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The Open-Point and Compact-Open Topology on C(X)
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Abstract In this note we define a new topology on C'(X), the set of all real-valued continuous
functions on a Tychonoff space X. The new topology on C'(X) is the topology having subbase
open sets of both kinds: [f,C,e] = {g € C(X) : |f(z) — g(z)] < € for every x € C} and
U] ={g € CX):g ' (r)NU # 0}, where f € C(X), C € K(X) = { nonempty compact
subsets of X}, € > 0, while U is an open subset of X and r € R. The space C(X) equipped with
the new topology Trr which is stated above is denoted by Cipn(X). Denote Xo = {z € X : z is
an isolated point of X} and X. = {z € X : z has a compact neighborhood in X}.

We show that if X is a Tychonoff space such that Xo, = X,, then the following statements
are equivalent:

(1) Xo is Gs-dense in X;

(2) Crn(X) is regular;

(3) Crn(X) is Tychonoff;

(4) Crn(X) is a topological group.

We also show that if X is a Tychonoff space such that Xo = X. and Cyp(X) is regular
space with countable pseudocharacter, then X is o-compact. If X is a metrizable hemicompact
countable space, then Cyp(X) is first countable.
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1. Introduction

The set C(X) of all real-valued continuous functions on a Tychonoff space X has a number
of topologies. Two commonly used topology on C(X) are the point-open topology 7, and the
compact-open topology 7r. The symbol R denotes the space of real numbers with the natural
topology. The space C'(X) with the point-open topology 7, is denoted by C,(X). It has a
subbase consisting of sets of the form [z, V]|T = {f € C(X) : f(z) € V}, where z € X and V is
open in R. Given a subset A of a Tychonoff space X, f € C(X) and ¢ > 0, define [f, A, ¢] =
{g € C(X) : |f(z) — g(x)| < € for every z € A}. If K(X) is the collection of all nonempty
compact subsets of X, then for each f € C(X), the family {[f, K,¢] : K € K(X),e > 0} forms
a neighborhood base at f in the compact-open topology T on C(X). When C(X) is equipped
with the compact-open topology 7, we denote the corresponding space by Cj(X).
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In [1], Jindal, McCoy and Kundu introduced two new topologies on C'(X) that are called the
open-point topology and the bi-point-open topology. The open-point topology on C(X) has a
subbase consisting of sets of the form [U,7]” = {f € C(X) : f~Y(r)NU # 0}, where U is an
open subset of X and r € R. The open-point topology on C'(X) is denoted by T, and the space
C(X) equipped with the open-point topology 7} is denoted by Cj,(X).

The bi-point-open topology on C(X) is the topology having subbase open sets of both kinds:
[z, V] and [U,r]”, where x € X and V is an open subset of R, while U is an open subset of X
and r € R. The space C(X) equipped with the bi-point-open topology 7, is denoted by Cpp(X).
Some properties of Cy(X) and Cpp(X) are discussed in [1]. A nonempty subset of a space X
is said to be Gs-dense provided that it meets every nonempty Gs-subset of X (see [1]). Recall
that a paratopological group is a group with a topology such that multiplication on the group is
jointly continuous. A topological group G is a paratopological group with a topology such that
the inverse mapping of G into itself associating ! with z € G is continuous [2]. In [1], it was
proved that the space Cp(X) is Hausdorff if and only if the set of isolated points in X is dense
in X. In [1], it was also proved that the spaces Cj(X) and Cpp(X) are completely regular if and
only if they are topological groups if and only if the set of isolated points in X is Gs-dense in X.

In this note, we introduce a new topology on C(X). The new topology on C(X) is the
topology having subbase open sets of both kinds: [f,C,¢] and [U,r]”, where f € C(X), C €
K(X), € > 0, while U is an open subset of X and r € R. The space C(X) equipped with the
new topology Tgp which is stated above is denoted by Cip(X). Denote Xg = {z € X : z is an
isolated point of X} and X, = {z € X : x has a compact neighborhood in X}. We show that if
X is a Tychonoff space such that Xg = X, then the following statements are equivalent:

(1) Xp is Gs-dense in X;

(2) Cgn(X) is regular;

(3) Crp(X) is Tychonoff;

(4) Crn(X) is a topological group.

We also show that if X is a Tychonoff space such that Xg = X, and Cyp(X) is regular
space with countable pseudocharacter, then X is o-compact. If X is a metrizable hemicompact
countable space, then Cyp,(X) is first countable.

The set of all positive integers is denoted by N and w is NU {0}. Notations and terminology
we follow [3] and [4]. Let X be a topological space. Denote Xg = {z € X : z is an isolated point
of X}, X. = {# € X : 2 has a compact neighborhood in X}. Thus Xy C X.. If X = R, then
Xo =0 and X. = R. Denote by K(X) the collection of all nonempty compact subsets of X.

2. Main results

We firstly study some basic properties of Cip,(X).

Lemma 2.1 If x( is an isolated point of a space X and V is an open subset of R such that
r €V, then [{xo},7]” C |2, V]T.
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Proof Let f € [{xo},7]”. Then f(z¢) =r € V. Thus f € [zo,V]|T. O
Proposition 2.2 Cy(X) is a Hausdorff space.

Proof Since Cp(X) is Hausdorff and 7, C Tin, Cip(X) is a Hausdorff space. O
In Example 2.20, we show that there exists a Tychonoff space X such that Ci,(X) is not
regular.

The following conclusion is pointed out in the proof of [4, Proposition 0.4.1 (3)].

Proposition 2.3 ([4]) If a subspace Y of a Tychonoff space X is compact, then for each real-

valued continuous function g on Y there is a real-valued continuous function f on X such that
fIY =g

Theorem 2.4 If X is a Tychonoff space such that Xq = X,, then the following statements are
equivalent:

(1) Xy is Gs-dense in X;

(2) Cin(X) is regular;

(3) Cyn(X) is Tychonoff;

(4) Cyn(X) is a topological group.

Proof (1)=(2). If Xj is Gs-dense in X, then C}(X) is regular [1, Theorem 3.7]. By [5, Theorem
1.1.5], we know that Ci(X) is Tychonoff. Thus Cj(X) is regular. Since Ty is the joint of T
and Tp, Cgp(X) is regular.

(2)=(1). Suppose Xy is not Gs-dense in X. Then there exists a nonempty Gs-set A of X
such that AN Xo = (). Since X is a Tychonoff space and A is a Gs-set of X, there exists a
continuous function f : X — [0,1] such that f=(0) # 0 and f~'(0) C A. Thus [X,0]” is an
open neighborhood of f in Cyp(X). If F = Cip(X)\[X, 0], then F is a closed subset of Cyp(X)
such that f ¢ F. Since Cgp(X) is regular, there exist open subsets U and W of Cj,(X) such
that f €e U, F C W and UNW = {. Since U is open in Cy,(X) and f € U, there exist a compact
subset C' of X, some ¢ > 0, some m € N and an open subset U; of X and a point r; € [0, 1] for
each i <m such that f € [f,C,e]N(N,;-,,[Ui,r:]7) C U.

Let E={i<m: f~Yr;)NU;N Xy #0} and G = {1,2,...,m} \ E. For each i € E, there
exists some x; € XoNU; such that f(z;) = r;. Since f~1(0) C Aand ANXy =0, f(z;) =7r; >0
for each i € E. Foreachi € G, f~1(r;)NU;NXo = 0 and f~1(r;)NU; # 0. Thus the set U; ¢ Xo
for each i € G. Since Xg = X, and U; ¢ Xy, the set U; cannot be included in any compact
subset of X for eachi € G. If i € E, then f € [{z;},r:]™ C [z, (f(z:) —&, f(x;) +)] T N[Us,ri] .
Denote C* = C'\ {x; : i € E}. Since the set C' is compact in X and {x;} is open in X for each
i € E, the set C* is compact in X and f € [f,C* e] N (N;cpl{@i}, ™) N (NieelUs i) C
[£2Ce] 0 (e Ui ) C U

For each i € E, the point z; € Xo NU; and f(x;) =7 > 0. If &1 = min{§, min{r; : i € E}},
then 0 < e; < fand ey < foreachi € E. If fi = f|(C*U{x; :i € E}), then f1 : C* U {x; :
i € E} — R is continuous satisfying fi(x) = f(z) > 0 for each € C* and fi(x;) = r; > 0 for
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each i € E. Let f2 be a real-valued function on C* U {z; : i € E} such that

_ ) h@)+g, ifrely
fz(w){ fi(x), ifve{z;:ieE}.

Since C* N {x; : 1 € E} = 0 and {x;} is clopen in C* U {z; : i € E} for each i € E, the
real-valued function fo is continuous on C* U {z; : i € E}. Since C* U {x; : i € E} is compact
in X and X is a Tychonoff space, there exists a continuous real-valued function f3 : X — R
such that f5|(C* U {z; : i € E}) = fa by Proposition 2.3. If g is a real-valued function on X
such that g(x) = max{5}, f3(z)} for each 2 € X, then the function g is continuous on X and
g~ (0) = 0. Since g~1(0) = 0, the function g ¢ [X,0]”. Thus g € F C W. If 2 € C*, then
f3(x) = fa(z) = fi(x) + 5§ = f(x)+§ > 5 >¢e1 > F. Thus g(x) = f(z) + § for each z € C*.
If i € B, then f3(x;) = fo(x:) = fi(z:) = f(xs) =1 > €1 > . So g(x;) = f(x;) = r; for each
i € E. Thus g|(C*U{x; : i € E}) = f3|(C*U{x; : i € E}) and g(z;) = f(x;) =r; for each i € E.

Since W is open in Cgp(X) and the function g € W, there exist some compact subset B
of X, some § >0 (6 < %), some [ € N, an open subset W of X and h; € R for each j <[
such that g € [g,B,6] N (Niegl{zitr]™) N (N« [Wj. hy]7) € W. By Lemma 2.1, we can
assume that BN {z; : i € E} = 0. We can also assume that C* C B and {z;} N W; = 0
for each i € E and for each j < [. For each j < [, there exists some y; € g~ (h;) N W;. If
By =BU{z;:i€ E}U{y; : j <!}, then By is compact subset of X.

Denote G = {i1,12,...,ip}, where p < m and i; # iq if t,¢ < p and t # ¢. Since U;, ¢ Xy
and X = X,, the set U;, \ By # (0. Take a point z;, € U;, \ By. Let ¢ < p. Assume that we
have a point z;, for each t < ¢ such that z;, € U;, \ (B1 U {z;, : k <t}). Since By U{z;, : t < g}
is compact and U;, ., ¢ X., we know that U; ,, \ (B1 U{z, : t < ¢}) # 0. Take a point
Ziger € Uiy, \ (B1U{z;, 1t < q}). Thus the set {z;, : 1 < ¢ < p} is disjoint from B; and satisfies
that z;, € U, zi, # 2, if ¢ # t and ¢,t < p.

Define a function g; : By U {z;, : 1 < ¢ < p} — R such that ¢1|B; = g|B1 and g1(z;,) = 74,
for each ¢ < p. Since By N{z, : 1 <q<p} =0 and {z,} is clopen in By U{z;, : 1 < ¢ < p} for
each 1 < g < p, the function g; is continuous. Since B; U {ziq : 1< g <p}is compact in X and
X is a Tychonoff space, there exists a continuous function ¢g* : X — R such that g*|(B; U {z;, :
1 < ¢ < p}) = g1 by Proposition 2.3. Since g* € [g, B,0] N (N;cpl{zi},:]7) N (N,;<, Wi, ksl )
and [g, B, 6] N (M;epl{z:},m:]7) N (N;<,)[Wj, hi]~) C W, the function g* € W.

Since g*|By = ¢g1|B1 = g|B1 and C* C B C By, for each € C* we have |[¢*(z) — f(z)| =
lg(z) = f(x)| = [(f(z) + 5) — f(@)] = § < e. Ifi e E, then the point z; € By NU;. Thus
g*(z;) = g(x;) = f(x;) = ri. So g* *(ri) NU; # 0 for each i € E. If j € G, then there exists
some ¢ < p such that i, = j. Thus r;, = r;. Since z;, € U;, and g*(z;,) = 91(2:,) = 7i,»
g*fl(riq) NU;, # 0. So g* '(r;)NU; # 0 for each j € G. Thus g* ' (r;) NU; # 0 for each i < m.
So g € [£,C"e] N (Mieglfaih.r ) N (NealUinrd ). Since [£,0%,6] N (Nepladir] ) 0
(NieglUisril ™) C [f.Crel N (Ni<ynUismi]7) C U, the function g* € U.

Thus the continuous function g* € U N W. This is a contradiction with U N W = ). So X,
is Gs-dense in X. We have proved that (2) implies (1).
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Thus (1) and (2) are equivalent.

Now we prove that (1), (3) and (4) are equivalent. Assume that (1) holds. Then X is
Gs-dense in X. Thus Cp(X) is a topological group by [1, Theorem 3.7]. Since Ci(X) is also
a topological group by [5, Theorem 1.1.7], the space Cg,(X) is a topological group. Thus (4)
holds. So (1) implies (4).

Now we assume that (4) holds. Then Cyn(X) is a topological group. Thus Cyp(X) is
a Hausdorff topological group by Proposition 2.2. Since any Hausdorff topological group is
Tychonoff [6, Theorem 2.4, Cyp,(X) is Tychonoff. So (3) holds. Hence Cyp(X) is regular. Thus
X is Gs-dense in X by (2). So (1) holds.

Thus we complete the proof. [

Lemma 2.5 Let X be a Tychonoff space. If Cy,(X) has countable pseudocharacter, then there
is a o-compact subset D of X such that D = X.

Proof Since Ckp(X) has countable pseudocharacter, there exists a countable family I of open
sets in Cyp(X) such that {Ox} = (U, where Ox is the constant zero function in C(X). Assume
that U = {W,, : n € N}. For each n € w, we can assume that W,, = [0x,Cpn,e,]N( () [Vin,0]7),

i<my,

where V;,, is open in X for each i < m,. Denote Ox = f. Let n € N. For each i < m,,, there is
some Y, € f7H0) N Vi If B, = Cpy U{yin : i < my}, then B, is a compact subset of X. In
what follows, we show that (J{B, : n € N} = X.

Suppose J{B,, : n € N} # X. There is some xo € X \{B,, : n € N}. Since X is a Tychonoff
space, there exists a continuous function g : X — [0,1] such that g((J{B, : n € N}) ¢ {0} and
g(xg) = 1. For each n € N, ¢|C,, = f|C,, and g(y:n) = 0 for each i < m,. So g € W, for each
n € N. Thus g € ),y Wn- So g = f = 0x. This is a contradiction. So we have proved that
D = X, where D = |J{B,, : n € N} is a o-compact subset of X. [J

Theorem 2.6 Let X be a Tychonoff space such that Xo = X.. If Cyp(X) is a regular space

with countable pseudocharacter, then X is o-compact.

Proof Since Cyp(X) is regular and Xy = X, the set Xy is Gs-dense in X by Theorem 2.4.
Since Cip(X) has countable pseudocharacter, there exists a o-compact set D of X such that
D = X by Lemma 2.5. Suppose D # X. Then X \ D is a nonempty Gs-set of X. Since Xj is
Gs-dense in X, the set (X \ D) N Xy # (). Take a point ¢ € (X \ D) N Xy. Then {z¢} is open
in X and {zo} N D = (. This contradicts that D = X. Thus D = X. Hence X is o-compact. [J

Corollary 2.7 Let X be a Tychonoff space such that Xg = X.. If Cy,(X) is a regular first-
countable (metrizable) space, then X is o-compact.

Proposition 2.8 Let X be a Tychonoff space such that X, is Gs-dense in X. Then for every
f € C(X) and for any open neighborhood O of f in Cy,(X) there exist some compact subset
C of X, some ¢ > 0, some m € N and z; € X for each i < m such that f € [f,C,e] N
(NicmUzi},7i]7) €O and C N {zy, ... 2} = 0.
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Proof Let f be any element of C(X) and let O be any open neighborhood of f in Cip(X).
There exist some compact subset C; of X, some € > 0, some m € N and an open subset U; of
X and r; € R for each i < m such that f € [f,C1,e] N (;<,,[Ui,7i]7) C O. For each i < m,
the set f~1(r;) N U; is a nonempty Gs-set of X. Since Xo i; Gs-dense in X, there exists some
z; € Xo N (f~Y(r;) NU;) for each i < m. Thus {z; : i < m} is open in X.

If C=Ci\{z1,22,...,2m}, then C is compact in X and f € [f,C,e|N(N,<,, {zi},7m:]7) C
[f,C1,e] N (Ny<nUismi] ™) C O and satistying C N {x1,..., 2} = 0. O B

Proposition 2.9 If X is a Tychonoff space such that every compact subset of X is finite, then
Crn(X) = Cpn(X).

Corollary 2.10 If X is a discrete space, then Cyp(X) = Cpp(X).

Proposition 2.11 If X is a singleton point topological space, then Cp(X) is not second-
countable.

So we have:

Proposition 2.12 If X is a singleton point topological space, then Cy,(X) and Cpp(X) are
not second-countable.

In [1, Theorem 4.10], it was proved that for any Tychonoff space X, the following statements
are equivalent:

(a) Ch(X) is metrizable;

(b) X is a countable discrete space;

(¢) Cpn(X) is first-countable and Xy is Gs-dense in X;

(d) Cpn(X) is metrizable.

Thus we have:

Theorem 2.13 For any discrete space, the following statements are equivalent:
(1) X is a countable space;
(2) Cn(X) is metrizable;
(3) Cpn(X) is metrizable;
(4) Ckh(X) is metrizable;
(5) Crn(X) is first-countable;
(6) Crn(X)

Proof By [1, Theorem 4.10], we know that (1) implies (2) and (2) implies (3). By Corollary
2.10, (3) implies (4). It is obvious that (4) implies (5).
Now we assume that (5) holds. By Proposition 2.2, Cy,(X) is a Hausdorff space. Thus

X)) has countable pseudocharacter.

Cin(X) is a first-countable Hausdorff space. So Ci,(X) has countable pseudocharacter. Hence
(6) holds.
Now we assume that (6) holds. Since X is discrete, Xg = X, = X is Gs-dense in X. Thus

Crr(X) is regular by Theorem 2.4. So Cj,(X) is a regular space with countable pseudocharacter.
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Thus X is o-compact by Theorem 2.6. Since X is discrete, the space X is countable. Thus (1)
holds. OJ

If X is an uncountable discrete space, then Xyg = X, = X is Gs-dense in X. Thus Cip(X) is
a topological group by Theorem 2.4. Since X is not countable, Cy,(X) does not have countable
pseudocharacter by Theorem 2.13.

Question 2.14 Let X be a Tychonoff space. Suppose Cyp,(X) is metrizable. Is X a discrete
space?
Recall that a space X is hemicompact if in the family of all compact subsets of X ordered

by C there exists a countable cofinal subfamily.

Theorem 2.15 If X is a metrizable hemicompact countable space, then Cyp,(X) is first count-
able.

Proof Let f be any element of C'(X). Since X is countable, f(X) is a countable subset of R.
Since X is metrizable and countable, X is second-countable. Let By be a countable base of X.
Since X is hemicompact, there exists a countable family {C,, : n € N} C (X)) such that for each
F € K(X), there exists some n € N such that F C C,,. If By = {[f,Cy, 21N ("< [Ui,75]7) :n €
N,m e N,k e N,U; € Bx,r; € f(X)}, then |B¢| < w. Let O be any open neigﬁborhood of f in
Cin(X). Then there exist some compact subset F' of X, some m € N, some k € N, and an open
subset W; of X and a point r; € R for each i < k such that f € [f, F, =] N (), [Wi,rs]7) C O.
For each i < k, there exists some x; € W; such that f(x;) = r;. So there exis;s some U; € Bx
such that x; € U; C W, for each ¢ < k. Thus f € [U;,r;]~ C [W;,r;]” for each ¢ < k. Since F' is
a compact subset of X, there exists some n € N such that F' C C,,. Thus [f, F, ] C [f,Cpn, ~].

m ’'m

So f€[f,Cn,~]N (Ni<klUisri]™) € O and [f,C LN (Ni<klUisri]~) € By. Thus the family

ny m "y m
By is a countable base of neighborhoods of f in Cip(X). So Cip(X) is first-countable. O
Let Q be the set of rational numbers with the natural topology. In [7, Proposition 30], it is
pointed out that @Q is not hemicompact. This shows that a metrizable and countable space can

fail to be hemicompact.
Corollary 2.16 Let X be a compact metrizable countable space. Then Cl,(X) is first countable.
Proposition 2.17 Let X be a Tychonoff space. Then Cy,(X) and Cip(X) are always Hausdorff.

Proof By Proposition 2.2, Cy,(X) is Hausdorff. Since C,(X) is Hausdorff and 7, C Tpp, Cpn(X)
is Hausdorff. OJ

Similarly to Lemma 2.5, we have:

Theorem 2.18 Let X be a Tychonoff space. If Cp,(X) has countable pseudocharacter, then

X is separable.
Proof The proof is similar to the proof of Lemma 2.5. So we omit it. [

Example 2.19 Let X = w; + 1 be a space such that Y = w; is a discrete subspace of
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X and B(wi) = {(a,w1] : @ € w1} is a base of neighborhoods of the point w; in X. Then
Cpn(X) = Cpp(X) is a topological group and Cip(X) (Cpn(X), Cr(X)) does not have countable

pseudocharacter.

Proof Since every compact subset of X is finite, Cpp(X) = Cin(X) by Proposition 2.9. Since
Xo =X, =w and w; is Gs-dense in X, Cxp(X) is a regular topological group by Theorem 2.4.
Thus Cpr(X) is a regular topological group. Since X is not o-compact, Cgp,(X) does not have
countable pseudocharacter by Theorem 2.6. Thus C,(X) does not have countable pseudochar-
acter. Since every open subset of C(X) is open in Cpp,(X), the space Cp,(X) also does not have
countable pseudocharacter. [J

The following example shows that there exists a Tychonoff space X such that Ckp(X) is not

regular.

Example 2.20 If X = w, + 1 is a topological space such that Y = w,, is a discrete subspace of
X and B(wy,) = {(a,wy] : @ € wy,} is a base of open neighborhoods of the point w,, in X, then
Crr(X) is not regular.

Proof Since Y = w, is a discrete subspace of X, it is obvious that Xy = Y. Let wy = w.
Thus {(w;,w,] : ¢ € w} is also a base of open neighborhoods of the point w,, in X, where w; is
the first uncountable limit ordinal and w;y; is the first cardinal which is larger than w; for each
i € w. Suppose that the point w,, has a compact neighborhood W in X. Then there exists some
i € w such that (w;,w,] C W. So (wit1,ws] C (wi,w,] C W. Denote F = (w;,wy] \ (Wit1,wy].
Then F = (w;,w;+1] is an uncountable closed discrete subspace of X and F C W. Since W is
compact, the set F' is compact. Thus F is an infinite compact discrete space. This contradicts
that every compact discrete space is finite. Thus the point w, has no compact neighborhood in
X. So Xg =X, =Y. Since {w,} = N{(ws,w,] : i € w} is a Gs-set in X and {w,} NY =0, the
set Y is not Gs-dense in X. Thus Cjp(X) is not regular by Theorem 2.4. OJ
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