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System
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Abstract In this paper, the asymptotic attractor of the 2-D damped and driven Navier-Stokes
equation is studied by constructing a finite-dimensional solution sequence, and it is proved that
this solution sequence approximates the global attractor infinitely after a long time. The dimen-
sion estimate of the asymptotic attractor is obtained in the end.

Keywords asymptotic attractor; asymptotic solution sequence; damped navier-stokes equation

MR(2010) Subject Classification 35B40; 35B41

1. Introduction

In the process of studying the properties of infinite dimensional dynamical systems, global
attractors are established to study the long-time behavior of solutions in [1,2]. However, the
structure of the global attractor is very complex, and it is very difficult to further study the
reduced system. Therefore Temam et al. introduced some concepts such as approximate inertial
manifold and exponential attractor and so on [3], but it is difficult to establish strict equivalence
between the approximate system and the original system. Afterward Wang et al. introduced
the concept of finite-dimensional asymptotic attractor, and proved that the obtained system is
equivalent to the original system in [4]. In recent years, the asymptotic attractor of some systems
are studied in [4-8].

The 2-D damped and driven Navier-Stokes systems attracted considerable attention over the
last decades and were studied from different points of view [9-16]. In this paper, we consider the
asymptotic attractor governed by the following 2-D damped and driven Navier-Stokes system

with periodic boundary-initial condition
ug + (u-Vi)u+ Vp +ru = vAu+ g(x),v > 0,
V-u=0,
u(z,t) = u(x + 2m,1),
u(z,0) = ug(x),
where u(z,t) : Q x Rt — R? is velocity field of the fluid, @ = (0,27) x (0,27), v > 0 is the

kinematic viscosity, » > 0 is the Rayleigh or Ekman friction coefficient. The damping term ru

(1.1)

parameterizes the main dissipation occurring in the planetary boundary layer in [17].
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In this paper, our main purpose is to study the asymptotic attractor of the 2-D damped and
driven Navier-Stokes system, that is to construct a finite-dimensional solution sequence by using
orthogonal decomposition method. In Section 2, we present some preliminaries such as spaces,
concepts and lemma. In Section 3, we will show that the asymptotic attractor tends to global

attractor and give the dimension estimate of the asymptotic attractor.

2. Preliminaries

We define space

1= {ue L@y [

Qudx:O,V-uzo},

V= {ue (H;(Q))2:/udx:0,vu:o},
Q

where the subscript p denotes that functions discussed here are periodic, and | - | is the norm in
the space L2.

The bilinear term is defined as follows
b(u,v,w) = (B(u,v),w) = /(u - v)v - wde,

and for all u,v,w € H,([0,2x]), we have [b(u,v,w)| = Clu|r_ |Dv||w|. By the definition of the

bilinear term, the system (1.1) is equivalent to

us + B(u,u) + Vp +ru = vAu + g(z),v > 0,
V-u=0,

(2.1)
u(x,t) = u(x + 2w, t),
u(x,0) = up(x).
Then we introduce some basic concept and lemma as follows.
Definition 2.1 ([4]) Consider the evolution system
us + Au = g(u), (2.2)
u(x,0) = ug(x).

Let H denote the phase space, S(t),~, be the semigroup of solution operators, B denote
the absorbing set. Suppose that for all uy € B, there exists an asymptotic solution sequence
{uF(t)}r>1 and t*(B), satisfying |uf(t) — S(t)ugly — 0,k — oo,t > t*(B), then define B* =
Nes0 Urss.ugen w5 (t) as the asymptotic attractor for the system (2.2), where |- g is the norm
in the phase space H, u*(t) depending on initial value ug, and ¢*(B) depending only on the

diameter of the absorbing set.

Lemma 2.2 ([18]) For any uy € H satisfying |ug| < s < oo, then there exists t* = t*(s) > 0,
pos p1, p2 > 0, such that

|U(,t)| S Lo, |U(,t)|v S P1, |u<7t)|Hg S P2, vt Z t*,
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where | - | is the norm in the space H. Namely, the following set is an absorbing set of the system
(21) on H, B={u eV :|u(-,t)| < po, [u(-,t)|v < p1, |[u-, )|z < p2}.

3. Asymptotic attractor

The set
sinkx1 sinkzo —sinkx1 coskxzo —coskx1 sinkzs coskxi coskxo
coskxi coskxs ' cos kx1 sin kxzo ' sin kz1 cos ko "1 sin kx1 sinkzo
is a complete orthogonal basis of H, where k = 1,2, .... For any positive integer N, let Hy be a

4N-dimensional subspace of H. Py is the orthogonal projection from H to Hy. For all u € H,
we have p = Pyu and ¢ = Qnu, thenu=p+qgand I = Py + Qn.

Then we decompose the system (2.1) into two parts by orthogonal projection
pt — vAp+rp+ PyB(u,u) = Png, (3.1)
@ —vAq+rq+ QnB(u,u) = Qng. (3.2)

For the solution u = p+¢q determined by the initial value uy € B, we construct the asymptotic

solution sequence by iteration method

@ —vA" +r¢" + QnB(p,p) = Qng, k=0, (3.3)
qo(xa()) = QNUO7
Qf - VAqk + qu + QNB(ukilvukil) = QNga k= ]-723 BERE) (3 4)
qk(x,O) = Q?VuO,

where u* = p+ ¢*. The existence and uniqueness of the solution and the existence of the global
attractor for the system (3.3) and (3.4) are similar to the damped and driven Navier-Stokes
system, so we do not present the proof here.

Next we take two steps to study the asymptotic approximation u*(x,t) of u(x,t). Firstly, we
will prove that for all ug € B, the asymptotic solution sequence obtained above will not go away

from the absorbing set B. Secondly, we will prove ¢*(x,t) converges to q(x,t) in the space V.

Theorem 3.1 If u(z,t) is the solution of system (2.1) corresponding to ug € B, g € L?(Q),
¢® (k =0,1,2,...) are given by (3.3) and (3.4), then there exists a positive integer Ny and a
positive constant to(B) > 0, such that

[u¥| < 2po, |VuF| <2p1, t >to(B), N> Ny, k=0,1,2,....

Proof Because of the positive invariance of the absorbing set, we have u € B for all uy € B.

Thus |p| < po, |plv < p1. Since u¥ = p + ¢*, we just need to prove
|qk|§p07 |qu|§p17 k:071727"" (35)

We use induction to prove.



316 Qian JIANG, Tingwei RUAN and Hong LUO

Let k = 0. Considering the inner product of (3.3) with ¢°, and using Sobolev embedding
inequality |u|r= < Colu|pz,Vu € H}(Q), we get

1 d
3 @\qolr" + V|V ? +7r1q°) < (IB(p.p)| + lgl) - 1¢°]

< (Iple= Vol + |g]) - 1¢°] < (Copapr + |g]) - |a°].
From the complete orthogonal basis of H, we have |Vq| > (N + 1)|q|, and get
1 d
2 dt

By the Gronwall’s inequality, we obtain

1¢°1? + V(N +1)* +r]q°1> < (Copzpr + |g]) - 1¢°)-

0 —[W(N+1)24r]t Cop2p1 + 9] —[W(N+1)24r]t
t)| < po - — (1 - .
@ < po-e +I/(N+1)2+T( ¢ )

1 V(N+1) +rlpo
V(N+1)2+Tln Copapitlal such that

2(Cop2p1 + 19])
0| < 2202 T 91
01 < S

So there exists ¢;(B) =

When N; € N is large enough, satisfying % < po, we get |¢°(t)] < po, t > t1(B).

Considering the inner product of (3.3) with —Ag", we have
1 d
2 dt

From Cauchy inequality, we get

IV * + v| AP + 7|V )? < (IB(p.p)| + |g]) - |AG°] < (Copzpr + |g]) - A"

2
%WQOF + V(N +1)% +27]|Vg°|* < M_

By the Gronwall’s inequality, we obtain

- G +lg])? - 2
012 « 2. o= W(N+1)?+2r]t (Copapr 1 — e~ [N+ 420ty
|VQ | >p1-€ + V[V(N+1)2+27”]( e )

I PN+ D2 +2r] o]
(Cop2p1+Ig])?

So there exists t2(B) , such that

_ 1
T v(N+1)2+42r

2(Copapr + |9])?
012 < .
Ve ()" < V(N +1)% + 27]

When N, € N is large enough, satisfying %ﬁ;ﬂ? < p3, we get [Vq°(t)|> < pi, t > ta(B).

So (3.5) holds for k = 0.
Suppose (3.5) holds for k — 1, such that |¢"~!| < po, |[Vg" | < p1.
el gy gkl

Since u , we have

|B(uk_1,uk_1)| < |uk_1|Loo|Vuk_1\ =|p+ qk_l\Loch—i— qu_l\ < 4Copap1-

Considering the inner product of (3.4) with ¢*, we get

1 d ok
5 g+ O D2 ol < (B u" ] + Jg]) - ]

< (4Copap1 + 91) - 1"
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By the Gronwall’s inequality, we obtain

k Nt re . ACopapr + 19l 0 v
)< . 1 .
" ()] < po-e N )

1 [V(N+1)*+r]po
V(N+1)2+Tln 1Copapitlgl such that

2(4Cop2p1 + g])
k) <« 2222072P T JU
(0] < S e

2(4Cop2p1+lg))
v(N+1)2+4r

" ()] < po, t>t1(B). (3.6)

So there exists t}(B) =

When N € N is large enough, satisfying < po, we get

Considering the inner product of (3.4) with —Ag*, we have
1 d
5 g VO VA Ve < (1B ut ) + g]) - [T
< (4Cop2p1 + |91) - 1A¢"].
From Cauchy inequality, we get

2
%|qu|2+[1/(N+1)2+27"]|qu|2 < (4C0P2PV1+|9|) )

By the Gronwall’s inequality, we obtain

- 4Copap1 + l9l)* - 2
k12 « 2 —W(N+1)+2r]t (4Co 1 — e~ [N+ 420ty
|Vq | >p1p-€ + V[V(N + 1)2 + 27,,]( € )

I Y (N+D? 427
(4Cop2p1+lgl)?
2(4Cop2p1 + |g)?

k 2
t)° < .
IV () < vlv(N +1)2 + 2r]

such that

So there exists th(B) = V(N+%)2+2r

When N € N is large enough, satisfying %

IVa"(t)|* < pi,t > th(B). (3.7)

< pi, we get

So (3.5) holds for k.

By principle of induction, Ny € N is the minimum natural number satisfying (3.6) and
(3.7), and to(B)=max{t1(B),t2(B),t}(B),t2(B)'}, where t;(B),t;(B),N; and N/ (i = 1,2) are
independent of k. Thus (3.5) holds for all k € N. O

Theorem 3.2 Suppose that u(x,t) is the solution of system (2.1) corresponding to the initial
value ug € B, and ¢* (k = 0,1,2,...) are given by (3.3) and (3.4), then there exist a positive
integer N* and a positive constant t*(B) > 0, such that

l¢" —qlvy =0, k— o0, t>t"(B), N>N*.
Proof Let w* = ¢* —¢. Then from (3.2) and (3.4), we have
Wl —vAOF +r* + QN BWF T uF Y — QuB(u,u) =0, k=1,2,..., (3.8)

where B(uF~1 uF~1) — B(u,u)=B(w*~!,u*¥~1) + B(u,wk1).



318 Qian JIANG, Tingwei RUAN and Hong LUO

Considering the inner product of (3.8) with —Aw”, and using the Sobolev embedding H; (@)
into L4(Q), we have
1 d

3 &|Vwk|2 + 1/|Awk|2 + T\Vwk|2 < |B(uk_1,uk_1) — B(u,u)]| - |Awk|

< (1B ]+ [Bu, ")) - [Aw]
< (J0"H za [ Vur o u| e [Vt ) - JAWY

< C1p2|Vwk*1|\Awk|.

From Cauchy inequality, we obtain

d k|2 2 k)2 Cfﬂ% k—1)2
a|Vw [+ V(N 4+ 1) 4+ 2r]|[Vw®|* < — |[Vw® ™=, (3.9
Since w® = ¢° — ¢, by (3.2) and (3.3), we have
w? — VAW + 70 + QnB(p,p) — QnB(u,u) = 0. (3.10)

Then taking the inner product of (3.10) with —Aw®, we get
1 d
2 dt
< (IB(u,q)| + 1B(a:p)]) - [Aw’] < (Ju|= V| + |g]=[Vp]) - [Aw®]
< Crpapr ALY,

VW] + ] Aw’| + 7 Ve’ [* < |B(u,u) — B(p,p)| - |Aw’|

From Cauchy inequality, we obtain

d CQ 2.2
IV + (N + 1) 4+ 20| VP < LA
v
By Gronwall’s inequality, we get
|Vw0|2 < |Vw0(0)\2 e~ [N+ +2r]t Cip3p? (1- e—[u(N+1)2+27"]t).

v[v(N +1)2 + 2r]

So there exists t(B) = V(N_&)QHT lnV[V(Nﬂ)égjggngo(o)‘z, such that
202 2 )2
VO ()2 < el t> t5(B).

~vp(N +1)2+2r])
Let k =1 in (3.9). We have

d 112 2 112 C%P% 02
EWW |+ [v(N 4+ 1)% + 2r]|Vw"| ST-Ww |

By Gronwall’s inequality, we get

CQ 2. \Vw0|2 2
12 12 . —[V(N+1)242r]t 1P2 — o W(N+1) t2r]ty
Va2 < [Vl (0) - e (UL )
So there exists ¢} (B) = V(Nﬁ)u% 1 ”[”(Nt}%);;fvrwﬁzwl(o)ﬁ, such that
2022 . [Vu,02
Vo) < 2T (s,

~ v[p(N 4 1)2 + 2r]

By iteration method for (3.9), we find that there exists ¢} (B) > 0, such that
2C%p3

V(N +1)%2 4 2r]

Vo' * < (= )PV, >t (B), k=12,
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and |Vw*| — 0 as k — oo. Thus N* € N is the minimum natural number satisfying
2C%p3
v[v(N +1)2 + 2r]

< 1. (3.11)
The proof is completed. [

Remark 3.3 The proofs of Theorems 3.1 and 3.2 show that the asymptotic solution sequence

approximates infinitely the true solution.

Remark 3.4 The dimension of the asymptotic attractor is the dimension of the asymptotic

solution sequence, namely

2(4Cop2p1 + l9l) _ oo 2(4Cop2p1 + l91)* _ 2 2C¢p3 <1
vIN+12+r P Up(N+ 12+ 2] TV U(N +1)2 + 2] '
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