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Abstract The hyper-Wiener index is a kind of extension of the Wiener index, used for predicting

physicochemical properties of organic compounds. The hyper-Wiener index WW (G) is defined as

WW(G) =1 Duwev(e (da(u,v) + d%(u,v)) with the summation going over all pairs of vertices

in G, dg(u,v) denotes the distance of the two vertices u and v in the graph G. In this paper,
we study the minimum hyper-Wiener indices among all the unicyclic graph with n vertices and
diameter d, and characterize the corresponding extremal graphs.
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1. Introduction

All graphs considered in this paper are finite and simple. Let G be a simple graph of order n
with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). The distance between two vertices
u,v of G, denoted by dg(u,v) or d(u,v), is defined as the minimum length of the paths between
w and v in G. The diameter of a graph G is the maximum distance between any two vertices
of G. For a vertex v € V(G), the degree and the neighborhood of v, are denoted by dg(v)
and Ng(v) (or written as d(v) and N(v) for short). A vertex v of degree 1 is called pendant
vertex. An edge e = wv incident with the pendant vertex v is called a pendant edge. Let
PV(G) = {v : dg(v) = 1}. For a subset U of V(G), let G — U be the subgraph of G obtained
from G by deleting the vertices of U and the edges incident with them. Similarly, for a subset E’
of E(G), we denote by G — E’ the subgraph of G obtained from G by deleting the edges of E’.
If U = {v} and E’ = {uv}, the subgraphs G —U and G — E’ will be written as G —v and G —wv
for short, respectively. For any two nonadjacent vertices v and v in graph G, we use G 4 uv to
denote the graph obtained from G by adding a new edge uv. Denote by S,,, P, and C,, the star,
the path and cycle on n vertices, respectively.

The Wiener index of a graph G, denoted by W(G), is one of the oldest topological index,
which was first introduced by Wiener [1] in 1947. It is defined as W(G) = 3_, ,cv(q) de(u,v)
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where the summation goes over all pairs of vertices of G. The hyper-Wiener index of acyclic
graphs was introduced by Milan Randié¢ in 1993 (see [2]). Then Klein et al. [3], extended the
definition for all connected graphs, as a generalization of the Wiener index. Similar to the symbol
W (G) for the Wiener index, the hyper-Wiener index is traditionally denoted by WW(G). The
hyper-Wiener index of a graph G is defined as

1
WW(G) = 5( Y de(wu)+ Y dg(u,v)).
u,veV(G) u,veV(G)
Let S(G) = X, vev(a) d%(u,v). Then
1 1
WW(G) = §W(G) +3 (G).
We denote Da(u) = 3, cv (g da(u,v), DDa(u) = 3 ey dZ%(u,v), then

1 1
W(G) = ug;c) Dg(u), S(G) =3 UEEV;G) DDg(u).

Recently, the properties and uses of the hyper-Wiener index have received a lot of attention.
Feng et al. [4] studied hyper-Wiener indices of graphs with given matching number. Feng et
al. [5] researched the hyper-Wiener index of unicyclic graphs. Feng et al. [6] discussed the hyper-
Wiener index of bicyclic graphs. Feng et al. [7] studied the hyper-Wiener index of graphs with
given bipartition. Xu et al. [8] discussed Hyper-Wiener index of graphs with cut edges. Liu et
al. [9] determined trees with the seven smallest and fifteen greatest hyper-Wiener indices. Yu et
al. [10] studied the hyper-Wiener index of trees with given parameters. Gutman [11] obtained
the relation between hyper-Wiener and Wiener index. Cai et al. [12] studied the hyper-Wiener
index of trees of order n with diameter d.

A unicyclic graph is a connected graph with n vertices and n edges. Let %, 4 be the set of all
unicyclic graphs order n with diameter d. Obviously, d < n—2. And ifd = 1, G = (3. Therefore,
in the following, we assume that 2 < d < n — 2. For the graphs in %, 4, some parameters, such
as the spectral radius, spectral moments, energy, least eigenvalue of adjacency matrix, spectral
radius of signless Laplacian et al., have been extensively studied [13-16]. Especially, in recent
years Xu [17] characterized the smallest Hosoya index of unicyclic graphs with given diameter;
Tan [18] investigated the minimum Wiener index of unicyclic graphs with a fixed diameter.
Motivated by these articles, we will study the the minimum hyper-Wiener indices of unicyclic
in the set %, 4 in this paper. Moreover, if d = 0 (mod2) and 4 < d < n — 3, then the
second minimum hyper-Wiener indices of special unicyclic graphs with girth 3 in the set %, 4

are characterized.

2. Lemmas
In this section, we list some lemmas which will be used to prove our main results.

Lemma 2.1 ([8]) Let H, X and Y be three connected graphs disjoint in pair. Suppose that u, v

are two vertices of H, vy is a vertex of X, uy is a vertex of Y. Let G be the graph obtained from
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H, X and Y by identifying v with v; and u with uy, respectively. Let G1 be the graph obtained
from H, X and Y by identifying three vertices v,v; and uy, and let G5 be the graph obtained

from H, X and Y by identifying three vertices u,v; and u;. Then we have
WW(Gy) < WW(G) or WW(G2) < WW(G).

Let G1,G3 be two connected graphs with V(G1) N V(G2) = {v}. Denote G1vG2 to be a
graph with V(G1) U V(G2) as its vertex set and E(G1) U E(G2) as its edge set. We have the

following result.

Lemma 2.2 ([8]) Let H be a connected graph, Ty, be a tree of order m, and V(H)NV (Ty,,) = {v}.
Then

WW (HvT,,) > WW (HvSy,),
and equality holds if and only if HvT,, = HvS,,, where v is the center of star S, .

Lemma 2.3 ([6]) Let G be a connected graph of order n, v be a pendant vertex of G, and
vw € E(G). Then

(1) W(G)=W(G —v) + Dg_p(w) +n — 1,

(2) S(G)=S(G—v)+ DDg_(w) +2Dg_y(w) +n — 1.

By Lemma 2.3 and the definition of hyper-Wiener index, we have the following result.

Corollary 2.4 Let G be a connected graph of order n, v be a pendant vertex of G and
vw € E(G). Then
1 3
WW(G)=WW(G —v) + §DDG_U(w) + §DG_,U<U)) +n-—1.
Lemma 2.5 ([7]) Let G and H be two connected graphs with u,v € V(G) and w € V(H). Let
GuH (GvH, respectively) be the graph obtained from G and H by identifying u (v, respectively)
with w. If Dg(u) < Dg(v) and DDg(u) < DDg(v), then WW (GuH) < WW (GvH).

Lemma 2.6 Let G be a connected graph on n > 2 vertices and uv € E(G). Let Gy, be the
graph obtained from G by attaching two new paths P : wujus---up and Q : vvivg--- ,v; of
length k and | at u,v, respectively, where u1,...,u; and vy,...,v; are distinct new vertices. Let
GZJFLFI = G,”;)l —v_1v +ugvy. Ifk > 1> 1, then

WW(Gy,) < WW(Giia-1)-
Proof Let Vy = V(G)\{u,v}, Vi = {wi|lw; € Vo,d(w;,u) = d(w;,v) — 1}, Vo = {w;|w; €
Vo, d(w;, u) = d(w;,v) + 1}, Vi = {w;|w; € Vo, d(w;,u) = d(w;,v)}, then Vy = V3 U Vo U V3. By
Corollary 2.4,

* " 1 3
WW(Gri1,-1) =WWI(G} ,_1) + §DDGZ,171(uk) + §DGZ,H

W)+ (( X Pwnu)r Y P+

w; eV wieV(Gz,l—l)\VO

(up) +n+k+1-1
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§<Zd<wi,u,§)+ 3 d(wi,uk))mwﬂfl

2
w; €V UMEV(GZ‘lil)\VO

N W

1
=WW(Gii1) +5 > d? (wi, ug) + > d(w;, uy)+
wi€V(GE ,_ \Vo wi€V(Gy 1\ Vo

%( Z d?(w;, ug) + Z d*(wi, ug) + Z d2(wi,u;€)>+

w; eVy w; EVa w; EVy

g( Z d(w;, uk) + Z d(w;, uk) + Z d(wi,uk)>+n+k+l—1.

w; €V w; EVa w; EV3

W(Gk,) =WW(Gi1) + 5DDg; ,_, (vi-1) + 5 Dgy , (vi-r) +n+ b +1-1

1
=Ww( Z,z-1)+§< > d(wi,vi) + > dz(wi7vz—1)>+
w; €V wiEV(GZ,l—l)\VO

g( Z d(wi,v—1) + Z d(wi,vl—1)> +n+k+1-1

w; €Vo wiEV(G;,lil)\Vo

N W

1
=WW(Gki1) + 5 > d*(wi, 1) + > d(wi, vi—1)+
wiGV(Gzylil)\Vo wiGV(GZ,Lfl)\VO

( Z d*(wi,vi_1) + Z d*(wi,v_1) + Z dz(wi,vl,l))—l—

w; EVy w; €V w; EV3

< Z d(w;,vi—1) + Z d(w;,vi—1) + Z d(wi,vl_l)) +n+k+1-1.

w; €V w; €Va w;EV3

Z d(w;, up,) = Z d(w;,vi—1),

wi€V(G},_)\Vo wi €V (G,_)\Vo

Z d2(wi,uk) = Z dz(wi7vl—1)7

wi €V (G,_)\Vo wi€V(GE, )\Vo

Z d(w;, ug) > Z d(w;,vi—1) Z d?(w;, ug) Z d*(wi,vi—1),

w; €V w; VY w; V1 w; €V

Z d(w;,up) > Z d(w;,v;—1) Z d (w;, ug) Z d (wi,v—1)

w; €Va w;EVa w;EVa w; €EVa
E d(w;, ug) > E d(w;,vi—1) E d (wy, ug) E d (wi,vi—1)
w; EV3 w; €V3 'LUzEVB w; EV3

So, WW(G}.,) S WW(Giq,-1)- U

oW N

Obviously,

Lemma 2.7 ( [12]) Let P = vyv; ---vq be a path of order d + 1. Then

2j% —2dj +d* +d
2 b

Dp(v;) =

and
652 + 6dj2 — 6d%j — 6dj + 2d> 4+ 3d> +d

6 )

DDp(vj) =
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for 1 < j <d—1. Moreover, if 1 <i < j < %, Dp(v;) > Dp(v;), and DDp(v;) > DDp(v)); if
4 <i<j<(d—1), Dp(v;) < Dp(vj), and DDp(v;) < DDp(v;).

3. Conclusions

In this section, we will give the minimum hyper-Wiener index in the set %, 4 (2 < d < n—2).
For any graph G € %, 4, a path with length d of G is called the diametrical path of G, the only
cycle of G is called a unique cycle of G. Note that the number of diametrical paths in %, 4 is
possibly more than one. The following propositions present some properties of graphs from %, 4

with the smallest hyper-Wiener index.

Proposition 3.1 Let G € %, 4 such that WW (QG) is as small as possible. Let C, be a unique
cycle of G, then there exists a diametrical path Pgy1 of G such that V(Cy) NV (Pgy1) # 2.

Proof If V(Cy) NV (Ps+1) = @, since G is connected, there exists an only path
P = 000541 - - v1—101

connecting Cy and Pyiq, where v; € V(Cy),v; € V(Pyy1) and vy, ..., vi—1 € V(G)\(V(Cy) U
V(Pas1)). Let ug,...,up € Nag(v)\{vi—1},p =d(v))—1,w1,...,wq € Ng(vi)\{v}, ¢ = d(v;)—1
and G1 = G —vuy — - —vup +vu1 + - Fvup, Go = G —vwy — - vwg Fvw - F VW,
Thus by Lemma 2.1, WIW(G;1) < WW(G) or WW(G2) < WW(G), a contradiction. O

Proposition 3.2 Let G € %, 4 such that WW (G) is as small as possible. Let C, be a unique
cycle of G and Py be a diametrical path of G. Then for v € V(G)\(V(Cy)UV (Py41)), d(v) =1
and they are adjacent to the same vertex in V(Cy) UV (Pgi1).

Proof By Lemmas 2.1 and 2.2, we have for v € V(G) \ (V(Cy) UV (Pyt1)), d(v) =1 and they

are adjacent to the same vertex in V(Pyy1). O
By Proposition 3.1, denote
Cy = VpVg41 "+ V_101V442Vd+3 "+ VsVk, 8 > d+ 2,

where

{vk, Vg1, -, v—1, 0} = V(Cy) NV (Payr) and {vat2, vats, ..., v} = V(Cq) \ V(Pay1).

Proposition 3.3 Let G € %, 4 such that WW (G) is as small as possible. Let P = v1vg - - - UgUg41
-+ vqVg41 (d(v1) = 1) be the diametrical path and C, the unique cycle of G. Then

(i) k#1.

(ii) Ifl=k+1, then s —d =2; and if | > k + 2, then s —d =1 — k.

Proof (i) If k =1, then s > d+ 3 and k # 1,d + 1. Denote u1,...,u, € Ng(var2)\{vr},p =
d(vgye) — 1. Let G* = G — vgqous — - -+ — Uggolp + Vg1t + - -+ + Vky1Up, G* € %, 4. Denote
Vi ={vi v € Co\{op}, d(vi, vaye) < d(vi, o) + 1}, Va = {v; 05 € (U, e, Na(0i) \V(Cy)}
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Then for any v € V4 | V43,

dg-(v,v442) — da (v, vaye) =

d%. (v,v419) — d& (v, va42) = 4dg (v, v442) + 4 < ddg(v,vr) +4 = 4dg (v, Vo) — 4,
da(v,vp41) — dag(V, vp11) = =2, don (V,vp41) — A& (v, V1) = —4dg (v, V1) +4 <0,
de (v, Vp12) — dg (v, Vg yo) = —2. dae (v, Vpy2) — A5 (v, Vp12) = —4da (v, Vryo) + 4.

The distance between all other vertices is unchanged or reduced. So, WW (G*) < WW(G),

a contradiction.

(if) Otherwise, since s —d > [ —k, we have s —d > 3. Thus v,_; exists. Denote u1,...,u, €
Ne(va2)\{vi}p = d(vate) — 1,
Let G* = G — vgqous — -+ — Vgqolp + VU + - - - + iy, G* € %, 4. Denote Vi = {v; 1 v; €

Co\{vks ..., v}, d(vs, vay2) < d(vi,v)+1}, Va={vj:v; € ( U Ng(v;))\V(Cy)}. Then for any
v; €EV1
veW U‘/27

dg* v Ud+2) d(;(v,vd+2) = 1,
(

(
d? o (U, va42) — dé U, Vat2) = 2dG(v,v442) + 1 < 2dg(v,v;) + 1,
de(v,vp) — dg(v,v) = —1,
dz,. (v,v)) — d&(v,v) = —2dg(v,v;) + 1,
dg=(vats,vi-1) = da(vays, vi-1) = —1,
d2. (vai3,v1-1) — d&(vays,vi_1) = —2dg(vays, v_1) + 1 = —5.

The distance between all other vertices is unchanged or reduced. So, WW(G*) < WW(G), a
contradiction. [J

Let Uy be the unicyclic graph of order d+ 2 shown in Figure 1. Let Uy(ng, ..., ng, n4+2) be a
graph of order n obtained from Uy by attaching n; pendant vertices to each v; € V(Uy)\{v1, vd+1},
respectively, where ngio = 0 when & = 1 or £ = d. Denote @Zmd = {Up(na,...,ng,ngs2) :
Zj:zni +ngra =n—d—2} and %,.q = {Up(0,...,0,n;,0,...,0) : n; > 0}.

-~ o .- . ee
V1 V2 Vg \ /Uk+1 Vi Ud Vd+1
Vd4-2
Uy

Figure 1 Graph Uy

By Lemma 2.1, we have the following result.

Proposition 3.4 Let G € @Znyd\%fn,d. Then there is a graph G* € @n,d such that WW(G*) <
WW(G).

Let A(n,d) be a graph of order n obtained from a triangle C3 by attaching n —d — 2 pendant
edges and a path of length [2] at one vertex of the triangle Cs, and a path of length [4] — 1 to
another vertex of the triangle Cs5, respectively. Let V(n,d) be a graph of order n obtained from
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a triangle C3 by attaching n — d — 2 pendant edges and a path of length fg] — 1 at one vertex
of the triangle C'5, and a path of length (%W to another vertex of the triangle Cs, respectively.
Note that if d =n — 2 or d = 1 (mod 2), then A(n,d) = V(n,d).

n—d—2 Vgy2 n—d—2
d+2
. e e e—e e i e
U1 U2 [51 7 rg1+1 Vd Vd+1 U1 U2 (51 (141 Vg Vd+1
V(n,d) A(n,d)

Figure 2 Graphs V(n,d) and A(n,d)

Proposition 3.5 Let V(n,d) and A(n,d) be the above two graphs shown in Figure 2. Suppose
that 4 <d <n—3 and d =0 (mod)2. Then WW (A(n,d)) < WW(V(n,d)).

Proof By Corollary 2.4,

3
=Dam,dy—vay, (va) +n =1,

1
WW(A(H, d)) = WW(A(TL,d) — Ud+1) + §DDA(n,d)fvd+1(Ud) + 5

3
7Dv(n,d)—vd+1 (vd) +n— L

1
7DDV(n7d)—’Ud+1 (Ud) + 2

2
Since A(n,d) — vg41 = V(n,d) — v4q1, SO

WW(V(n,d)) = WW(V(n,d) —vg+1) +

1
WW(A(H, d)) - WW(V(’H, d)) :i(DDA(n,d)—vd+1 (Ud)) - DDV(n,d)—Ud+1 (Ud)+

3
5 (DA(n d)—va+1 (vd) - DV(n,d)—Ud+1 (vd))

d+1)(n—d—-2)— g(n—d—Q)

5(
(H N(n—d—2)<0. O

Theorem 3.6 Let G € %, 2. Then WW(G) > WW (A(n,2), and equality holds if and only if
(i)n=4,G=Cyor G=A4,2); (ii))n=5,G=Cs or G=A(5,2); (ili) n > 6, G = A(n,2).

Proof 1fd = 2, then G = Cy, G = Cs or G = A(n,2). WW(Cy) = WW(A(4,2)) = 20.
WW(Cs) = WW(A(5,2)) = 40. The results hold for d = 2. O

Theorem 3.7 For any graph G € %, 4, 3 < d < n — 2, we have WW (G) > WW (A(n,d)), and
equality holds if and only if G = A(n,d).

Proof Let G € %, q such that the WW(G) is as small as possible. Then by Lemma 2.1,
Ge ?Zn,d. Let N(v;) N PV(G) = {wy,wa,...,wy,} if n; >0, P =003 - UpUk41 - - VgUg4+1 be a
path length d of G and C' = vgvp11vg42v; the only cycle of G. Since min{d(v1), d(va+1)} = 1,
we assume d(vy) = 1,k # 1.

Claim 1. If n; > 0, then i # d + 2.

Ifi=d+2,let Gi = G — vgpow1 — VgpoWa — +++ — VgpoWy, + Vw1 + vVpwa + -+ - + VpWy,,
Gy = G—Vk_1Vk+v442V—1. Then G1,Gs € %_nvd- By Lemma 2.1, we have WW(G;) < WIW(G)
or WW(G2) < WW(G), a contradiction.
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Claim 2. If n; > 0, then ¢ € {k,k + 1}.

Assume to the contrary. According to symmetry, we consider the case v; € V(P)\V(C) and
1> k+ 1.

Case 1. Ifi—1>d+1—:.

Let G* = G —vjw1 — vjwa — -+ — VjWn, + VW1 + VW + -+ + 0 1Wy,, G* € Up q.

2AWW (G*) — WW(Q))
=d—i+3—i+(i—k)—(i—k+1)+(d—i+3)? - +(G—k)?>—(i—k+1)n,
<d—-i+3—i+(i—k)—(—k+1)+(d—i+3)?—i*)n,
=d+1—-i—-(G—-1))+(d+1—-i—(i—2))(d+3)n; <0,

a contradiction.
Case2. If i—1<d+1—1i.
Sincei—1<d+1—i,thenk<i—-1<d+1—-i<d+1—-k—-1=d—k.

Let G* = G — vpvg42 + Vg y2vVdya, G* € OZZn,d.

2AWW(G) — WW(G™))
= (k+1)+d—k+14+n—(k+1)2?+d—-k+12+n((i —k)?—(i—k—1)?
=d—k—k+n+d+2)(d—k—Fk)+ni((i —k)* = (i —k—1)?
>d—k—-k+(d+2)(d—Fk—k)>0,

a contradiction.

Combining Cases 1 and 2, if G € %, 4 and WW (G) is as small as possible, then i € {k, k+1}.

Claim 3. k # d.

If k=d, let G* = G — v4410a42 + Va—1Vay2, G* € U a.

2WW(G*) — WW(G)) = —d +2 — d*> + 4 < 0, a contradiction.

Claim 4. k = [4].

If k£ < (%L let G* = G — vqugy1 + vivger. If k> (%L let G* = G — v1vy + vgy1v. In all
cases, G* € %y.q. By Lemma 2.6, WW(G*) < WW(G), a contradiction.

By Claims 14, G € {A(n,d)),V(n,d)}. By Proposition 3.4, our result holds. O

By Proposition 3.5, we have the following result.

Theorem 3.8 For G € %, 4\ A (n,d) with d = 0 (mod 2) and 4 < d < n — 3, we have
WW(G) > WW(V(n,d)) and equality holds if and only if G = V(n,d).

Let n,m and d be integers with 3<d <n—2.Fora>b>0and a > 1, let U7”f727717d(ct7 b) be
the unicyclic graph obtained from the cycle Cs,,, = agay - - - asm—1a0 by attaching a path P, to

ao and a path Py11 to a,,, respectively, where a+b = d —m, and attaching [ = n —d—m pendent

vertices wy, wa, ..., w; to the vertex x, where x € {vg_1,...,V1,00,01,. .., Qm, U1, U, ..., Up_1}.
i —J7T
Denote Uy, 5,, 4(a,b) = Uy 5., 4(a,b), 2 € {ag,a1,...,a = }.



The hyper- Wiener index of unicyclic graph with given diameter 339

Vq Va—1 Up—1 Up

Figure 3 Graphs U, 5,, 4(a,b)
Proposition 3.9 Let G € Uy ,,, 4(a,b) such that WW(G) is as small as possible. Then
T ¢ {ul,u2, PN ,ub_l}.

Proof Otherwise, if z = u; (1 < j <b—-1),let G4 = G —2w —ozwy — -+ —zw, G* =
G — zwy — zwe — -+ — W + w1 + Gpws + - -+ + apwy. By Lemma 2.7, let ky = a +m + 7,
ko =a+m,d=a+m+b. So
Dg, (u;) — Dg, (am) =ki — dky — k3 + dka + (m — 1)
=j(m+j+a—0b)+(m—1)j>0,

DDg, (vj) — DDg, (am) =(d+ 1) (k1 —d)ky + (j + 1) + (j +2)* + - +
(G+m—12%—=((d+1)(ko — d)ka + 1% + 2% + -+ + (m — 1)?)
=(a+m+b+1Djm+j+a—0b)+(m—1)35%+m(m—1)j>0.

By Lemma 2.5, WW(G*) < WW(G) a contradiction. [J

Proposition 3.10 Let G € Uy ,,, ;(a,b) such that WW(G) is as small as possible. Then

x ¢ {v,va,...,04-1}
Proof Otherwise,let x =v; (1 <i<a—1).Ifm+b>a,let G; =G —aw; —zws — - — WY,
G* =G —xw; — zwe — -+ — zwW; + agwy + agws + - -+ + agw;. By Lemma 2.7, let k1 = a — 1,

ke =a,d=a+m+b. So

D¢, (vi) — Dg, (ag) =k? — dky — k2 + dky + (m — 1)i = —i(2a — i — d) + (m — 1)i

—1l+m—a+b+1)i>0,
d+1) (k1 — d)ky + (i + 12+ (i +2)? + -+

(m
DDg, (v;) — DDg, (ag) =(
(i+m—12=((d+1) (ks —d)ka + 12+ 22+ ... 4+ (m —1)?)
(=
(m

2a +d+4)i(1+d) + (m — 1)i*> + m(m — 1)i
—a+b+4)i(1+d)+ (m—1)i* + m(m —1)i > 0.

By Lemma 2.5, WV (G*) < WW(G), a contradiction.
Ifm+b < a,let G* = G—v;w1 —v;wo—- - —V;W;+V;_ W1 HV;_1Wa++ - 0V _1W]—VqVq—1+UpVq.

Since dg(w;, a;) —dg=(w;,a;) =1 (i=1,2,...,r,j=m+1,m+2,...,2m — 1),

2m—1 2m—1
E da(ve, a;) E dg+(va, aj)
Jj=m+1 Jj=m+1

=(@+l+a+2+-+a+m—1)—(b+1)+1+b+1)+2+-+(b+1)+m—1))
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(a—b—l)( —1) > 0.

Z d%(va, aj) Z d2. (v, a;)

j=m+1 j=m+1
=((a+1)*+(a+2°+-+(a+m—1)%) = (((b+1)+1)*+
(b+1)+2)2+- +((b+1)+m—1))?)

=(@—-b—1(m—-1)(a+b+1+m)>0.

So
2m—1
2WW(G) — 2WW (GY) :Z(dg(wi,aj) da~(wi, a;)) Z da(ve, aj)—
i,7 Jj=m+1
2m—1
Z dg+(va, @ —I—Z (d2(w;, a;) — dz. (w;,a;))+
j=m+1
2m—1 2m—1
Z dZ( Vg, Gj) Z dZ.( Vg, ;)
j=m+1 j=m-+1

a contradiction.
The result holds. O
Proposition 3.11 Let G € Uy, ,,, 4(a,b) such that WW(G) is as small as possible. If a = b,
thenx =a|m. Ifa > b, then v ¢ {a|m|41,...,an}
Proof Let Gy =G — 2wy — zwg — -+ — xwy, 0 < i < m,
Dg (@) =(+14+i+2+---+ita)+(m—i+1+m—i+2+---+m—i+b)+(1+2+
o mA L4244 m—1) = (a—b)i +mb 4 ULt 4 DOHD 2
DDg,(a;)=((i+1)2+(@+2)>2+-+(+a)?)+(m—i+1)2+(m—i+2)2+-+(m—
i+0)?) + (12 +22 4+ +m2+ 124224+ (m—1)%) = (a+b)i* + ala+1)i —b(b+1)i —
. a(a+1)(2a+1) | b(b+1)(2b+1) |, m(2m>+1)
2mbi 4 bm® + mb(b + 1) + 5 + 5 +
D¢, (ai) = Da, (a5) = (a = b)(i = 7).
DDg¢,(a;) — DDg, (a;) = ((a+b)(i +j) +ala+1) = b(b+ 1) — 2mb) (¢ — j).
lfa=0b,[%]>i>j>1,Dg,(ai) = Dg,(a;), DDg, (ai) = DDg, (a;) = 2b(i+j—m)(i—j) <
Oa m2>i> j 2 L%J? DG1(ai) = DG1(aj)7DDG1(a’i) _DDGl(a’j) = Qb(7’+] _m)(l_j) > 0. SO,
if a=b, then x = a|m .

Ifa >bm>i>j>|%], Dg (a;) > Dg,(a;),DDg,(a;) > DDg,(a;). By Lemma 2.5,
T §é {aL%J+1,...,am}. ([
By Theorem 3.7, Propositions 3.9-3.11, we have the following result.

Theorem 3.12 Let G be a graph in %, 4 (3 < d < n — 2) having the minimum hyper-Wiener
index. Then G = A(n,d) or G = U}, ,(a,b).



The hyper- Wiener index of unicyclic graph with given diameter 341

References
[1] H. WIENER. Structural determination of paraffin boiling point. J. Amer. Chem. Soc., 1947, 69(1): 17-20.
[2] M. RANDIC. Novel molecular descriptor for structure-property studies. Chem. Phys. Lett., 1993, 211(4-5):
478-483.
3] D.J.KLEIN, I. LUKOVITS, I. GUTMAN. On the definition of the hyper-Wiener index for Cycle-Containin,
Y| a4 g
structures. J. Chem. Inform. Model., 1995, 35(1): 50-52.
[4] Lihua FENG, A. ILIC. Zagreb, Harary and hyper-Wiener indices of graphs with given matching number.
Appl. Math. Lett., 2010, 23(8): 943-948.
[5] Lihua FENG, A. ILIC)7 Guihai YU. The hyper-Wiener index of unicyclic graphs. Util. Math., 2010, 82:
215-225.
[6] Lihua FENG, Weijun LIU, Kexiang XU. The hyper-Wiener index of bicyclic graphs. Util. Math., 2011, 84:
97-104.
[7] Lihua FENG, Weijun LIU, Guihai YU, et al. The hyper-Wiener index of graphs with given bipartition. Util.
Math., 2014, 96: 99-108.
[8] Kexiang XU, N. TRINAJSTIC. Hyper-Wiener and Harary indices of graphs with cut edges. Util. Math.,
2011, 84: 153-163.
[9] Muhuo LIU, Bolian LIU. Trees with the seven smallest and fifteen greatest hyper-Wiener indices. MATCH
Commun. Math. Comput. Chem., 2010, 63(1): 151-170.
[10] Guihai YU, Lihua FENG, A. ILIC. The hyper-Wiener index of trees with given parameters. Ars Combin.,
2010, 96: 395-404.
[11] I. GUTMAN. Relation between hyper-Wiener and Wiener index. Chem. Phys. Lett., 2002, 364(3-4): 352—
356.
[12] Gaixiang CAI, Guidong YU, Jinde CAO, et al. The hyper-Wiener index of trees of order n with diameter d.
Discrete Dyn. Nat. Soc., 2016, Art. ID 7241349, 5 pp.
[13] Huiging LIU, Mei LU, Feng TIAN. On the spectral radius of unicyclic graphs with fixed diameter. Linear
Algebra Appl., 2007, 420(2-3): 449-457.
[14] Bo CHENG, Bolian LIU, Jianxi LIU. On the spectral moments of unicyclic graphs with fixed diameter.
Linear Algebra Appl., 2012, 437(4): 1123-1131.
[15] Feng LI, Bo ZHOU. Minimal energy of unicyclic graphs of a given diameter. J. Math. Chem., 2008, 43(2):
476-484.
[16] Mingging ZHAI, Ruifang LIU, Jinlong SHU. Minimizing the least eigenvalue of unicyclic graphs with fixed
diameter. Discret. Math., 2010, 310(4): 947-955.
[17] Kexiang XU. The smallest Hosoya index of unicyclic graphs with given diameter. Math. Commun., 2012,
17(1): 221-239.
[18] Shangwang TAN. The minimum Wiener index of unicyclic graphs with a fixed diameter. J. Appl. Math.

Comput., 2018, 56(1): 93-144.



