α1 − 1))
∣∣ < π

2
δ, z ∈ U,

then H l
m(α1)f(z) ∈ S∗, where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1 −

δ) + (1− 2δ)π = 0.

Let m = 0, l = α1 = 1 in Corollary 2.29. We get the following corollary.

Corollary 2.30 If f ∈ A and satisfies the condition∣∣ arg(H1
0 (1)f(z)

z
) + arg(

H1
0 (2)f(z)

H1
0 (1)f(z)

)
∣∣ < π

2
δ, z ∈ U,

then f ∈ S∗, where δ = 0.6165 · · · is the unique root of the equation of 2 tan−1(1−δ)+(1−2δ)π =

0.

Remark 2.31 Corollary 2.30 can be seen as Lemma 1.2, since H1
0 (1)f(z) = f(z), H1

0 (2)f(z) =

zf ′(z).

Remark 2.32 Let m = 0, l = α1 = 1 in Theorem 2.27. We get [31, Theorem 2.3].

Theorem 2.33 If f ∈ A and satisfies the condition∣∣( [α1H
l
m(α1 + 1)f(z)− (α1 − 1)H l

m(α1)f(z)]
β

z

) 1
1−β

(
α1(α1 + 1)H l

m(α1 + 2)f(z)+

α1(1− β − 2α1)H
l
m(α1 + 1)f(z)− (α1 − 1)(1− β − α1)H

l
m(α1)f(z)

)
− 1 + β

∣∣
<

2√
5
(1− β), z ∈ U, (2.13)

where 0 ≤ β < 1, then H l
m(α1)f(z) ∈ K(β).

Let β = 0 in Theorem 2.13. We get the following corollary.
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Corollary 2.34 If f ∈ A and satisfies the condition

|α1(α1 + 1)H l
m(α1 + 2)f(z) + α1(1− 2α1)H

l
m(α1 + 1)f(z) + (α1 − 1)2H l

m(α1)f(z)

z
− 1|

<
2√
5
, z ∈ U,

then H l
m(α1)f(z) ∈ K.

Let m = 0, l = α1 = 1 in Corollary 2.14. We get the following corollary.

Corollary 2.35 If f ∈ A and satisfies the condition

|2H
1
0 (3)f(z)−H1

0 (2)f(z)

z
− 1| < 2√

5
, z ∈ U,

then f ∈ K.

Remark 2.36 Let m = 0, l = α1 = 1 in Theorem 2.33. The result coincides with [31, Theorem

3.1].

Theorem 2.37 If f ∈ A and satisfies the condition∣∣ arg ( [α1H
l
m(α1 + 1)f(z)− (α1 − 1)H l

m(α1)f(z)]
β

z

)
+

(1− β) arg
(
α1(α1 + 1)H l

m(α1 + 2)f(z) + α1(1− β − 2α1)H
l
m(α1 + 1)f(z)−

(α1 − 1)(1− β − α1)H
l
m(α1)f(z)

)∣∣ < π

2
(1− β), z ∈ U,

where 0 ≤ β < 1, then H l
m(α1)f(z) ∈ K(β), where δ = 0.6165 · · · is the unique root of the

equation of 2 tan−1(1− δ) + (1− 2δ)π = 0.

Remark 2.38 Let m = 0, l = α1 = 1 in Theorem 2.37. The result coincides with [31, Theorem

3.3].

Theorem 2.39 If f ∈ A and satisfies the condition∣∣α1H
l
m(α1)f(z)

z2
(
H l

m(α1 + 1)f(z)

H l
m(α1)f(z)

− 1)
∣∣ < 1√

5
= 0.4472 · · · , z ∈ U,

then H l
m(α1)f(z) ∈ S∗.

Remark 2.40 Let m = 0, l = α1 = 1 in Theorem 2.37. The result coincides with [31, Theorem

4.1].
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